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Abstract. Using the Sigma model to explore the lowest order pseudo-scalar spectrum

with SU(3) breaking, this talk considers an additional exact "taste" symmetry to mimic

species doubling. Rooting replicas of a valid approach such as Wilson fermions repro-

duces the desired physical spectrum. In contrast, extra symmetries of the rooted staggered

approach leave spurious states and a flavor dependent taste multiplicity.

1 Introduction

Despite over 10 years of controversy, the rooting trick[1] proposed for reducing the taste structure of

staggered fermions[2–4] is not valid[5, 6]. The issue is that the exact chiral symmetries inherent in

the formulation are incompatible with the well known chiral anomaly.

As the algorithm remains popular and these issues are somewhat subtle, this talk concentrates

on two of the more blatant issues that arise when the S U(3) flavor symmetry is broken via unequal

quark masses. First, different elements of the usual S U(3) pseudo-scalar octet appear with different

taste degeneracies. Second, a large number of spurious pseudo-scalars appear far from any physical

particle masses.

Section 2 reviews the standard sigma model picture of the pseudo-scalar mass dependence on the

underlying quark masses. Section 3 augments that argument to include the taste degeneracies inherent

in the staggered approach. Section 4 briefly discusses how rooting can work with multiple copies, or

replicas, of a valid lattice fermion formulation, such as Wilson fermions[7]. Section 5 contrasts that

argument with staggered fermions, which are not replicas of equivalent fermions. Here the inherent

propagator structure forces the spurious states of the unrooted theory to survive. Finally Section 6

reiterates the two main points mentioned above.
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2 Quark masses and the pseudo-scalar spectrum

Consider three flavor QCD and the usual pseudo-scalar octet

K0 K+

π− π0, η π+

K− K0

. (1)

This section reviews the lowest-order non-linear sigma model prediction for the mass dependence of

these particles on the underlying quark masses. For simplicity, ignore the η′ on the grounds that it

acquires a large mass through the anomaly.

Begin with the usual picture of spontaneous chiral symmetry breaking giving a quark condensate

�ψψ� = v (2)

where ψ denotes the quark fields. The non-linear sigma model is an effective theory for fluctuations

around this expectation value

ψ
j

Lψ
k
R ∼ v Σ

jk. (3)

Here the roman superscripts denote the quark flavors, which run from 1 to 3, or equivalently lie in

{u, d, s}. Ignoring radial fluctuations, the matrix Σ is taken to lie in the group S U(3).

Introduce the eight Gell-Mann matrices λα normalized

Trλαλβ = 2δαβ. (4)

Contact with the pseudo-scalar fields follows from

Σ = exp(iπαλα/ fπ). (5)

Here fπ is a phenomenological constant of about 93 MeV.

The kinetic term for the effective field Σ takes the form

L0 =
f 2
π

4
Tr(∂µΣ

†∂µΣ). (6)

Expanding this to second order in the pion fields gives their effective kinetic term

L0 = const +
1

2
∂µπα∂µπα + . . . (7)

When the quark masses vanish, the starting theory has two chiral symmetries under the rotations

ψL → ψL gL

ψR → ψR gR
(8)

where gL and gR are independent global elements of S U(3). In the effective theory this symmetry

takes the form

Σ→ g
†

L
Σ gR. (9)

The spontaneous breaking of this symmetry gives the usual octet of pseudo-scalars.
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Figure 1. The pseudo-scalar spectrum for fixed quark masses as predicted by the effective sigma model. The

quark masses are indicated on the x axis.

Quark masses break both the flavor S U(3) and the above chiral symmetries.1 For the effective

theory add a mass term and consider

L = L0 −
v f 2
π

4
Re Tr(m Σ) (10)

with m a 3 by 3 matrix. Chiral rotations of form m→ g
†

R
m gL allows m to be put in diagonal form

m =





















mu 0 0

0 md 0

0 0 ms





















. (11)

Expanding L to quadratic order in the pion fields gives

L = const +
1

2
∂µπα∂µπα +

1

2
παMαβπβ (12)

where the 8 by 8 meson mass matrix M takes the form

Mαβ = Re Tr λαmλβ. (13)

1Electromagnetic effects are ignored here.
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From this it is elementary algebra to obtain the octet masses

M2
π+
= M2

π−
∝

mu+md

2

M2
K+
= M2

K−
∝

mu+ms

2

M2
K0
= M2

K0

∝
md+ms

2

M2
π0
∝ 1

3

(

mu + md + ms −

√

m2
u + m2

d
+ m2

s − mumd − mums − mdms

)

M2
η ∝

1
3

(

mu + md + ms +

√

m2
u + m2

d
+ m2

s − mumd − mums − mdms

)

. (14)

Note that this involves solving a quadratic equation for the π0 η mixing arising because M38 does not

vanish. This spectrum is qualitatively sketched in Fig. 1.

3 Including taste degeneracy

Motivated by the four tastes inherent with staggered fermions, introduce a factor of Nt = 4 degeneracy

for each quark flavor. This leaves us with 12 distinct quark species[8]. To keep the algebra simple,

assume that this “taste” symmetry is exact for each of the original three “flavors.” Before the breaking

of flavor by the quark masses, the chiral symmetry becomes S U(12) ⊗ S U(12). Thus there should be

143 = 122 − 1 pseudo-Goldstone bosons. The 8 by 8 meson mass matrix becomes 143 by 143, which

will now be diagonalized.2

This diagonalization is simplified since there are actually three distinct S U(4) taste groups, one

for each of the flavors u, d, s. This makes it possible to classify the pseudo-scalar mesons in terms of

their representations under each of these groups. The relevant S U(4) representations are the 1, 4, 4, 15

in analogy to the S U(3) representations 1, 3, 3, 8.

The kaons and charged pions are particularly easy to treat. Each involves two distinct flavors, q

and q′. The mesons appear in the representation (4q, 4q
′ ). Thus they form multiplets of 16 mesons

each. The meson masses squared are proportional to the average of their constituent masses, i.e.

M2 ∝ 1
2
(mq + mq′). With four kaons and two charged pions, this accounts for 6 × 16 = 96 of our total

143 expected pseudo-Goldstone particles.

Now turn to the neutral mesons, those for which a quark is combined with its anti-quark. For this

use the breakdown 4 ⊗ 4→ 1 ⊕ 15. For each flavor, begin with a taste 15 plus a taste singlet.

Remarkably, the taste 15 combinations for each of the flavors cannot mix. This is because each

flavor has its own taste group. This gives

• a taste 15 of iuγ5u states with M2 ∝ mu,

• a taste 15 of idγ5d states with M2 ∝ md,

• a taste 15 of isγ5s states with M2 ∝ ms.

None of these has any analogue in the spectrum of Fig. 1.

Finally consider the taste singlet combinations uu, dd, ss. From these three, the flavor singlet com-

bination is the η′. As stated earlier, this is heavy and ignored here. The remaining two combinations

have the identical mixing matrix as discussed earlier for the single taste theory. These give rise to the

masses quoted earlier

M2
π0
∝ 1

3

(

mu + md + ms −

√

m2
u + m2

d
+ m2

s − mumd − mums − mdms

)

M2
η ∝

1
3

(

mu + md + ms +

√

m2
u + m2

d
+ m2

s − mumd − mums − mdms

)

.
(15)

2As the goal is an eventual reduction to the normal 3 flavor theory, ignore the possibility of the confining theory reverting

to a conformal one.
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Figure 2. The pseudo-scalar spectrum for the multi-taste theory. The degeneracies of the various states are

indicated below the line. The 15-plets, denoted by open circles, do not appear in the single taste theory. Note that

the mesons with physical masses do not have a common taste multiplicity.

This relation for the η mass in the multi-taste theory appears in Ref. [9].

All anticipated states are now identified, i.e. 143 = 16 × 6 + 15 × 3 + 2. The resulting spectrum

is sketched in Fig. 2. The important points to note in comparing this with Fig. 1 are that the taste

degeneracies of the physical states depend on which element of the octet one is observing, and there

are three multiplets of 15 particles each that have no correspondence in the single taste theory.

4 Rooting replicas

Consider a theory with 4 replicas of a valid fermion formulation, such as Wilson fermions. A reduction

of the four taste theory down to one taste with the standard rooting trick

|D| −→ |D4|1/4 (16)

is indeed valid. Once the cutoff is in place, D is a finite matrix and this a mathematical identity.3

Ignoring doublers, which have been made heavy by the Wilson term, the quark propagator has a single

low-energy pole per species. On varying the replica factor Nt away from 4, the state degeneracies

evolve as

16 → N2
t −→Nt→1 1

15 → N2
t − 1 −→Nt→1 0

(17)

and we obtain the proper spectrum.

3This technically requires |D| real and non-negative. Interesting cases where this is not true are not considered here.[10]
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5 Staggered fermions

Now turn to the case of staggered fermions. In this theory, the extra species are not replicas. The

doublers all appear in chiral pairs. Whether one roots or not, the propagator always has four light

poles. This means that the spurious 15 multiplets will remain in the spectrum even after rooting.

Furthermore, the exact chiral symmetry of the staggered approach requires at least one member of

each of these taste-15 multiplets to become a Goldstone boson in the chiral limit. Even if we allow

for taste breaking, some remnants of the spurious multiplets must remain.

So if the approach is fundamentally flawed, why do previous calculations with this method fre-

quently appear to be fairly accurate? The issues are connected with so called “disconnected dia-

grams.” These are fundamental to the mixing between the strange and the light quarks inherent in the

eta meson. Most previous staggered calculations have concentrated on particles dominated by valence

quarks, ones that propagate without such direct mixing. For these, the problems are swept into the

sea quarks. Such are known to contribute of order ten percent relative to results in the valence[11]

or quenched[12] approximation, where the sea is ignored. Furthermore, the sea quark contributions

will primarily differ because of incorrect multiplicities in the “pion cloud.” In the isospin limit the

staggered theory has 63 degenerate pions. This is reduced to 63/16 effective pions after the rooting

trick. This compares with the physical cloud composed of of 3 pions. Thus the final error for valence

physics is expected to be reduced to a few percent. Larger problems are expected when disconnected

diagrams are crucial. This should be particularly serious for the physics of the eta and eta-prime

mesons as well as for isospin breaking effects.

6 Summary

This discussion raises two issues that practitioners of rooted-staggered fermions should address

1. How can the differing taste multiplicities of pseudo-scalar-octet members be reconciled?

2. How can the three unphysical taste-15 multiplets with unphysical masses be eliminated?

Without answers to these questions, the approach can at best be regarded as an uncontrolled approxi-

mation to QCD.
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