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Abstract. We investigate baryon-baryon (BB) interactions in the strangeness S = −2 sector via the coupled-channel HAL QCD method which enables us to extract the scattering
observables from Nambu-Bethe-Salpeter (NBS) wave function on the lattice. The simulations are performed with (almost) physical quark masses (mπ = 146MeV) and a huge
lattice volume of La = 8.1fm. We discuss the fate of H-dibaryon state through the ΛΛ
and NΞ coupled-channel scatterings.

1 Introduction
The strangeness S = −2 sector of baryon interactions are key to explore the possibility of exotic
states in two-baryon system. Numerous theoretical efforts for the strangeness S = −2 two-baryon
system have been performed and discussed possibility of the H-dibaryon which is composed of six
quarks (uuddss) in a spin and isospin singlet state [1, 2]. Since a direct scattering experiment of
hyperons is not feasible due to the short lifetimes of hyperons, their scattering data are quite limited
and are insufficient to construct realistic baryon interactions. Furthermore it has been thought to be
impossibly difficult to derive the BB interactions by solving the dynamics of quarks and gluons from
QCD because of its non-perturbative nature at low-energies.
Lattice QCD approach enables us to tackle the problem non-perturbatively via a numerical simulation. In the framework, M. Lüscher firstly proposed to relate the energy W of a two-particle state in
a finite box to the elastic scattering phase δ(W) in the infinite volume [3]. The relation is derived by
using the asymptotic behavior of the two-particle Nambu-Bethe-Salpeter (NBS) wave function ψ(r),
if the range of the interaction is sufficiently smaller than the size of the box.
An alternative approach to derive the hadron interactions from lattice QCD data has been proposed
in Ref. [4, 5] and has been extensively developed by the HAL QCD Collaboration [6–21], named as
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HAL QCD method. In the method, we define the energy-independent and non-local potential U(r, r′ )
from ψ(r) which obeys the Schrödinger type equation in a finite box. Using the obtained non-local
potential U(r, r′ ) which receives only weak finite volume effect, we can simply calculate observables,
such as scattering phase shifts and bound state energy if it exists, in infinite space to compare the
results with experimental data.
A further advantage of the HAL QCD method is that it can be generalized straightforwardly to
the case of inelastic scatterings. The coupled-channel formalism is essential for the description of the
dynamics of the two-baryon systems with small energy separations which are especially realized in
the strangeness −2 sector. As we shall discuss in the next section, the coupled-channel Schrödinger
equation is able to be solved to obtain the potential matrix once all corresponding NBS wave functions
are obtained on the lattice.
In this paper, we investigate the BB interaction in the strangeness −2 sector with the S U(3) breaking effects on the basis of the coupled-channel HAL QCD method developed in our previous works
[7, 14]. We also discuss the result of H-dibaryon state at almost physical point using the ΛΛ and NΞ
coupled-channel potentials.

2 Coupled-channel BB potential
We start from the normalized four-point correlation function R in channel c defined as
�
x + �r, t)Bc2 (�x, t)Id (t0 = 0)|0� � c
c
�x �0 | Bc1 (�
c
n
ψWn (�r)e−∆Wn t AW
=
RId (�r, t) ≡
�
d +··· ,
Zc1 Zc2 exp[−(mc1 + mc2 )t]
n

(1)

where Bc j (�x, t) is an interpolating operator for octet baryon with a channel index, c, and particle
�
index, j = 1, 2, and Zc j is the corresponding wave-function renormalization factor. ψcWn denotes

the equal-time NBS wave function with the total energy Wn . An effect of source operator, Id (0),
n
emerges as AW
d = �Wn |Id (0)|0�. The energy from two baryon state in the channel c is denoted as
c
∆Wn = Wn − mc1 − mc2 with baryon mass mc j . The ellipses in Eq.(1) denote inelastic contributions
from channels which we are not considering.
A coupled-channel potential can be obtained by using the R-correlator via the time-dependent
Schrödinger-like equation [11] as
�
�
�
Dct − H0c Rc Id (�r, t) =
d3 r′ U c e (�r,�r′ )∆c e Re Id (�r′ , t),
(2)
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where H0 c = − 2µ
c and ∆ e = exp[−(me1 +me2 )t]/ exp[−(mc1 +mc2 )t]. The operator Dt is corresponding
c2
c
to the kinetic energy part of Schrödinger equation, ki /2µ , and described up to the second order of
the time-derivative for R function or, equivalently, of ∆W as
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where the asymptotic momentum kic in the center-of-mass (CM) frame is defined via the relativistic
energy as
�
�
Wn = m2c1 + (knc )2 + m2c2 + (knc )2 .
(4)

For each element of the coupled-channel potential matrix, we consider the derivative expansion to
handle the non-locality of the potential as
U c e (�r,�r′ ) = (VLO c e (�r) + VNLO c e (�r) + · · · )δ(�r − �r′ )

2

(5)
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Table 1. Baryon masses in units of MeV.

particle
N
Λ
Σ
Ξ

mass
958 ± 3
1140 ± 3
1223 ± 2
1354 ± 1

fit range
16 − 19
17 − 20
17 − 21
20 − 24

� n ) and its convergence has been discussed for the NN case [8]. In this
where Nn LO term is of O(∇
paper, we only consider the leading order potential of derivative expansion of the non-local potential.

3 H-dibaryon
In 1977 it was found out by R.L. Jaffe by using the MIT bag model that there exists a hexa-quark system where strongly attractive color-magnetic interaction is brought by one-gluon exchanges between
quarks. This state which composed of [uuddss] quarks in J P = 0+ with I = 0 was found to be a deeply
bound state with a binding energy of about 80MeV and was named as the "H-dibaryon". The effect of
Pauli principle among the valence quarks which is known as the one of the origin of repulsive core in
nuclear force was estimated for this state and it was found that there is no the Pauli forbidden combination for spin-flavor-color space among the valence quarks. Although a large number of calculations
using different models revealed the importance of the one-gluon exchange and symmetry property of
quarks in the BB interaction to explore a bound or resonant hexa-quark system, theoretical situation
on the existence of the exotic hexa-quark state is still controversial.
From the experimental data, there are, so far, no positive signal for a presence of the H-dibaryon
state for not only a deeply bound state [22] but also near the ΛΛ threshold [23]. Recent analysis of
scattering length for ΛΛ [25] using the ΛΛ correlation data in the heavy ion collision [24] suggests
that there is no bound state below the ΛΛ threshold.
Under such situation, the H-dibaryon search was performed by full QCD simulations on the lattice
in the flavor S U(3) limit [9] where the H-dibaryon is treated as the flavor singlet combination of
the coupled channel two-baryon systems, ΛΛ − NΞ − ΣΣ. The BB interactions have been studied
systematically by the HAL QCD method for several masses of the pseudo-scalar meson mPS = 470 −
1170 MeV and the H-dibayon was found for all quark masses. In order to fill the gap between the
Lattice QCD results in the ideal flavor symmetric situation with heavy quark masses and experiments,
the Lattice QCD study on this system at the physical point is indispensable.

4 Lattice setup
We employ N f = 2 + 1 gauge configurations which are generated with the Iwasaki gauge action at
β = 1.82 and nonperturbatively O(a)-improved Wilson quark action with cS W = 1.11 on the L3 ×
T = 963 × 96 lattice [26]. The hopping parameters for light (ud) and strange quarks are chosen
as (κud , κ s ) = (0.126117, 0.124790) corresponding to mπ ≃ 146 MeV and mK ≃ 525 MeV with
a−1 ≃ 2.33 GeV (a ≃ 0.085fm). This lattice setup brings about the almost physical point simulation
of the BB interaction on the large lattice volume of (8.1fm)4 where a finite volume effects of the BB
potential could be neglected.
We calculate quark propagators in consideration of a zero momentum wall source by imposing
Coulomb gauge fixing at t0 with the Dirichlet boundary condition in temporal direction at |tDBC − t0 | =

3
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48. We employ the unified contraction algorithm [27] for the measurements of baryon four-point
correlators. The total statistics used in this report amounts to 414 configurations × 4 rotations × 96
wall sources. The forward and backward propagations of baryon four-point correlator are averaged
and four rotated gauge configurations are used to reduce the statistical errors. The projection to the
A1 -irrep of the cubic group is taken for the sink operator to project on the S-wave in the BB wave
function. Jackknife prescription with the bin of the size 6 (69 configurations × 5 trajectries) is used to
estimate the statistical errors.
We emply the following interpolating operator for octet baryons,
Bα (�x) = ǫabc (qTa (�x)Cγ5 qb (�x))qcα (�x)

(6)

with the Dirac index α, which represents the spin of the octet baryons. The flavor structures of baryons
are given as
N

:

p = [ud]u, n = [ud]d

Ξ

: Ξ0 = [su]s, Ξ− = [sd]s

Λ

1
: Λ = √ ([sd]u + [us]d − 2[du]s),
6

Σ

1
: Σ+ = −[us]u, Σ− = −[ds]d, Σ0 = − √ ([ds]u + [us]d),
2

(7)

where a square bracket stands for an antisymmetric combination. Focusing on the H-dibaryon channel, we only treat the I = 0 combination of two-baryons defined as
(ΛΛ)I=0 = ΛΛ,


1 −
(NΞ)I=0 =
pΞ − nΞ0 ,
2


1 + −
Σ Σ + Σ− Σ+ − Σ0 Σ0 .
(ΣΣ)I=0 =
3

(8)

The baryon masses measured in this setup are listed in Tab. 1. These masses are slightly heavier than
the physical values due to slightly larger quark masses at the simulation point.

5 Results and discussions
We now present our results of coupled-channel BB potentials in strangeness S = −2 sector in 1 S 0
and I = 0. The coupled-channel potentials described as Vi− j are calculated by using the NBS wave
functions at t − t0 = 9 − 12 1 .
In Fig. 1, the coupled-channel potentials between the ΛΛ and NΞ states are summarized. We find
that the VΛΛ−ΛΛ potential shown in Fig. 1 (a) is stable against the change of t within a range of t = 9
to 12, which suggests that the contaminations from inelastic excited states are suppressed well. We
also find that there is a strongly repulsive core at short range region as well as a shallow attractive
pocket in the ΛΛ channel. This potential does not generate a bound state without considering the
channel coupling effects. A weak repulsive core surrounded by an attractive pocket is observed for
1 Although we confirmed that the t-dependence of the calculated potentials is mild, it is desirable to choose the larger t in
order to suppress contaminations from unconsidered inelastic states.
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Figure 1. Preliminary results of ΛΛ and NΞ coupled-channel potential. Figs. (a) and (b) shows the diagonal
parts of potential matrix for ΛΛ and NΞ channel, respectively. The transition potential of VΛΛ−NΞ and VNΞ−ΛΛ are
respectively given in Figs. (c) and (d).

the potential in the NΞ channel shown in Fig. 1 (b). By comparing VΛΛ−ΛΛ and VNΞ−NΞ , it is clarified
that the potential in NΞ channel is much attractive than that in ΛΛ channel. Although all results of
VNΞ−NΞ from t = 9 to 12 are consistent within the statistical error, small changes against the t, which
means growing repulsion and deepening attractive pocket, are observed unlike the case of the ΛΛ
potential.
The off-diagonal parts of potential matrix are shown Fig. 1 (c) and (d). By comparing these two
figures, we find that both parts of transition potentials are consistent within the error bars, and besides,
these potentials have no dependence of t. This observation indicates that the unitarity of S -matrix in
this system is preserved. What has to be noticed is that the transition potential is very weak for
r ≧ 1fm region. It is inferred that the coupling between the ΛΛ and NΞ channels occurs only in the
short range region and coupled-channel effects are very small in the low-energy scatterings.
In Fig. 2, the phase shifts of ΛΛ and NΞ channels and inelasticity of scattering are shown. From
Fig. 2(a), we find that, except for the result at t = 12, the ΛΛ phase shift cuts through 90◦ just below
the NΞ threshold, which is a definition of a resonance state. The same plot above the NΞ threshold
energy with shifting 180◦ downward for the results at t = 9 − 11 is drawn in Fig. 2 (a’). It indicates
that there is only a small effect of the existence of sharp resonance to the ΛΛ scattering phase shift
above the NΞ threshold. On the other hand, according to Fig. 2 (b), we observe that the drastic change
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Figure 2. Preliminary results of ΛΛ and NΞ scattering phase shifts. The ΛΛ phase shift is given in Fig. 2(a) and
the same plot above the NΞ threshold energy with shifting 180◦ downward for the results at t = 9 − 11 is given
in Fig. 2 (a’). The NΞ phase shift and the inelasticity of scattering is given in Fig. 2(b) and (c), respectively.

of NΞ phase shift at t = 12 from the others shows that the resonance pole found at t = 9 − 11 turns to
be the virtual pole in NΞ state but such difference is seen in only a few MeV above the NΞ threshold.
Following the weak transition potential between ΛΛ and NΞ channels, the resonance which can be
seen in the result at t = 9 − 11 in Fig. 2 (a) would be very sharp and the inelasticity of scattering is
small as seen in Fig. 2 (c). The smallness of coupled-channel effects is expected to lead an important
result for the lifetime of Ξ-hypernuciei because it suppresses the strong decay of NΞ into ΛΛ.
As a consequence of Fig. 2, it is difficult to say whether the resonance state in ΛΛ scattering
survives in nature or not. However, we clarify that the close investigation of the strength of NΞ
potential affects the fate of H-dibaryon in nature.

6 Conclusions
We have investigated S = −2 BB interactions from lattice QCD employing N f = 2 + 1 gauge configurations with (96a)4 and a ≃ 0.085fm lattice, where mπ ≃ 146 MeV and mK ≃ 525 MeV. Baryon
potentials have been calculated by the coupled-channel HAL QCD method with considerations of not
only spacial but also temporal correlations of baryon four-point correlators. We have shown prelimi-
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nary results of coupled-channel potential of ΛΛ-NΞ system with J = 0 and I = 0 and their scattering
observables.
The coupled-channel potentials show that they are stable against the change of t for VΛΛ−ΛΛ ,
VΛΛ−NΞ and VNΞ−ΛΛ . The strength of off-diagonal potentials, VΛΛ−NΞ and VNΞ−ΛΛ , indicate that the
coupling between ΛΛ and NΞ states is weak. For the case of NΞ potential, we observe a mild
dependence of t for both repulsive core and attractive pocket as seen in Fig. 1 (b). Small fluctuation
of the NΞ potential against t yields a drastic change of ΛΛ and NΞ phase shifts at only around the
NΞ threshold. This can be explained by the small change of pole position in the scattering S -martix
in the complex energy plane which is generated mainly by the strong attraction in NΞ channel.
As a conclusion, there is no doubt that the strength of NΞ attraction is key to clarify the fate of
H-dibaryon in nature. The momentum correlation of the pΞ− system from relativistic heavy ion collisions will give useful constraint on the NΞ interaction [28]. Such measurements will be performed at
RHIC and LHC and the experimental data will be compared to the theoretical analysis to determine
the strength of NΞ attraction.
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