
Leading isospin-breaking corrections to meson masses on the
lattice

Davide Giusti1,2,�, Vittorio Lubicz1,2, Guido Martinelli3, Francesco Sanfilippo2, Silvano Simula2,
Nazario Tantalo4, and Cecilia Tarantino1,2

1Dipartimento di Matematica e Fisica, Università degli Studi Roma Tre, Via della Vasca Navale 84, I-00146
Rome, Italy
2Istituto Nazionale di Fisica Nucleare, Sezione di Roma Tre, Via della Vasca Navale 84, I-00146 Rome, Italy
3Dipartimento di Fisica and INFN, Università degli Studi di Roma "La Sapienza", Piazzale Aldo Moro 5,
I-00185 Rome, Italy
4Dipartimento di Fisica and INFN, Università degli Studi di Roma "Tor Vergata", Via della Ricerca Scientifica
1, I-00133 Rome, Italy

Abstract. We present a study of the isospin-breaking (IB) corrections to pseudoscalar
(PS) meson masses using the gauge configurations produced by the ETM Collaboration
with Nf = 2+1+1 dynamical quarks at three lattice spacings varying from 0.089 to 0.062
fm. Our method is based on a combined expansion of the path integral in powers of the
small parameters (m̂d − m̂u)/ΛQCD and αem, where m̂ f is the renormalized quark mass and
αem the renormalized fine structure constant. We obtain results for the pion, kaon and D-
meson mass splitting; for the Dashen’s theorem violation parameters εγ(MS, 2 GeV), επ0 ,
εK0 (MS, 2 GeV); for the light quark masses (m̂d−m̂u)(MS, 2 GeV), (m̂u/m̂d)(MS, 2 GeV);
for the flavour symmetry breaking parameters R(MS, 2 GeV) and Q(MS, 2 GeV) and for
the strong IB effects on the kaon decay constants.

1 Introduction

In the last few years the determination of several observables in flavour physics by lattice QCD reached
such a precision that both electromagnetic (e.m.) effects and strong isospin breaking corrections,
generated by the light-quark mass difference (m̂d−m̂u), cannot be neglected any more (see e.g. Ref. [1]
and references therein). Typical examples are the calculations of the leptonic decay constants fK and
fπ relevant for K�2 and π�2 decays, and the determination of the vector form factor at zero four-
momentum transfer f+(0) appearing in semileptonic K�3 decays. These quantities are used to extract
the CKM entries |Vus| and |Vus|/|Vud | from the experimental decay rates, and they have been computed
on the lattice with a precision at the few per mille level [1]. Such a precision is of the same order of
the uncertainties of the e.m. and strong IB corrections to the leptonic and semileptonic decay rates [2].

The issue of how to include electromagnetic effects in the hadron spectrum and in the determina-
tion of quark masses from ab-initio lattice calculations was addressed for the first time in Ref. [3].

Till now the inclusion of QED effects in lattice QCD simulations has been carried out following
mainly two methods: in the first one QED is added directly to the action and QED+QCD simulations
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are performed at few values of the electric charge (see, e.g., Ref. [4, 5]), while the second one, the
RM123 approach of Ref. [6, 7], consists in an expansion of the lattice path-integral in powers of the
two small parameters (m̂d − m̂u) and αem, namely αem ≈ (m̂d − m̂u)/ΛQCD ≈ 1%. Since it suffices
to work at leading order in the perturbative expansion, the attractive feature of the RM123 method is
that the small values of the two expansion parameters are factorized out, so that one can get relatively
large numerical signals for the slopes of the corrections with respect to the two expansion parameters.
Moreover the slopes can be determined using isospin symmetric QCD gauge configurations.

Using the gauge ensembles generated by the European Twisted Mass Collaboration (ETMC) with
Nf = 2+1+1 dynamical quarks [8, 9], we have calculated the pion, kaon, charmed-meson mass split-
tings and various ε parameters describing the violations of the Dashen’s theorem [10] (see Ref. [1])
by adopting the RM123 method within the quenched QED approximation.

2 Simulation details

The gauge ensembles used in this contribution are the ones generated by ETMC with Nf = 2 + 1 + 1
dynamical quarks, which include in the sea, besides two light mass-degenerate quarks, also the strange
and charm quarks with masses close to their physical values [8, 9].

The lattice actions for sea and valence quarks are the same used in Ref. [11] to determine the
up, down, strange and charm quark masses in isospin symmetric QCD. They are the Iwasaki action
for gluons and the Wilson Twisted Mass Action for sea quarks. In the valence sector, in order to
avoid the mixing of strange and charm quarks a non-unitary set up was adopted, in which the valence
strange and charm quarks are regularized as Osterwalder-Seiler fermions, while the valence up and
down quarks have the same action of the sea. Working at maximal twist such a setup guarantees an
automatic O(a)-improvement.

We considered three values of the inverse bare lattice coupling β and different lattice volumes.
At each lattice spacing, different values of the light sea quark masses have been considered. The
light valence and sea quark masses are always taken to be degenerate. The bare mass of the strange
(charm) valence quark aµs (aµc) is obtained, at each β, using the physical strange (charm) mass and
the mass renormalization constants determined in Ref. [11]. The values of the lattice spacing are:
a = 0.0885(36), 0.0815(30), 0.0619(18) fm at β = 1.90, 1.95 and 2.10, respectively.

For each gauge ensemble the pseudoscalar meson masses are extracted from a single exponential
fit (including the proper backward signal) in the range tmin ≤ t ≤ tmax, given explicitly in Ref. [12].

Following Refs. [7, 13] we impose a specific matching condition between the full QCD+QED
and the isospin symmetric QCD theories: in the MS scheme at a renormalization scale µ = 2 GeV
we require m̂ f (MS, 2 GeV) = mf (MS, 2 GeV) for f = (ud), s, c, where m̂ and m are the renormalized
quark masses in the full theory and in isosymmetric QCD. A similar condition is imposed on the strong
coupling constants of the two theories (i.e. the lattice spacing). These conditions fix the isosymmetric
QCD bare parameters and a unique prescription to define the isosymmetric QCD contribution to each
hadronic quantity.

3 Evaluation of the IB corrections

According to the approach of Ref. [7] the e.m. and strong IB corrections to the mass of a PS meson
can be written as

MPS = M(0)
PS + [δMPS ]QED + [δMPS ]QCD (1)

with
[δMPS ]QED ≡ 4παem [δMPS ]em + ... , (2)
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meson mass corresponding to the renormalized quark masses in the isosymmetric QCD theory. The
separation in Eq. (1) between the QED and QCD contributions, [δMPS ]QED and [δMPS ]QCD, is renor-
malization scheme and scale dependent [13, 14].

Throughout this work we adopt the quenched QED approximation, which neglects the sea-quark
electric charges and corresponds to consider only (fermionic) connected diagrams. Including the
contributions coming from the insertions of the e.m. current and tadpole operators, of the PS and scalar
densities (see Refs. [6, 7]) the basic diagrams are those depicted schematically in Fig. 1. The insertion
of the PS density is related to the the e.m. shift of the critical mass present in lattice formulations
breaking chiral symmetry, as in the case of Wilson and twisted-mass fermions.
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charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
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nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
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Figure 1: Fermionic connected diagrams contributing
at O(αem) and O(m̂d − m̂u) to the IB corrections to me-
son masses: exchange (a), self energy (b), tadpole (c),
pseudoscalar insertion (d) and scalar insertion (e).

Within the quenched QED approximation the correlator δCJ
PS (t) corresponds to the sum of the

diagrams (1a)-(1b), while the correlators δCT
PS (t), δCPf

PS (t) and δCS f

PS (t) (where f = {u, d, s, c}) repre-
sent the contributions of the diagrams (1c), (1d) and (1e), respectively. The removal of the photon
zero-mode is done according to QEDL [15], i.e. the photon field Aµ in momentum space satisfies
Aµ(k0,�k = �0) ≡ 0 for all k0.

By defining the tree-level correlator C(0)
PS (t) as

C(0)
PS (t) ≡

∑
�x

〈0|T
{
φ†PS (�x, t)φPS (0)

}
|0〉 , (4)

with φPS (x) = iψ f1 (x)γ5ψ f2 (x) being the interpolating field for a PS meson composed by two va-
lence quarks f1 and f2 with charges q1e and q2e, in our analysis the correlators δC j

PS (t) with
j = {J, T, Pf , S f } are divided by the tree-level one, obtaining at large time distances, where the PS
ground-state is dominant,

δC j
PS (t)

C(0)
PS (t)

−−−−−−−−−−−−−−→
t>>a,(T−t)>>a

δZ j
PS

Z(0)
PS

+
δM j

PS

M(0)
PS

fPS (t) (5)

where Z(0)
PS ≡ 〈0|φPS (0)|PS (0)〉 and

fPS (t) ≡ M(0)
PS

(T
2
− t
) e−M(0)

PS t − e−M(0)
PS (T−t)

e−M(0)
PS t + e−M(0)

PS (T−t)
− 1 − M(0)

PS
T
2

(6)

is almost a linear function of the Euclidean time t. Thus, the various e.m. and strong IB corrections
to the PS mass, δM j

PS ( j = J, T, Pf , S f ), can be extracted from the slope of the corresponding ratios
δC j

PS (t)/C(0)
PS (t) at large time distances.
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4 Results

According to Ref. [7] the charged/neutral pion mass splitting Mπ+ − Mπ0 is given by

Mπ+ − Mπ0 = 4παem
(qu − qd)2

2
∂t

−
, (7)

where, following the notation of Ref. [7], (−∂t) stands for the operator corresponding to the extraction
of the slope δMPS from the ratio δCPS (t)/C(0)

PS (t) (see Eq. (5)).
At first order in the perturbative expansion the pion mass splitting Mπ+ − Mπ0 is a pure e.m. ef-

fect. Furthermore all the disconnected diagrams generated by the sea quark charges cancel out in the
difference Mπ+ − Mπ0 and therefore Eq. (7) holds as well in unquenched QED. The only remaining
disconnected diagram in Eq. (7) is generated by valence quarks in the neutral pion. It vanishes in the
S U(2) chiral limit [7] and, consequently, it is of order of O(αemm�). Thus, at the physical pion mass
the disconnected contribution to the pion mass splitting Mπ+ −Mπ0 is expected to be a small correction
and has been neglected so far in the present study.

Inspired by the Chiral Perturbation Theory (ChPT) analysis of Ref. [15], we perform combined
extrapolations to the physical pion mass and to the continuum and infinite volume limits, obtaining

Mπ+ − Mπ0 = 4.21 (23)stat+ f it (13)syst MeV = 4.21 (26) MeV , (8)

where ()stat+ f it indicates the statistical uncertainty including also the ones induced by the fitting pro-
cedure and by the errors of the input parameters computed in Ref. [11], namely the values of the
average u/d quark mass mud, the lattice spacing and the quark mass RC 1/ZP, while ()syst indicates the
total systematic uncertainty due to discretization effects, chiral extrapolation and finite volume effects
(FVEs). The determination given in Eq. (8) agrees with the experimental determination

[Mπ+ − Mπ0 ]exp = 4.5936 (5) MeV (9)

within ≈ 1.5 standard deviations. The difference among the central values, which is equal to ≈ 8%,
may be of statistical origin, but it may be due also to the disconnected contribution at order O(αemm�)
in Eq. (7) as well as to possible higher-order effects proportional to αem(m̂d − m̂u) and to (m̂d − m̂u)2,
which have been neglected. The latter ones are estimated to be of the order of � 4% in Ref. [1] and
therefore the disconnected contribution at order O(αemm�) is expected to be of the same size ≈ 4%,
which corresponds to ≈ 0.2 MeV.

The Dashen’s theorem [10] states that in the chiral limit the self-energies of the neutral Nambu-
Goldstone bosons vanish. Thus, the violation of the Dashen’s theorem in the pion sector can be
measured through the quantity επ0 defined as [1]

επ0 =
[
δM2
π0

]QED
/
(
M2
π+ − M2

π0

)
. (10)

At the physical pion mass and in the continuum limit we obtain

επ0 = 0.028 (3)stat+ f it (4)syst (44)qQED = 0.028 (44) , (11)

which is consistent with the FLAG estimate επ0 = 0.07 (7) [1], based on the old determination of
Ref. [3] (corrected by FLAG into the value επ0 = 0.10 (7)) and on the more recent result επ0 = 0.03 (2)
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which is consistent with the FLAG estimate επ0 = 0.07 (7) [1], based on the old determination of
Ref. [3] (corrected by FLAG into the value επ0 = 0.10 (7)) and on the more recent result επ0 = 0.03 (2)

obtained by the QCDSF/UKQCD collaboration [16]. In Eq. (11), the ()stat+ f it and ()syst error budgets
are estimated as in the case of the pion mass splitting, while ()qQED represents our estimate of the
uncertainty related to the neglect of the neutral pion disconnected diagram.

The Dashen’s theorem predicts that in the chiral limit the e.m. corrections to the charged kaon
and pion are equal to each other, while the ones for the neutral mesons are vanishing. Therefore, the
violation of the Dashen’s theorem is parameterized in terms of the quantity εγ defined as [1]

εγ(MS, µ) =

[
M2

K+ − M2
K0

]QED
(MS, µ)

M2
π+ − M2

π0

− 1 . (12)

Within the quenched QED approximation, at the physical pion mass and in the continuum and
infinite volume limits our result for the QED contribution to the kaon mass splitting in the MS scheme
at a renormalization scale equal to µ = 2 GeV is

[MK+ − MK0 ]QED (MS, 2 GeV) = 2.07 (10)stat+ f it (5)syst (10)qQED MeV = 2.07 (15) MeV , (13)

where ()qQED is the estimate of the effects due to the quenched QED approximation (5%) taken from
Refs. [17, 18].

Using Eqs. (8) and (13) our estimate for εγ is

εγ(MS, 2 GeV) = 0.801 (48)stat+ f it (25)syst (96)qQED = 0.801 (110) , (14)

where now the ()qQED error includes also the 4% effect (added in quadrature) coming from the neglect
of the neutral pion disconnected diagram. Our result (14) is consistent with the FLAG estimate εγ =
0.7 (3) [1] and with the recent result, converted in the (MS, 2 GeV) scheme, εγ(MS, 2 GeV) = 0.74 (18)
from the BMW collaboration [18] at Nf = 2 + 1 and larger than the recent QCDSF/UKQCD result
εγ(MS, 2 GeV) = 0.50 (6) [16] by � 2.4 standard deviations.

Using the experimental value for the charged/neutral kaon mass splitting, [MK+ − MK0 ]exp =

−3.934 (20) MeV [19], one gets

[MK+ − MK0 ]QCD (MS, 2 GeV) = −6.00 (15) MeV . (15)

In order to estimate the light-quark mass difference (m̂d − m̂u) from the result (15) we need to
compute the IB slope (see Eq. (3)) [MK+ − MK0 ]IB. Our determination at the physical pion mass and
in the continuum and infinite volume limits is

[MK+ − MK0 ]IB = −2.54 (10)stat+ f it (15)syst = −2.54 (18) . (16)

Putting together the results (15) and (16) with Eq. (3), we get
[
m̂d − m̂u

]
(MS, 2 GeV) = 2.380 (87)stat+ f it (155)syst (41)qQED MeV = 2.380 (182) MeV , (17)

which is consistent with the previous ETMC determination 2.67 (35) MeV [11] at Nf = 2 + 1 + 1
and with the recent BMW result, converted in the (MS, 2 GeV) scheme, 2.40 (12) MeV [18] at Nf =

2 + 1. Combining the result (17) with our ETMC determination of the average up/down quark mass
mud(MS, 2 GeV) = 3.70 (17) MeV from Ref. [11], we can also compute the u- and d-quark masses

m̂u(MS, 2 GeV) = 2.50 (15)stat+ f it (8)syst (2)qQED MeV = 2.50 (17) MeV , (18)

m̂d(MS, 2 GeV) = 4.88 (18)stat+ f it (8)syst (2)qQED MeV = 4.88 (20) MeV (19)
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and the ratio
[
m̂u/m̂d

]
(MS, 2 GeV) = 0.513 (18)stat+ f it (24)syst (6)qQED = 0.513 (30) , (20)

which are consistent within the uncertainties with the current FLAG estimates [1] at Nf = 2 + 1 + 1,
based on the ETMC results of Ref. [11], and with the recent BMW results [18] at Nf = 2 + 1.

Finally, using the ETMC result ms(MS, 2 GeV) = 99.6 (4.3) MeV [11] we can obtain a determi-
nation of the flavor symmetry breaking parameters R and Q, namely

R(MS, 2 GeV) ≡ ms − mud

m̂d − m̂u
(MS, 2 GeV) = 40.4 (3.3) , (21)

Q(MS, 2 GeV) ≡

√
m2

s − m2
ud

m̂2
d − m̂2

u
(MS, 2 GeV) = 23.8 (1.1) , (22)

which are consistent within the errors with the current FLAG estimate R = 35.6 (5.1) and Q =
22.2 (1.6) [1] as well as with the recent BMW results R = 38.20 (1.95) and Q = 23.40 (64) [18].

It is possible to extract the leading strong IB corrections to the kaon decay constants by studying
the ratio of the correlators (see Fig. (1e))

δCS �
K (t)

C(0)
K (t)

≡ , (23)

with the red line representing the strange quark propagator. The IB correction δFK/FK can be com-
puted by extracting the slope and intercept from the large time behavior of δCS �

K (t)/C(0)
K (t) (see Eq. (5))

according to
δFK

FK
≡ 1

m̂d − m̂u

[FK+ − FK0 ]QCD

FK
=

1
ms + m�

+
δZS �

K

ZK
− 2
δMS �

K

MK
, (24)

where FK is given by FK = (ms + m�) ZK/M2
K . The lattice data have been fitted according to the

following ansatz:

δFK

FK
= A + B

M
2

16π2 f 2
0

+C
M

2

16π2 f 2
0

log


M

2

16π2 f 2
0

 + D a2 + F
M

2

16π2 f 2
0

e−ML

(ML)3/2
, (25)

where M
2 ≡ 2B0m�, B0, f0 are the QCD low-energy constants at leading order and A, B, C, D, F

are free parameters to be determined by the fitting procedure. In Eq. (25) the chiral extrapolation is
based on the SU(3) ChPT formulae of Ref. [20] expanded as a power series in terms of the quantity
m�/ms, while FVEs are described by a phenomenological term inspired by the leading FVE correction
in QCD kaon decay constant in the p-regime (ML � 1) [21]. The results of the fitting procedure are
shown in Fig. 2.
At the physical pion mass and in the continuum and infinite volume limits we obtain

δFK/FK = −3.08 (16)stat+ f it (19)disc (10)chir (1)FVE GeV−1 = −3.08 (27) GeV−1 , (26)

where i) ()stat+ f it indicates the statistical uncertainty including also the one induced by the fitting pro-
cedure; ii) ()disc is the uncertainty due to discretization effects estimated by including or excluding the
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Figure 2: Results for the IB correction[
FK+ − FK0

]QCD
/
[
FK (m̂d − m̂u)

]
versus the

renormalized light-quark mass m�. The empty
markers correspond to the lattice data, while the
filled ones represent the data corrected for the FVEs
obtained in the fitting procedure (25). The solid
lines correspond to the results of the combined fit
(25) obtained in the infinite volume limit at each
value of the lattice spacing. The black asterisk
represents the result extrapolated at the physical
pion mass m� = mud = 3.70(17) MeV and to the
continuum limit, while the red area indicates the
corresponding uncertainty as a function of m� at the
level of one standard deviation.

term proportional to a2 in Eq. (25); iii) ()chir is the error coming from including the term proportional
to the chiral log or substituting it with a quadratic term in m� and iv) ()FVE is the uncertainty obtained
including or excluding the FVE term in Eq. (25).
By using the determination of the light-quark mass difference (see Eq. (17)) and the result (26) we get
the following estimate

[
FK+ − FK0

FK

]QCD

(MS, 2 GeV) = −0.00730 (48)stat+ f it (8)disc (22)chir (6)FVE (12)qQED . (27)

At order O(m̂d − m̂u), thanks to the fact that pions don’t get strong IB corrections, we have

[
FK+/Fπ+
FK/Fπ

− 1
]QCD

(MS, 2 GeV) = −0.00365 (28) , (28)

a value that is higher (by about 2 standard deviations) than the estimate obtained in Ref. [22] by using
ChPT, namely [

FK+/Fπ+
FK/Fπ

− 1
]χpt

= −0.0022 (6) (29)

and in agreement with (and more precise than) our previous determination at Nf = 2 [7].
The violation of the Dashen’s theorem for the neutral kaon mass can be represented by the quantity

εK0 defined as [1]

εK0 =
[
δM2

K0

]QED
/
(
M2
π+ − M2

π0

)
. (30)

At the physical pion mass and in the continuum limit we obtain

εK0 (MS, 2 GeV) = 0.154 (14)stat+ f it (20)syst (10)qQED = 0.154 (26) . (31)

Our result (31) is in agreement with (and more precise than) both the estimate quoted by FLAG,
namely εK0 = 0.3 (3) [1], and the recent QCDSF/UKQCD result εK0 (MS, 2 GeV) = 0.2 (1) [16].

Using the RM123 approach we also address the evaluation of the leading-order e.m. and strong
IB corrections to the D-meson mass splitting (MD+ − MD0 ), and the first lattice determination of the
leading-order e.m. corrections to the Ds-meson mass MD+s . In the case of D-meson mass splitting we
make use of the determination (17) of the u- and d-quark mass difference obtained in the kaon sector
to evaluate the strong IB correction and therefore to predict the physical mass splitting (MD+ − MD0 )
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on the lattice. Within the quenched QED approximation, the QED and QCD contributions to the
D-meson mass splitting turn out to be

[MD+ − MD0 ]QED (MS, 2 GeV) = 2.42 (22)stat+ f it (44)syst (12)qQED MeV = 2.42 (51) MeV , (32)

[MD+ − MD0 ]QCD (MS, 2 GeV) = 3.06 (27)stat+ f it (7)syst MeV = 3.06 (27) MeV . (33)

Thus, putting together the results (32) and (33) we get the prediction

MD+ − MD0 = 5.47 (30)stat+ f it (42)syst (12)qQED MeV = 5.47 (53) MeV , (34)

which is consistent with the experimental value MD+ − MD0 = 4.75(8) MeV [19] and with the
unquenched QED estimate MD+ − MD0 = 4.68 (16) MeV from the BMW collaboration [4] at
Nf = 1 + 1 + 1 + 1 within � 1.4 standard deviations.
Finally, our determination of the leading-order e.m. correction to the Ds-meson mass MD+s is

δMD+s = 5.54 (11)stat+ f it (46)syst (28)qQED MeV = 5.54 (55) MeV . (35)
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