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Abstract. We utilize the gradient flow to define and calculate electric dipole moments
induced by the strong QCD θ-term and the dimension-6 Weinberg operator. The gradient
flow is a promising tool to simplify the renormalization pattern of local operators. The
results of the nucleon electric dipole moments are calculated on PACS-CS gauge fields
(available from the ILDG) using N f = 2+1, of discrete size 323 ×64 and spacing a  0.09
fm. These gauge fields use a renormalization-group improved gauge action and a nonperturbatively O(a) improved clover quark action at β = 1.90, with cS W = 1.715. The
calculation is performed at pion masses of mπ  411, 701 MeV.

1 Introduction
The study of the electric dipole moment of the neutron and proton (nEDM & pEDM) provides us a tool
for understanding how different sources of CP violation manifest in hadronic systems. Experimentally,
the total nEDM has been bounded by |dn | < 3.0 × 10−13 e fm [1]. A weaker bound of |d p | < 2.0 ×
10−12 e fm [2] has been achieved indirectly from the limit of the Hg EDM, in this way overcoming
the difficulties of observing an EDM of a charged system.
The Standard Model (SM) contains the “θ-term” which can induce an EDM in the neutron and
proton. At the same time, Beyond the Standard Model (BSM) physics can also provide contributions
to EDMs. At hadronic energies these can be parametrized by effective higher-dimensional operators
that violate CP.
Due to recent advancements in computational power and theoretical developments, lattice QCD
is fast approaching the precision needed to calculate the EDM of the neutron and proton [3, 4]. The
key feature when providing this ab-initio calculation from lattice QCD, is that the individual contributions from the θ-term and all the BSM operators can be calculated individually. These calculations,
combined with future experimental results, can provide unique constraints for the different types of
BSM CP violations responsible for a non-vanishing EDM.
In this work, we analyze the nEDM and pEDM induced by the θ and Weinberg terms individually.
We use the gradient flow to define the θ-term and the Weinberg operator on the lattice. For the θ-term,
the use of gradient flow circumvents the problems associated with renormalization. For the Weinberg
operator it provides a powerful method to connect the divergent-free definition of the corresponding
correlation functions at non-vanishing flow time with the physical matrix element.
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2 Theory
The QCD Lagrangian in Euclidean space without strong CP violation, has the form



1
LQCD = GaµνGaµν +
ψq γµ Dµ + mq ψq ,
4
q=u,d,s

(1)

where Gaµν denotes the gluonic field strength, ψu,d,s denote the up, down, and strange quarks, γµ Dµ the
gauge-covariant derivative, and mq the fermion quark masses . We consider two CP-violating terms
in this contribution. The first is the “θ-term” proportional to the topological charge density q(x)
−iθq(x) ≡ −iθ



1

Tr
G
(x)G
(x)
,
µνρσ
µν
ρσ
32π2

and the second is the Weinberg operator [5]
−i

α 1
αG
A
B
µν
OW (x) ≡ −i G2 f ABC G
(x)Gµρ
(x)GCνρ (x).
2
Λ
Λ 3

θ and αG are the coupling coefficients of the topological charge density and Weinberg operator respectively. The Weinberg operator is an effective operator of dimension 6 and therefore suppressed by two
powers of the unknown high-energy matching scale Λ, where the Weinberg operator is induced.

3 Lattice Parameters
We performed calculations on the publicly available PACS-CS gauge fields [6] available through
the ILDG [7]. They provide N f = 2 + 1 dynamical-QCD gauge fields, generated utilizing a nonperturbatively O(a)-improved Wilson fermion action (cS W = 1.715) along with an Iwasaki gauge
action. The size of the utilized gauge fields in this paper are 323 × 64 discrete space-time lattices, with
a lattice spacing of a  0.09 fm (β = 1.90) with L = 2.91 fm.
The current state of the calculation has measurements of the EDM for the neutron and proton
at mπ = 411, 701 MeV (giving mπ L = 5.65, 10.32 respectively). For all the plots shown in this
paper, results for mπ = 411 MeV and mπ =701 MeV are plotted in, respectively, blue and red unless
otherwise indicated.
A Gaussian gauge-invariant smearing [8] is applied to the source and sink propagators used in the
construction of the two- and three- point correlation functions. The smearing fraction α = 0.7 was
selected when applying the 64 iterations of the smearing algorithm to both the source and sink. This
provides a root-mean-square (rms) radius of rrms = 0.431 fm which is 15% of the spatial extent of the
lattice L.
For the vector form factors, we use the renormalization of ZV = 0.7354 taken from [6].

4 Topological and Weinberg Susceptibilities
We define the topological susceptibility and an analogous Weinberg susceptibility using the gradient
flow [9–11] with gauge fields defined at non-vanishing flow time t f . The topological susceptibility
defined in this way is finite and free from renormalization ambiguities [12, 13]. The Weinberg susceptibility is also finite at finite flow time, but contrary to the topological susceptibility, needs to be
connected to the physical observable at vanishing flow time.
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Figure
1. Topological (left) and Weinberg (right) susceptibilities in GeV, plotted against the flow-time radius

8t f . Blue and red points are the mπ = 411, 701 MeV results respectively. Errors were estimated using the
autocorrelation analysis technique described in [14].


Figure 2. Cross correlation QOW  in GeV6 against the flow-time radius 8t f . Blue and red points are the
mπ = 411, 701 MeV results respectively. Errors were estimated using an autocorrelation analysis technique
described in [14].

4.1 Susceptibility results

Expressed in terms of the flow time, the susceptibilities read

1
1
χQ (t f ) =
d4 xd4 y q(x, t f )q(y, t f ) = < Q(t f )2 >
V
V

1
1
d4 xd4 y OW (x, t f )OW (y, t f ) = < OW (t f )2 >
χW (t f ) =
V
V

(2)
(3)


For the topological susceptibility results in the left of fig.1, at small flow-time radius (ftr) 8t f we
observe the
 expected short-distance singularities, while as we approach ftr of the order of the lattice
spacing 8t f ≈ 0.1 fm, we see the divergences already being suppressed, but discretisation effects
causing a“dip” in the flow time dependence. Once the ftr is of the order of 4 − 5 times the lattice
spacing, 8t f ≈ 0.4 fm, as expected no more flow time dependence is observed for this quantity.

3

EPJ Web of Conferences 175, 06018 (2018)
Lattice 2017

https://doi.org/10.1051/epjconf/201817506018


The result can simply be read off from any of 8t f > 0.4 fm, as the results are constant and nearly
identical in this range. Any residual flow-time dependence is just a lattice artifact and will vanish in
the continuum limit.
The Weinbergsusceptibility in the right plot of fig.1 also shows an indication of possible divergences at small 8t f , but unlike the topological susceptibility, we observe a non-trivial flow-time

dependence over the whole range of 8t f . The analysis of the flow-time dependence for the Weinberg susceptibility is ongoing.
A potentially interesting quantity to analyze, to understand the flow-time dependence of the Weinberg operator, is the “cross correlation” between the topological charge Q and the integrated Weinberg operator OW shown in fig.2. On general grounds the Weinberg operator mixes under renormalization with the topological charge density [15] and such correlator can provide a useful tool to
disentangle contributions to the flow-time dependence of the Weinberg operator itself.

5 Nucleon Observables in CP-breaking theory
In this section, we show how to calculate nucleon observables in a CP-violating vacuum from lattice
QCD. Along with this, we show the preliminary results demonstrating this procedure for both the θ
and Weinberg CP-violating contributions to the nucleon observables. The method for the θ-term has
been discussed in detail in [16].
To study nucleon observables in a CP-violating vacuum we use a perturbative approach treating
every CP-violating operator as insertion in the nucleon correlation functions evaluated in the usual
QCD CP-conserving vacuum [16, 17].
5.1 Nucleon Mixing Angle

To understand how the nucleon reacts to a theory that includes CP-violation, we can calculate the
nucleon CP-violating mixing angle, αN , which tells us how much the nucleon spinor is modified
when placed in the CP-violating vacuum [16, 17]:
C
P

p, s) = eiαN γ5 uN (p, s).
u
N (

(4)

The leading contribution of a generic CP-violating local operator O evaluated at flow time t f , to the
mixing angle α(1)
N , can be estimated computing the ratio between
 

0, t, t f ) =
G(O)
(Γ;
Tr
Γγ
N(
x
,
t)N
(0)O(t
)
,
(5)
5
f
2
x

and the standard nucleon two-point correlation function

G(O)
2 (Γ4 ; 0, t, t f ) t0
−−−→ α(1)
N (t f ).
G2 (Γ4 ; 0, t)

(6)

where N(x, t) is an interpolating operator with the quantum numbers of a nucleon (proton and neutron
in N f = 2 + 1), Γ is used in the trace to project out specific spin combinations, and a Fourier transform
from position to momentum space is used to analyze a nucleon of momentum p. In our case, the CPviolating operator O is the topological charge and the integrated Weinberg operator. The flow time
dependence needs to be analyzed in addition to the ground state saturation through a large source-sink
separation t  0.
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Figure 3. CP-odd vector form factor F3 /2mN in units of θ for the neutron (left) and proton (right), induced via the
θ-term CP-violating vacuum, plotted against transfer momentum Q2 . Blue and red points are the mπ = 411, 701
MeV results respectively. The linear fit to Q2 → 0 is used to extract the value for the neutron and proton EDM
dn/p .

5.2 CP-odd Form Factor F3 and the Electric Dipole Moment

The CP-odd form factor for the nucleon F3 (Q2 ), which is related to to the nucleon EDM via dn/p =
F3 (0)/2mN , is only present in a theory that breaks CP-symmetry. Thus, to access this form factor from
lattice QCD, we need to look at observables corresponding to form factors, in a CP-violating vacuum.
In addition to standard two- and three- point correlation functions a modified three-point correlation
of the form




−ip  ·x iq·y


G(O)
(Γ;
p
,
t;
q
,
τ,
t
)
=
e
e
Tr
Γ
N(
x
,
t)J
(
y
,
τ)N(0)O(t
)
,
(7)
f
µ
f
3
x,y

is required to gain access to the CP-violating form factor F3 (Q2 ) arising from a (flowed) CP-violating
term O = Q or OW . After the matrix elements have been extracted from the three-point correlation
functions (using fits in the region t  τ  0), the CP-odd form factor F3 (Q2 ) can be disentangled from
the CP-even form factors F1,2 (Q2 ) by solving a system of equations. Since F3 (0) cannot be extracted
directly from Q2 = 0, an extrapolation to Q2 → 0 is required. We adopt a linear extrapolation in Q2
following χPT results [18–20].
In fig. 3 we show the Q2 dependence of the CP-odd form factors induced by the θ-term. The data
show a signal for the heavy pion mass mπ = 701 MeV while for the light pion mass mπ = 411 MeV
the results are consistent with a vanishing EDM within our statistical uncertainties. This results is not
surprising because the θ-EDM vanishes in the chiral limit in the continuum theory. The results from
the proton and the neutron EDM differ in sign as well as the slope in Q2 . This is consistent with what
is expected from χPT [18–20]. In fig. 4 we show the same results for the CP-odd form factor induced
by the Weinberg operator. Here χPT is less of a guide for the Q2 and mass extrapolation because pion
loops only enter at higher order [19]. As a first attempt we still perform a simple linear extrapolation
in Q2 . The data indicate that the EDM induced by the Weinberg operator changes sign when lowering
the pion mass. As for the θ-EDM the proton and neutron EDM have opposite sign as well as the slope
in Q2 .
An important aspect of the calculation of the EDM is the evaluation of the CP-odd operators at
non-vanishing flow time. Excluding a region at small ftr, we expect that the θ-EDM is independent
on the flow time as it happens for the topological susceptibility and mixing angle (cfr. secs. 4.1, 5.1).
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Figure 4. CP-odd vector form factor F3 /2mN in units of αW /Λ2 for the neutron (left) and proton (right), induced
via the Weinberg operator CP-violating vacuum, plotted against transfer momentum Q2 . Blue and red points are
the mπ = 411, 701 MeV results respectively. The linear fit to Q2 → 0 is used to extract the value for the neutron
and proton EDM dn/p .

Figure 5. Flow time dependence from t f /a2 = 4.01 (blue) to t f /a2 = 8.01 (red) of the CP-odd vector form factor
F3 /2mN in units of αW /Λ2 , induced via the Weinberg CP-violating vacuum, plotted against transfer momentum
Q2 . Left and right plots show the mπ = 411, 701 MeV results respectively. The linear fit to Q2 → 0 is used to
extract the value for the neutron and proton EDM dn/p .

We have verified that for the EDM in the range 4 ≤ t f /a2 ≤ 8 the result is independent on the flow
time. For the Weinberg EDM we would expect a non-trivial flow-time dependence stemming from the
renormalization properties of the Weinberg operator (cfr. secs. 4.1, 5.1). The numerical data suggest
that for the EDM induced by the Weinberg operator the flow-time dependence is of the same order of
statistical accuracy of our calculation and is a little stronger for the heavier pion mass. This behavior
can be observed in fig 5 where we show the flow-time dependence of the CP-odd form factors at 2
different flow times, t f /a2 = 4.01 and 8.01. For the lighter pion mass in the left plot, there is no
evidence of flow time dependence, besides the slight increase in the uncertainty. Whereas for the
heavier pion mass result on the right, we see a 1σ discrepancy between the two extremes of flow time.
We have also analyzed the numerical data following ref. [21]. The results are shown in fig. 7. We
observe that the corrections suggested in [21] flip the sign of the θ-EDM (and the slope in Q2 ) and
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Figure 6. Corrections suggested by [21] for the CP-odd vector form factor F3 /2mN in units of θ for the neutron
(left) and proton (right), induced via the θ-term CP-violating vacuum, plotted against transfer momentum Q2 .
Blue and red points are the mπ = 411, 701 MeV results respectively. The linear fit to Q2 → 0 is used to extract
the value for the neutron and proton EDM dn/p .

Figure 7. Corrections suggested by [21] CP-odd vector form factor F3 /2mN in units of αW /Λ2 for the neutron
(left) and proton (right), induced via the Weinberg operator CP-violating vacuum, plotted against transfer momentum Q2 . Blue and red points are the mπ = 411, 701 MeV results respectively. The linear fit to Q2 → 0 is used
to extract the value for the neutron and proton EDM dn/p .

make the Weinberg EDM vanish for all pion masses and Q2 . We are currently incresing our statitics
and running an additional pion mass to improve our analysis.
5.3 Conclusion

In this proceeding, we have obtained preliminary results for the θ and Weinberg EDM with N f = 2 + 1
dynamical gauge configurations at 2 pion masses. We have defined the CP-odd local operators using
the gradient flow for the gauge fields. We have treated the CP-sources in a perturbative manner
allowing us to use existing QCD gauge configurations. For the θ-EDM we clearly see a signal at the
heavier pion mass while the lightest pion mass is still consistent with zero. Both the sign of the EDMs
and the slopes in Q2 of the CP-odd form factors are consistent with χPT. For the Weinberg EDM we
see a clear signal at both pion masses, but the observed pion-mass dependence is not was is expected
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from χPT. The signal is washed out after applying the corrections of ref. [21] and we see no signal at
both pion masses.
It is interesting to notice that the flow-time dependence of the θ-EDM is absent in the large range
4 ≤ t f /a2 ≤ 8. We also observe no flow-time dependence for the Weinberg EDM indicating, most
likely, that the variation of the Weinberg operator with the flow time due to its renormalization properties is below our statistical accuracy. To improve our determination we are currently increasing our
statistics and using a third pion mass in our calculation.
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