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Numerical investigation of finite-volume effects for the HVP
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Abstract. It is important to correct for finite-volume (FV) effects in the presence of QED,
since these effects are typically large due to the long range of the electromagnetic interaction. We recently made the first lattice calculation of electromagnetic corrections to the
hadronic vacuum polarisation (HVP). For the HVP, an analytical derivation of FV corrections involves a two-loop calculation which has not yet been carried out. We instead
calculate the universal FV corrections numerically, using lattice scalar QED as an effective theory. We show that this method gives agreement with known analytical results for
scalar mass FV effects, before applying it to calculate FV corrections for the HVP. This
method for numerical calculation of FV effects is also widely applicable to quantities
beyond the HVP.

1 Introduction
Currently, there is a discrepancy greater than 3σ between Standard Model predictions and experimental measurements of the muon g − 2 [1]. This is a tantalising hint of possible new physics, and
new experiments at Fermilab and J-PARC are set to reduce the experimental error in the measurement [2, 3]. The largest source of theoretical error in the muon g − 2 prediction comes from the
hadronic vacuum polarisation (HVP) contribution.
In an effort to reduce the theoretical uncertainty in the HVP, lattice calculations of QED corrections
to the HVP are in progress. We have made an exploratory lattice calculation of QED corrections to
the HVP [4–6], and there is an ongoing effort to calculate these corrections at the physical point [7].
Independently, a calculation of QED corrections for strange and charm contributions to the HVP has
also been made [8].
The mass gap in QCD ensures that effects due to the finite volume of the lattice fall off exponentially with the spatial extent L of the lattice, provided L is significantly larger than the inverse pion
mass [9]. In QED, however, there is no mass gap and the massless photon ensures that electromagnetism is a long-range interaction. Finite volume (FV) effects for QED are therefore much larger than
those for QCD, typically scaling with inverse powers of L rather than exponentially [10], and they
must be taken into account in any physical calculation of QED effects on the lattice.
FV effects arise from long-distance properties, and do not therefore depend strongly on UV properties of the system. Leading FV effects can therefore be studied using low-energy effective field
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theories in which hadrons are treated as point particles. FV corrections have been calculated analytically for hadron masses [10, 11] and leptonic decay rates [12], within the QEDL zero-mode subtraction
scheme [13].
In this work, we use computationally cheap lattice scalar QED simulations for a numerical investigation of QED FV effects for the HVP. In section 2 of this proceedings, our strategy for calculating
FV effects through lattice scalar QED calculations is introduced. Meson mass FV effects obtained
using this method are validated against known results in section 3, and preliminary results for HVP
finite volume effects are shown in section 4.

2 Numerical simulations of lattice scalar QED
The strategy for numerical calculation of finite volume effects from lattice scalar QED is straightforward: expectation values are calculated from the discretised scalar QED path integral, and this
is repeated for several lattice volumes. FV corrections can be obtained numerically by assuming an
ansatz for the dependence of the expectation values on the spatial extent L of the lattice, and extracting
coefficients through a fit to the lattice data points.
This method can be applied to study the QED finite volume behaviour of any hadronic quantity
for which scalar QED is a valid effective field theory. Here, we validate the method by comparing to
known analytical results for pseudoscalar mesons, before turning our attention to the HVP.
2.1 Lattice scalar QED action

We define the discretised scalar QED action as




S φ, A = S φ φ, A + S γ [A] ,

(1)

with non-compact U (1) gauge action

S γ [A] =

2
1 
∂µ Aν (x) − ∂ν Aµ (x) ,
4 x µ,ν

(2)

for an electromagnetic vector potential Aµ (x) and forward derivative ∂µ , and scalar action

 a4  ∗
S φ φ, A =
φ (x) ∆φ (x) ,
2 x

∆=−



D∗µ Dµ + m2 ,

(3)

µ

where φ (x) is a complex scalar field. The covariant derivative is defined as


Dµ f (x) = a−1 Uµ (x) f (x + aµ̂) − f (x) ,


D∗µ f (x) = a−1 f (x) − Uµ† (x − aµ̂) f (x − aµ̂) ,

(4)
(5)

with U (1) gauge link Uµ (x) ≡ eiqaAµ (x) for a scalar with electromagnetic charge q.
  
We work in the electro-quenched theory, in which we set det ∆−1 = 1 in the path integral, so
that U (1) gauge field configurations can be generated independently of the scalar field. Generation
of the photon fields follows the method of [14], and the photon zero-mode is subtracted in the QEDL
scheme [13].
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Figure 1. The four diagrams which correspond to the expansion to O (α) of the charged scalar propagator
(equation (12)).

2.2 Inverting the scalar propagator

Calculation of the scalar propagator ∆−1 could be done using the CG algorithm, but we instead use
a perturbative method, making use of the Fast Fourier Transform (FFT) algorithm. The motivation
for using this method is twofold. Firstly, this allows a perturbative treatment of the QED effects up
to fixed order, which facilitates comparison with analytical calculations. Secondly, the computational
cost of the FFT is independent of the input mass, so we expect this method to be more efficient than
CG for small masses.
Using the translation operator
τµ f (x) = f (x + aµ̂) ,

(6)



∆ = a−2 2 − eiqaAµ τµ − τ−µ e−iqaAµ + m2 .

(7)

the operator ∆ can be written as

Expanding in powers of the electromagnetic charge q gives

 
∆ = ∆0 + q∆1 + q2 ∆2 + O q3 ,

∆0 = −
∂∗µ ∂µ + m2 ,
µ

∆1 = −ia−1
∆2 =


µ


Aµ τµ − τ−µ Aµ ,


1  2
Aµ τµ + τ−µ A2µ .
2 µ

(8)
(9)
(10)
(11)

We can then expand the scalar propagator:
 
−1
−1
2 −1
−1
−1
2 −1
−1
3
∆−1 = ∆−1
0 − q∆0 ∆1 ∆0 + q ∆0 ∆1 ∆0 ∆1 ∆0 − q ∆0 ∆2 ∆0 + O q .

(12)

The four terms in this expansion to O (α) correspond to the four diagrams in Figure 1. The first
term is the free scalar propagator, the second is a scalar propagator with a single photon vertex, and
the final two terms are O (α) corrections which we refer to as the “sunset” and “tadpole” diagrams
respectively.
Defining the Fourier transform of a field f on the lattice Λ as

(F f ) (k) = a4
f (x) e−ik·x ,
(13)
x∈Λ

the free scalar propagator

∆−1
0

and the operators ∆1 and ∆2 can be expressed as
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1

F,
+ m2



Aµ F −1 eiakµ F − F −1 e−iakµ F Aµ ,
∆1 = −ia−1

(14)

∆2 =

(16)

k̂2

(15)

µ


1   2 −1 iakµ
Aµ F e F + F −1 e−iakµ F A2µ .
2 µ

Using equations (12), (14), (15) and (16), along with stochastic U (1) gauge fields Aµ , the calculation of the charged scalar propagator to O (α) requires 44 Fourier transforms, which can be computed
using the FFT algorithm.
This propagator inversion method has been implemented in Grid, a new software framework developed by members of the RBC/UKQCD collaboration [15]. The design of Grid allows the construction
of observables from these propagators to be easily implemented while providing good performance
across a range of computational architectures.

3 Meson mass finite volume effects
In order to validate this numerical approach to the calculation of FV corrections, it is useful to compare
with known results. One quantity for which the FV corrections are known is the mass of a charged
scalar particle, for which the volume dependence in the QEDL scheme is [10]




q2 κ
2
2
2
m (L) ∼ m∞ −
m0 +
+ O e−mL , κ = 2.837297 (1) ,
(17)
4π L
L

where q is the EM charge of the scalar, m0 is the bare mass and m∞ is the mass in infinite volume.
This relation gives the universal FV corrections to the mass of all spin-0 particles, including composite
particles such as thepseudoscalar
mesons, up to structure-dependent terms which have been shown to

be no larger than O α/L3 [11].
3.1 Extracting the scalar mass from lattice data

To calculate the scalar mass, we start by computing the point-to-all scalar propagator from a point
source at the origin:
S (0 | x) = ∆−1
yx δ (y = 0) .

(18)

We define an effective mass correction from the zero-spatial-momentum component of the scalar

propagator, S (t) = x S (0 | x) [5]:
δmeff (t) = 

S (t)
S 0 (t)

T
2

−

S (t+1)
S 0 (t+1)


 
 

 
 ,
− t tanh m0 T2 − t − T2 − (t + 1) tanh m0 T2 − (t + 1)

(19)

where T is the time extent of the lattice and S 0 (t) is the free scalar propagator, and the mass correction
δm (L) is extracted from a constant fit to the effective mass plateau. The squared mass up to O (α) is
constructed from δm (L):
m2 (L) = m20 + 2m0 δm (L) .
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Figure 2. Comparison of lattice scalar mass with the analytical expression in equation (17).

3.2 Results

The scalar mass has been calculated on a L3 × 128 lattice, for a range of values of L, with bare mass
am0 = 0.2. 100 U (1) gauge configurations were used per volume.
In Figure 2, our lattice data are compared to the analytical expression in equation (17). The
infinite-volume squared mass is calculated analytically and subtracted from the data. The chi-squared
statistic for the goodness-of-fit of the analytical prediction to the data points with m0 L ≥ 4 is
χ2 /d.o.f. = 0.27, indicating that the lattice data match the expected FV behaviour very well. The
agreement with the analytical expression is less good for smaller volumes, indicating that the exponentially suppressed terms excluded from equation (17) are non-negligible at this level.
The precision achieved here from 100 configurations is impressive. The computational cost of
generating these results was small: for the largest volume (L = 64), the total computation time for
100 configurations on a single Knights Landing processor was approximately 24 hours. These observations confirm that our numerical method for calculating FV effects can provide good precision with
limited time and computational resources.

4 HVP finite volume effects
We expect the FV behaviour of the HVP to be dominated by the lowest-energy state, which is the
two-pion state. The leading FV corrections can therefore be determined from the FV behaviour of
the scalar QED vacuum polarisation (SVP) (Figure 3), which can be investigated numerically in the
framework outlined above.
We calculate the SVP from the conserved vector two-point correlation function as follows:
 −iQt

  1 


e
−1
Π Q̂2 = a4
(21)
C j j (x)
, Cµν (x) = Vµ (x) Vν (0) ,
2
3
Q̂
x
j
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Figure 3. The scalar QED vacuum polarisation (SVP). Solid lines represent scalars.

where Vµ (x) is the conserved vector current derived from the scalar QED action in equation (1):


(22)
Vµ (x) = a2 φ∗ (x) eiqaAµ (x) φ (x + aµ̂) − φ∗ (x + aµ̂) e−iqaAµ (x) φ (x)
From equations (21) and (22) we find




Cµν (x) = 2 S † (aν̂ | x) Uµ (x) S (0 | x + aµ̂) Uν (0) − S † (aν̂ | x + aµ̂) Uµ† (x) S (0 | x) Uν (0)

γ

(23)

where ·γ denotes the average over U (1) gauge configurations.
The gauge links Uµ (x) ≡ eiqaAµ (x) which appear in the conserved vector current at the source and
sink can be expanded in powers of the charge q:
 
1
(24)
Uµ (x) = 1 + iqaAµ (x) − q2 a2 A2µ (x) + O q3 .
2
Combining equations (12), (23) and (24), there are 12 diagrams which give an O (α) contribution
to the SVP: a sunset or tadpole on either scalar propagator, a photon exchanged between the two
scalar propagators, and seven diagrams in which the photon attaches to the source and/or sink due to
the expansion of the gauge link in the conserved current [5].
4.1 Preliminary results

In this section we show some preliminary results for HVP FV effects, with the same parameters as
were used for the scalar mass in Section 3.2.
FV effects for the free SVP are expected to be exponential. To check this, we assume an ansatz


(25)
Π0 (L) = c0 1 − c1 e−c2 m0 L .

At the smallest non-zero lattice momentum (Q = (2π/T )) we find that this ansatz describes the
data well with c0 = 6.32 × 10−3 , c1 = 1.57 and c2 = 0.90, as shown in Figure 4.
Figure 5 shows the O (α) correction to the SVP at Q = (2π/T ). One could fit a polynomial ansatz
in 1/L to these data points, to obtain a numerical estimate for the coefficients of the FV corrections,
but we do not attempt such a fit here. An analytical calculation of these FV corrections is in progress,
and the results presented here will be compared directly with those from the analytical calculation.

5 Conclusions
We introduce a method for the efficient numerical calculation of universal QED finite volume corrections to hadronic observables, using lattice simulations of scalar QED as an effective field theory. The
technique is applied to the calculation of FV corrections to the mass of a scalar particle, and results
are found to be in agreement with the known analytical FV behaviour of the scalar mass.
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Figure 4. Finite-volume behaviour of the free SVP form factor. The orange line is a fit of the exponential ansatz
in equation (25) to the lattice data, with parameters c0 = 6.32 × 10−3 , c1 = 1.57 and c2 = 0.90.

Figure 5. Finite-volume behaviour of the O (α) correction to the SVP form factor for seven volumes with m0 L ≥
4.
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We also apply this method to the calculation of QED FV corrections to the HVP. FV effects for the
free vacuum polarisation (i.e. without QED) are found to be exponentially suppressed with the lattice
size L, as expected. We have made a preliminary calculation of the HVP FV effects in the presence of
QED, which will be used to cross-check an analytical calculation of these effects.
This method is widely applicable for calculating universal QED FV corrections to a range of
hadronic quantities, and we find that the method can provide good precision with limited computational resources. The method has been implemented in Grid [15], so that its application to new
observables should be straightforward.
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