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Abstract. 2-color QCD, i. e. QCD with the gauge group SU(2), is the simplest non-
Abelian gauge theory without sign problem at finite quark density. Therefore its study
on the lattice is a benchmark for other non-perturbative approaches at finite density. To
provide such benchmarks we determine the minimal-Landau-gauge 2-point and 3-gluon
correlation functions of the gauge sector and the running gauge coupling at finite den-
sity. We observe no significant effects, except for some low-momentum screening of the
gluons at and above the supposed high-density phase transition.

1 Introduction

Understanding the full phase diagram of QCD from first principles studies has been a challenge for
decades. The most interesting phenomena occur in the strongly interacting regime, where perturbative
methods fail. Therefore non-perturbative approaches like functional methods and lattice gauge theory
are applied to study QCD in the different thermodynamic regimes. Unfortunately, lattice QCD suffers
from the sign problem at finite density. Therefore, it does not so far seem possible to reproduce at finite
density the interplay of lattice and functional methods that has proven fruitful in the finite temperature
case [1]. One way to circumvent this problem is the study of QCD-like theories [2] at finite density on
the lattice, which do not suffer from the sign problem. Of course, these theories need to share as many
properties with real QCD as possible to be really constraining. The simplest such theory is QC2D,
i. e. QCD with the gauge group SU(2) rather than SU(3), but otherwise left unchanged. Therefore,
QC2D has already been extensively studied, especially using lattice methods [3–11]. The focus of the
present contribution is on the properties of the gauge sector at finite density, especially the (minimal)
Landau-gauge propagators and 3-point vertices and the running gauge coupling. These are of prime
importance as inputs and/or benchmarks for functional calculations [1].

Our results indicate no strong change with respect to the vacuum. Only around the supposed
deconfinement phase transition and at very high density do we see the onset of a moderate screening
of the gluons. If this finding would be generic, this would considerably simplify studies of finite
densities using functional methods, as then the gauge sector could be left essentially as in the vacuum,
as has been done, e. g., already in [12–16], supporting the findings in these studies. Conversely, this
implies that the high-density phase remains strongly coupled in the whole range of densities studied
here.
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To set the stage, we will briefly rehearse the pertinent features of the zero-temperature phase
diagram of QC2D in section 2, and sketch our methods in section 3. We then present our results for
the correlation functions in section 4-6.

2 Phase diagram

The phase diagram of QC2D has been studied extensively in [3–7, 9–11]. As in the following the con-
figurations used in [3–6] will be employed, we will describe here this particular case with two degen-
erate flavors of Wilson fermions. We concentrate here essentially only on the low(zero)-temperature
and finite density regime. There, it was found that after the silver blaze point a phase arose with
thermodynamic properties close to that of a free gas, up to about four times the silver blaze chemical
potential. At that point another transition occurred where the thermodynamic properties are quite dis-
tinct from a free gas, and in which also quantities like a large Polyakov loop signal a quite different
physics. The latter could be interpreted as a would-be deconfinement.

In addition, here also the main difference to QCD arises. In QC2D it is possible to form a gauge-
invariant bosonic diquark, though not a fermionic baryon. Since the diquark is bosonic, it can con-
dense, and does so above the silver-blaze point, forming a superfluid medium. Thus, at first sight
there seems to be first a weakly interacting phase followed by a non-trivial, but ’deconfined’ phase.
However in the termodynamically trivial phase, the Wilson potential is not compatible with a weakly
interacting phase [6].

3 Setup and methods

As noted, we use in the following the ensembles from [5, 6] with β = 1.9 and κ = 0.168, corresponding
to a lattice spacing a = 0.178(6) fm, and a pion mass mπ = 717(25) MeV on a 163 × 24 lattice. In this
case, a non-zero diquark source is introduced to force the diquark condensate as the expected physical
phase. Other lattice parameters will be studied elsewhere [17]. These configurations were gauge-
fixed to minimal Landau gauge using the methods described in [18]. The propagators, the running
coupling, and the 3-point vertices were then determined using the methods described in [19, 20]. The
gluon propagator at finite density was already determined in [3, 6], and the independent determination
here is in agreement. Further technical details will also be available elsewhere [17], but are also
reviewed in [1].

4 Gluon propagator

The results for the soft mode of the gluon propagator are shown in figure 1. In agreement with previous
studies [3, 6], we do not see any indication of a density dependence below the deconfinement phase
transition. Starting from the phase transition we do see an infrared suppression, which increases with
density. This is also seen in the corresponding screening masses, defined as 1/

√
D(0), where D(p) is

the propagator. This screening mass is essentially constant above the silver-blaze point, and only starts
to increase slowly with the chemical potential above the phase transition. Thus, the contribution from
the gluons themselves to thermodynamics would be unaltered below the transition, and only slightly
changed above the transition.

We also do not see a marked difference between the electric and magnetic propagator.
Both observations are in stark contrast to the situation above the finite-temperature phase transition

[21–24]. The inertness below the transition, is however, similar. But in the finite-temperature case the
inertness is not accompanied by an almost free thermodynamics.
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Figure 1. The soft mode of the gluon propagator perpendicular (top-left panel, ’magnetic’) and parallel (top-
right panel, ’electric’) to the heat-bath [1] as a function of momentum for multiple densities. The lower panel
shows the respective screening masses, as discussed in the text. For comparison results in the vacuum and at
finite temperature are also displayed. If not visible, (statistical) error bars are smaller than the symbol sizes. Note
that, because only a single lattice spacing was used, no renormalization has been performed.

There is also a slight modification of the magnetic propagator seen at intermediate momenta,
which is not observed in the electric one. However, the effect is small, and it is not beyond doubt
whether this could be a lattice artifact.

5 Ghost propagator

The soft mode of the ghost propagator, shown in figure 2 (left), does not show any systematic depen-
dence on the chemical potential. Some effects are seen, but since the data do not show any visible
trend, they are likely some type of not yet fully understood lattice artifact. This behavior is in agree-
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Figure 2. The soft mode of the ghost dressing function, i. e. ghost propagator multiplied with momentum squared,
as a function of momentum for multiple densities (left panel) and the electric running coupling in the miniMOM
scheme as a function of momentum for multiple densities (right panel). For comparison for the ghost dressing
function also results in the vacuum and at finite temperature are displayed. If not visible, (statistical) error bars
are smaller than the symbol sizes. Note that, because only a single lattice spacing was used, no renormalization
has been performed.

ment with what is seen at finite temperature [21, 22], where the propagator is also inert to temperature
effects.

Using the gluon propagator and the ghost propagator together, it is possible to determine the
running gauge coupling in the miniMOM scheme [25]. However, because of the splitting of electric
and magnetic degrees of freedom, there are now two different running couplings, characterizing the
interactions of magnetic and electric degrees of freedom. However, because both do not behave
significantly differently, the corresponding couplings are also similar. The electric running coupling
is shown in figure 2 (right). As a consequence of the inertness of the propagators, it is essentially
density-independent. This is a very remarkable result. As this running coupling also governs the
interaction between quarks and gluons this implies that the microscopic interaction remains essentially
unchanged, even though in the one phase almost trivial thermodynamics prevail and in the other phase
a would-be deconfinement is observed. However, this fits very well with the observation that the
Wilson potential and Polyakov loop in the thermodynamically trivial phase still show a confining
behavior [3–6]. Still, this is a very remarkable observation.

6 Vertices

At finite temperature a surprisingly strong and qualitative response of the magnetic, soft three-gluon
vertex on the phase transition was seen in exploratory lattice simulations [20]. We therefore study it
at finite density.

The result of studying three gluon vertex is limited due to large statistical noise. The data points
with reasonable statistical errors are shown in figure 3. Though noisy, it is seen that within statistical
accuracy no distinction is observed. In particular, the distinct infrared suppression observed in lattice
calculations at zero temperature and density [26–28] remains.
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Figure 3. The tree-level dressing function of the soft magnetic three-gluon vertex as a function of momentum
for multiple densities. For comparison also results in the vacuum and at finite temperature are displayed. The
momentum configurations displayed are two of the gluon momenta being orthogonal momenta with equal size
in the top-left panel, one momentum vanishing in the top-right panel, and all momenta equal, i. e. the symmetric
momentum configuration, in the lower-left panel. The three-dimensional plot in the lower-right panel gives an
interpolation of the data for two momenta being orthogonal at the chemical potential close to the "deconfinement"
transition, at µa = 0.7. We only display points for which our statistics were sufficient to reach 50% or less
statistical error. Lines are drawn to guide the eye.

We also studied the soft magnetic tree-level dressing function of the ghost-gluon vertex which
shows, as at finite temperature [20], no marked dependence on the density. These results will be
presented in more detail elsewhere [17].
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7 Conclusions and outlook

Summarizing, we studied the gauge sector’s propagators and three-point vertices as a function of den-
sity in QC2D. In the low-density regime we did not find any influence of the density on the correlation
functions. Above the supposed "deconfinement" phase transition [3–6] we do observe some moderate
additional screening for the gluon propagator. However, no effect is seen in either the ghost sector
nor for the magnetic three-gluon vertex. Also, the influence on the magnetic and electric sector is,
within errors, the same. This is in marked contrast to the finite-temperature case, where both sectors
react differently. Also, the lack of influence on the magnetic three-gluon vertex is noteworthy, as this
is again in contrast to the finite-temperature case. Finally, the running coupling does essentially not
change as a function of the density. Thus, the system remains microscopically strongly coupled for
all densities.

These findings only add to the enigma of the finite-density physics of this theory [3–6]: The low-
density phase shows almost trivial, non-interacting thermodynamic properties, while both the Wilson
potential and the findings here indicate strong microscopic interactions. While a similar phenomenon
is seen in the magnetic sector at very high temperatures, here it is seen in both magnetic and electric
sectors. Thus it cannot be explained in the same way. In the high-density phase the theory remains
strongly coupled and thermodynamically non-trivial, but here quantities like the Polyakov loop show
the same behavior as at very high temperatures.

Thus, a full picture of the theory remains elusive. Complementary investigations using functional
methods may help understand it better. For these, our results can act as a benchmark or allow to justify
the approximation to keep the gauge sector unaltered compared to the vacuum, except for additional
screening due to quarks [12–16].

Finally, lattice artifacts can be expected to be relevant, given the experiences at finite temperature
[1, 21–24]. Thus, a more detailed study is necessary, which will be presented elsewhere [17].
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