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Abstract. We present a non perturbative study of SU(2) gauge theory with two fundamental Dirac flavours. This theory provides a minimal template which is ideal for a wide
class of Standard Model extensions featuring novel strong dynamics, such as a minimal
realization of composite Higgs models. We present an update on the status of the meson
spectrum and decay constants based on increased statistics on our existing ensembles and
the inclusion of new ensembles with lighter pion masses, resulting in a more reliable chiral extrapolation.
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1 Introduction
The discovery of the Higgs boson in 2012 was a major breakthrough which confirmed the missing
piece of the Standard Model (SM). However the SM Higgs sector is not free from theoretical issues.
Maybe the most prominent of them is the naturalness problem, which can be formulated as follows.
If we assume that the Standard Model is valid up to energy scale Λ (which can be as high as the
Planck scale), then the Higgs boson pole mass will be given by m2H = m2R (Λ) − Σ(Λ), where mR is a
renormalised mass, which depends on the unknown UV details of the theory, and Σ is the self-energy
of the Higgs boson which is proportional to the square of the cutoff Σ ∝ Λ2 . This means that if
SM is valid up to the Planck scale 1019 GeV then in order to achieve the experimentally measured
value of 126 GeV, we need large cancellations between two unrelated quantities, which seems highly
unnatural.
An elegant solution for this problem is to make the Higgs boson a composite particle, which would
naturally have a mass of the dynamically generated compositeness scale. There are two main classes
of such models, namely technicolor and composite (Goldstone) Higgs models.
In technicolor models [1, 2] the generation of a techniquark condensate breaks the electroweak
symmetry giving masses to W and Z bosons. The physical Higgs boson is then identified with the
lightest scalar resonance, analogous to the scalar σ resonance in QCD. Realistic (extended) Technicolor models are difficult to achieve due to two major difficulties, namely mass generation of quarks
and consistency with electroweak precision observables. The quark masses can be generated, at the
C
effective level, via 4-fermion couplings to SM fermions of the form ΛQQqq
q̄qQ̄Q, where q denote SM
2
ETC
quarks and Q denote techniquarks, which can arise at the ΛETC scale from a diagrams involving some
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heavy vector mediator. Such extended technicolor interactions would generically also produce interactions among four SM fermions, such as ΛC2s̄d s̄d s̄d s̄d. These in turn would generate flavour changing
ETC
neutral currents, which are severely constrained by the measurement of the KL − KS mass difference.
To escape this experimental constraint one is then forced to push ΛETC up to ∼1000 TeV, and assume
the ETC interactions are CP-conserving. Such a high value of ΛETC leads to large suppression of
quark masses, so that other mechanisms are needed to obtain realistic models. A second issue arises
from the contribution of the new strong sector to the electroweak precision observables, especially the
Peskin-Takeuchi S parameter[3]. In fact the presence of new techniquarks affects the vacuum polarisations of electroweak vector bosons and shifts the value of the S-parameter from the reference of 0
for the SM1 . The S-parameter therefore provides an important constraint on the allowed new physics
and it is typically too large in naive technicolor models, such as scaled-up QCD.
A possible resolution of these problems is to invoke a novel type of strong dynamics, known as
walking dynamics. Walking technicolor results in an enhancement of the quark masses respect to the
naive case by a factor (ΛETC /ΛTC )γ , where ΛTC is the scale at which the technicolor condensate forms
( the electroweak scale) and γ is the anomalous dimension of the four-fermion operator responsible
for the generation of SM quark masses. A large γ ≈ 1 can produce an enhancement of quark masses
sufficient to reproduce masses up to bottom quark mass.
The second class of composite models goes under the name of composite (Goldstone) Higgs
models [4, 5]. Similarly to technicolor, such models feature a new strong sector with hyperquarks
featuring an enlarged global flavor symmetry. In contrast to technicolor models, the electroweak
symmetry is not broken by the formation of the hyperquark condensate at ΛTC . The global flavor
symmetry breaking of the new strong sector generates a number of Goldstone bosons, four of which
take the role of the SM Higgs doublet. Interactions with SM fields give rise to an effective potential
for these Goldstone bosons which results in electroweak symmetry breaking. The amount of breaking
is parametrised by the vacuum (mis)alignment angle θ, which relates the electroweak scale v = 246
GeV with TC scale given by the value of the decay constant F via the relation v = F sin θ. The limit
θ = π/2 corresponds to the technicolor limit discussed above. By tuning the misalignment angle to
be small  0.1, one can achieve a little hierarchy between the TC scale and the electroweak scale
thus explaining a light Higgs. Similarly, the S-parameter is proportional to sin θ, so that experimental
contraints can be resolved.
The concrete realization of composite Goldstone Higgs model considered here is SU(2) with 2
flavours of hyperquarks in fundamental representation [6]. This model has already been studied on a
lattice [7, 8] and we present here an update of these studies. We remind the reader that the fermion
representation is pseudo-real and, as a consequence, we can combine the hyperquark fields into the
following multiplet:

uL


d
L
Q = 
 −iσ2C ūTR
−iσ2C d̄RT




 ,



(1)

so that Q transforms under a SU(4) flavour group. This global SU(4) symmetry is broken spontaneously by a fermion condensate Σab = Qa (iσ2c )CQb  to the invariant subgroup:
U T ΣU = Σ

U ∈ Sp(4) ∼ SO(5).

(2)

The resulting Sp(4) ∼ SO(5) group contains the custodial symmetry group SO(4) ∼ SU(2)L × SU(2)R
as a subgroup. The model has five Goldstone bosons, which transform under (2,2) and (1,1) repre1 The

T parameter can be made to vanish by requiring a global SU(2)L × SU(2)R custodial symmetry.
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sentations of the custodial group, the former four can be associated with the SM Higgs doublet, while
latter state is a new SM-neutral yet-undiscovered scalar state2 .

2 SU(2) spectrum
In this section we report for the first time the theoretical predictions about the spectrum of the SU(2)
model with 2 fundamental flavours of quarks. The same arguments apply for any pseudo-real representation with two flavours of quarks. As we noticed in the introduction, in the pseudo-real representation the flavour transformations will mix left- and right-chiral Weyl fields. The same holds true for
parity transformation defined as:
uL (x) → ηuR (−x) ,

(3)

uR (x) → ηuL (−x) ,

(4)

where η is an arbitrary phase. It can be shown that the quark fields transform under parity as


0
η12
Q(x) →
(iσ2c )(iσ2s )Q∗ (xP ) ,
η∗ 12 0

(5)

while the flavour transformation is as usual
Q(x) → MQ(x) ,

(6)

where M is a flavour rotation matrix. Requiring that parity commutes with flavour symmetry (i.e.
equating flavour followed by parity to parity followed by flavour) gives




0
η12
0
η12
∗
M =M
.
(7)
η∗ 12 0
η∗ 1 2 0
This relation does not hold for an arbitrary SU(4) matrix. On the other hand, if we choose M such
that it leaves a vacuum condensate Σ invariant, i.e.
MΣM T = Σ ,

(8)

†

M M = 1,
we then have



0
η∗ 1 2

η12
0



Σ−1 M = M



0
η∗ 12

(9)
η12
0



Σ−1 .

(10)

Because M is in an irreducible representation of Sp(2N), from Schur’s lemma, any matrix that commutes with it must be proportional to the identity. We therefore have


0
η12
∝ Σ.
(11)
η∗ 12 0


0
12
When Σ = E ≡
this condition is satisfied if η = −η∗ , i.e. η = ±i. We remark that for
−12 0
any other choice of the condensate, this definition of parity is not sufficient and we must instead use a
combination of parity and flavour rotation.
2 Such

particle cannot be a dark matter candidate as it would presumably not be long-lived [9].
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Flavour
5
1
1
5
1
10
5
10

JP
0−
0−
0+
0+
1+
1−
1+
1+
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operator
Ūγ5 D
5
Ūγ U + D̄γ5 D
ŪU + D̄D
ŪD
Ūγi γ5 U + D̄γi γ5 D
Ūγi D
Ūγi γ5 D
Ūγ0 γ5 γi D

decay products
stable
stable
2 π s-wave
stable
stable
2π p-wave, 3π p-wave
3 π p-wave
3π p-wave

Table 1. Expected states in the spectrum of SU(2) theory together with examples of interpolating operators that
overlap with them and the expected decay products.

Now that we have defined parity in a way which is consistent with flavour transformations, we
will now classify mesonic states. As (Hyper)quarks are in the fundamental representation of Sp(4),
we can classify all the possible mesons made of two quarks:
4 ⊗ 4 = 10 ⊕ 5 ⊕ 1 ,

(12)

i.e. mesons can be either in a 10-dimensional, 5-dimensional or a singlet representation of the flavour
group.
As pions are in the 5-dimensional representation, states consisting of 2 or 3 pions can also be
classified by symmetry:
5 ⊗ 5 = 14 ⊕ 10 ⊕ 1 ,

(13)

5 ⊗ 5 ⊗ 5 = 35 ⊕ 35 ⊕ 30 ⊕ 10 ⊕ 5 ⊕ 5 ⊕ 5 .

(14)

In conclusion, decuplet (10) mesons can decay to either 2 or 3 pions, pentuplet (5) can only decay
to 3 pions, while singlets can only decay to 2 pions.
To construct interpolating operators with the right quantum numbers, we consider the representations of flavour group together with the spin representations. The relevant flavour irreps are given
by:
• symmetric (dim 10): ϕa χb + ϕb χa ,

• antisymmetric, “E-traceless” (dim 5): ϕa χb − ϕb χa −
a

E ab c
d
2 ϕ E cd χ

,

b

• “E-trace” ϕ Eab χ ,

where the tensor T ab is understood to be “E-traceless” if Eab T ab = 0. For the spin we have:
• Scalar: Qa (iσ2c )(iσ2s )Qb ± Q̃a (iσ2c )(iσ2s )Q̃b (with + sign corresponding to parity odd operator) ,
• Vector: Q̃a (iσ2c )(iσ2s )σ̄µ Qb ,

• Tensor: Qa (iσ2c )(iσ2s )σµν Qb ± Q̃a (iσ2c )(iσ2s )σ̄µν Q̃b ,

where Q̃ = (iσ2c )(iσ2s )EQ∗ .
We report in Table 1 our results for the mesonic states and interpolating operators.
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beta
1.8
1.8
2.0
2.0
2.0
2.2
2.2
2.2
2.3
2.3

volume
163 × 32
243 × 32
163 × 32
323 × 32
323 × 64
163 × 32
323 × 32
483 × 48
323 × 32
483 × 48
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−am0
1.0, 1.089, 1.12, 1.14, 1.15
1.155, 1.157
0.85, 0.9, 0.94, 0.945
0.947, 0.949, 0.952, 0.956, 0.9571 , 0.9591
0.9582 , 0.95853
0.6, 0.65, 0.68, 0.7
0.72, 0.735, 0.75
0.761 , 0.7633
0.575, 0.6, 0.625, 0.65, 0.6751
0.683 , 0.6852

Table 2. List of ensembles used in this run. Numbers denotes the ensembles which were updated since [7]. 1 increased statistics, 2 - increased volume, 3 - new quark mass.

β
w0 /a

1.8
2.068(26)

2.0
2.711(17)

2.2
4.318(58)

2.3
6.369(514)

Table 3. The updated value of wχ0 /a in the chiral limit

3 Lattice setup
We summarize here the lattice setup used in our simulations, more details can be found in [7, 10].
We use Wilson SU(2) gauge action with unimproved Wilson fermion. The spectrum is obtained from
two-point functions of the appropriate interpolating operators reported above, estimated by using
stochastic quark sources with Z2 × Z2 noise at the source [11]. We use Wilson flow [12] quantity w0
to set the scale, defined via smooth fields defined at some flow time t by:
∂t Bµ = DνGνµ ,
(15)

with Bµ t=0 = Aµ and Gµν = ∂µ Bν −∂ν Bµ +[Bµ , Bν ]. To set the lattice spacing we consider the following
quantity:
d
W(t) = t t2 E(t) ,
(16)
dt
where E = 14 GaµνGaµν is the discretized gauge action for the smooth fields, and for each simulation we
define w0 by the condition:
(17)
W(w20 /a2 ) = 1.
The lattice spacing is obtained from a chiral extrapolation via a fit of the form:
w0 (mπ ) = wχ0 (1 + Ay2 + By4 log y2 ) ,

(18)

with y ≡ w0 (mPCAC )mπ . The updated values of w0 are summarised in Table 3.
Finally, we will present below some quantities, such as mPCAC and decay constants, which require the knowledge of appropriate renormalisation constants. We use the RI’-MOM scheme [13] as
described in [7].
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Figure 1. Combined chiral and continuum fit of m2π /mPCAC (left) and fPS (right) as function of m2π . The data on
the coarsest lattice spacing at β = 1.8 have been excluded.

4 Results
4.1 χPT parameters

Low energy constants of the chiral Lagrangian are obtained from a combined chiral and continuum
limit as described in [7]. The functional form we use is given by:
fπ = F(1 + C1 m2π log m2π + C2 m2π + C3 /w0 + C4 m2π /w0 )
m2π /m f

= 2B(1

+ C1 m2π

log m2π

+ C2 m2π

+ C3 /w0

+ C4 m2π /w0 ) .

(19)
(20)

As previously reported in [7], our coarset lattice ensemble has large discretization effects for fπ
which does not fit well the formula above producing a χ2 /do f = 2.01 with the updated dataset used
here. Excluding the β = 1.8 data from the fit yields a good fit, shown in Figure 1.
The values for the best fit parameters are F = 0.0632(55) with χ2 /do f = 0.456 and B = 3.01(11)
with χ2 /do f = 0.328 .
4.2 Meson masses

We also study the vector and the axial mesons, the latter in both representations of the flavour group.
Following the same procedure as in [7], the meson masses are extracted from a combined chiral and
continuum extrapolation via the phenomenological formula:
a
wχ0 m = wχ0 mχ + A(wχ0 mπ )2 + B(wχ0 mπ )4 + C .
(21)
w0
The fit to the vector meson mass is shown in Figure 2. The best fit value of the vector mass is
wχ0 mχV = 0.989(27) with χ2 /do f = 0.378. We find that the cutoff effects are within our statistical
errors for this quantity and that the vector meson mass is very close to 1 in the units of wχ0 .
Fits for the axial meson masses are shown in Figure 3. The extracted values of the masses in the
chiral and continuum limit are: wχ0 mχA5 = 1.09(15) with χ2 /do f = 0.306 and wχ0 mχA10 = 1.54(18) with
χ2 /do f = 0.500. This seems to support our analysis in the previous section that there are two distinct
axial vectors in different representations of the flavour group.
In the future, we are also planning to update the analysis of the flavour singlet spectrum as first
described in [10, 14].
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Figure 2. Chiral and continuum extrapolation of vector meson mass.

Figure 3. Chiral and continuum extrapolation of the axial meson in 5-dimensional (left) and 10-dimensional
(right) representations of flavour symmetry group.

5 Conclusions
We presented updated results for the spectrum of SU(2) gauge theory with 2 quarks in the fundamental
representation, which is the minimal realization of a UV-complete composite Goldstone Higgs model.
The spectrum of the states of this model has been classified in terms of spin, flavour and parity, and we
reported the interpolating operators associated with each of the states and possible decay products. We
have presented improved numerical results which were first published in [7]. Our new estimates for
the spectrum are consistent with the previous results. We find that, somewhat unexpectedly, the vector
meson mass has very small discretisation effects and is approximatively equal to 1 in units of wχ0 . We
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also measure two distinct masses for the axial resonances in 5 and 10 representations of Sp(4). Our
results for the low-energy constants and meson spectrum can be summarised in the following table:
wχ0 B
3.01(11)

wχ0 F
0.0632(55)

wχ0 mV
0.989(27)

wχ0 mA (5)
1.09(15)

wχ0 mA (10)
1.54(18)

Future improvements will include improving the precision of renormalisation constants, which
could lead to significant increase in the precision of the final results, and investigating the flavour
singlet spectrum. We are also working on investigating the structure of the vector resonance, an
equivalent to ρ → ππ decay in QCD, which would have observable effects in vector meson scattering.
This work was supported by the Danish National Research Foundation DNRF:90 grant and by
a Lundbeck Foundation Fellowship grant. The computational resources were provided by the DeIC
national HPC centre at SDU. This work was supported by a grant from the Swiss National Supercomputing Centre (CSCS) under project ID s688.
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