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Abstract. We present our result for the strong coupling constant computed from the u-d
vector Hadronic Vacuum Polarisation function. We use nf = 2 + 1 flavours of Domain
Wall fermions at 3 lattice spacings, generated by the RBC-UKQCD collaboration. We
identify several possible pitfalls in this method for determining the coupling and illustrate
how to resolve them.

1 Introduction

The strong coupling constant of QCD αs is a fundamental input parameter of the Standard Model of
particle physics and it is known to the lowest precision of almost all fundamental constants despite
decades of effort measuring it.
αs is a purely perturbative quantity, and its precise measurement is of great importance for accurate

perturbative calculations. It is commonly quoted in the MS scheme at some particular scale, namely
for five active quark flavours at the Z-boson mass MZ . Being a perturbative quantity it must be
determined by comparing some measured quantity to the perturbative prediction. A review of the
methods used to do this and the world average can be found in the PDG [1].

Lattice QCD measurements of the coupling have dominated the world average in terms of statis-
tical precision over the past twenty years with several complementary evaluations being performed,
reviews of which can be found in [2]. In principle, all of these techniques should agree within their
respective systematics. In this work we have chosen to investigate a determination of the coupling
from the lattice Hadronic Vacuum Polarisation (HVP) function as performed in [3, 4]. We find this
measurement technique compelling as it has good theoretical motivations and seems like a natural
competitor and perhaps even successor for τ-decay based analyses. However, the result of [4] was
found to be around three sigma below the world average and we wish to investigate whether this is
due to systematics in the procedure.

We will improve upon previous determinations of the coupling using the HVP in the following
ways: first by introducing several lattice spacings to investigate the cut-off dependence of the result,
secondly by working at a scale that does not require fitting the arguably poorly-behaved D(2) series or
higher-order condensates and finally by performing a multiple renormalisation scale analysis.
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2 Background

2.1 The running coupling

The running of the coupling αs with the renormalisation scale µ in MS continuum perturbation theory
is governed by 1,

dα(µ)
d ln(µ)

=

5∑
i=0

βi

(
α(µ)
π

)2+i

. (1)

We will be working at scales relevant to our lattice simulation µ ≈ 2 GeV, but it is customary to present
the value of the coupling at a fixed scale, namely the Z-boson mass MZ in the five-flavour theory. To
achieve this value we will measure the coupling in our n f = 3 simulations at some scale and run the
coupling by numerically solving equation 1, matching through appropriate flavour thresholds where
necessary [5].

2.2 Continuum HVP and the OPE

In the continuum, the HVP for some quark current jaµ is defined as,

Πµν(Q) =
∫

d4x eiQ·xδab〈 jaµ(x) jbν(0)†〉, (2)

which has the following Lorentz decomposition into transverse Π(1)(Q2) and longitudinal Π(0)(Q2)
components,

Πµν(Q) = (gµνQ2 − QµQν)Π(1)(Q2) − QµQνΠ(0)(Q2). (3)

In this work we will use vector currents, which are purely transverse.
The HVP is not a physical quantity, but the Adler function

(
D(Q2) = −Q2 ∂Π(1)(Q2)

∂Q2

)
is. This has the

following general operator product expansion (OPE),

D(Q2, µ2) = D(0)(Q2, µ2) +�������m2

Q2 D(2)(Q2, µ2) +
∞∑

i=2

C2i

Q(2i) . (4)

The series for D(0) is mass-independent and known to 5 loops [8–11], the series D(2) is known to 3
loops [12] and heavily suppressed at the scales we will choose to work at and so can be ignored,
which is good because it appears to be poorly convergent. The dimensionless D = 2i condensates C2i

strictly have infinite series expansions in the coupling, but can be approximated by constants up to
αs-suppressed logarithmic corrections.

We will work with the fixed-scale representation of the series D(0) [13],

D(0)(Q2, µ2) =
1

4π2

∑
i=0

(
α(µ)
π

)i i−1∑
j=0

di jt j, t = ln
(

Q2

µ2

)
. (5)

Upon integration of the Adler function we obtain the series for the HVP, this quantity is directly
measurable from a lattice simulation [14]. The HVP is both a scheme and regularisation dependent
quantity due to the integration constant C,

Π(Q2, µ2) = C +
1

4π2

∑
i=0

(
α(µ)
π

)i i−1∑
j=0

di j
t j+1

j + 1
. (6)

1with β function coefficients that can be found in [5–7]
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We define a quantity ∆ that cancels this integration constant and is equal to the α(µ)
π

at leading
order,

∆(Q2
1,Q

2, µ2) = 4π2
(
Π(Q2

1, µ
2) − Π(Q2, µ2)

)
− 1,

=
∑
i=1

(
α(µ)
π

)i i−1∑
j=0

di j
t j+1
1 − t j+1

( j + 1)(t1 − t)
.

(7)

This is what we will compute on the lattice and directly compare to perturbation theory.

2.3 Lessons from FESRs

Continuum finite energy sum rules (FESRs) can provide information about the magnitude and sign
of higher-order condensates. The usual FESR analysis relates the continuum spectral function ρ(s)
measured in experiment at some momentum s = −Q2 up to some cut-off s0 to the OPE for the HVP
Π(s) with particularly chosen analytic weight functions w(s),

∫ s0

0
ds
(

s
s0

)
ρ(s) = − 1

2πi

∮
|s|=s0

ds w
(

s
s0

)
Π(s). (8)

A polynomial weight of degree k in the variable s
s0

accesses higher dimension condensate contri-
butions up to D = 2k + 2 as follows from the relation,

− 1
2πis0

∮
|s|=s0

ds
(

s
s0

)n C2i

(−s)n = (−1)n+1 C2n+2

sn+1
0

δi,n+1. (9)
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Figure 1: Contribution to ∆ of the effective condensates from the FESR relations.

If we use a rough estimate for C4 = 0.0012 GeV4 and C6 = −0.0093 GeV6, C8 = 0.0153 GeV8

from [15] we find that contributions from these higher order condensates are sub-percent corrections
to the perturbative expression of ∆ at Q = 2 GeV and above. At low scales however, say Q ≈ 1 GeV,
the contribution from condensates is of order 100% or more, this is illustrated in the left-hand graph
of figure 1. It is evident from equation 9 and the right hand side of figure 1, which plots the magnitude
of the condensate contributions, that not only do the condensates appear to become relevant at similar
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scales but large cancellations occur at higher orders indicating that fitting these condensates at low Q2

to lattice data with some low-order truncation to the series of condensates will introduce significant
systematics. This, to us, defines a window above which we are safe to measure the coupling with only
the D(0) series and neglect the condensate contributions. The previous study of [4] performed a fit in
a regime where the condensate contributions to the OPE are dangerously large.

3 Lattice Implementation
We use Domain Wall Fermion (DWF) ensembles generated by the RBC-UKQCD collaboration [16,
17] at three different lattice spacings as listed in table 1. A great benefit to this method is that at the
scales where we expect perturbation theory to be compatible with our data, the use of the (u − d)
currents ensures that the mass-dependence of the HVP will be negligible for all the ensembles we
consider. The heavier pion mass ensembles can be averaged with lighter pion-mass ensembles as they
are observed to produce consistent results.

Coarse Fine Superfine
Extent 243 × 64 × 32 323 × 64 × 32 323 × 64 × 32

a−1 (GeV) 1.7848(50) 2.3833(86) 3.148(17)
aml 0.005 0.01 0.02 0.004 0.006 0.008 0.0047

mπ (GeV) 0.33 0.42 0.54 0.28 0.33 0.38 0.37
measurements 685 110 109 510 352 80 920

amres 0.003076(58) 0.0006643(82) 0.0006296(58)
ZV 0.71408(58) 0.74404(181) 0.77700(8)

Table 1: Simulation parameters for the ensembles used in this study. a−1, ZV and mres have been
measured in [17].

In direct analogy to the continuum HVP of equation 2 we define the lattice HVP (The factor of ZV

is required to renormalise the local vector current)

Πµν(Q) = ZV

∑
x

eiQ·x〈Vµ(x)Vν(0)†〉. (10)

We will use conserved(V) - local(V) [18, 19] vector currents (the factor of ZV is required to renor-
malise the local current), leading to an exact lattice Ward Identity on the (by convention, conserved)
index µ, ∑

µ

Q̂µeiaQµ/2Πµν(Q) = 0, Q̂µ = 2 sin(aQµ/2), Qµ =
2πnµ
Lµ
, (11)

with lattice momentum Q̂µ and Fourier modes nµ.
In general we expect the following structure of higher-order discretisation terms,

Πµν(Q̂2 : a2) = Πµν(Q2) +
∑

m,n;m+n≥2

Cmnam+nQ̂m
µ Q̂n
ν. (12)

We implement a technique that we call "reflection projection" [20] to eliminate some of the possible
rotation-breaking H4-invariant terms,

Π(Q̂2 : a2) =
1

12

∑
µ

∑
ν�µ

Πµν(Q̂ : a2) − Πµν(rµQ̂ : a2)

2Q̂µQ̂ν
, (13)
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where rµ = −1 is a reflection in the µ direction of the momentum Q̂µ, to use this we must have non-
zero momenta in all directions. We then perform a cylinder cut [21, 22] keeping only momenta within
a narrow body-diagonal cylinder of radius w ≈ 0.24 in the momentum-space lattice,

|aQµ − (aQ · n)nµ| < aw
2π
L
. (14)

We do this to reduce further the contributions from rotation-breaking terms.

3.1 Modelling of the remaining cut off effects

Ideally we would directly fit the lattice data to the continuum perturbative expression but even at the
lowest scales where we expect perturbation theory to be valid we also expect there to exist discreti-
sation effects in our lattice data. After the projection and the cylinder cut we expect the dominant
remaining leading-order and next-to-leading-order cut off effects to be the rotation-preserving ones,

Π(Q̂2 : a2) = Π(Q2) + C1(a2Q̂2) + C2(a2Q̂2)2. (15)

We also expect a correction to the continuum coupling

α(µ : a2) = α(µ)
(
1 +Cαa2

)
. (16)

We will globally fit the data in table 1 to the continuum perturbative expression of equation 13
with the corrections of equation 15 and equation 16. This will be a 4-parameter fit.

4 Results
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Figure 2: Plot of the lattice data for ∆.

In figure 2 we see the quality of our data (where the subtraction points Q̂2
1 were chosen to be as

similar as possible within the constraint that each represent a Fourier mode within a given ensemble);
after the cut and projection the momentum-dependence is quite smooth, which suggests that we have
suppressed hypercubic artifacts. We do however see strong rotation-preserving artifacts both linear
and quadratic in a2Q̂2.
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4.1 Single scale analysis

Following the work of [3, 4] we investigated a single renormalisation scale (µ) analysis. This means
that we fixed the renormalisation scale to a particular reasonable value within our fit range and per-
formed the fit to determine the coupling at that scale. We found that if we varied this scale the results
when run to a common scale α(5)

s (MZ) showed very strong µ-dependence.
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Figure 3: µ-dependence of the single scale analysis.

The perturbative expression for ∆ does have some small, residual µ-dependence, but it is not of
the same magnitude as what we see from the data and it is clear that the fit parameter dictating the
lattice correction to the coupling Cα is completely correlated with the fit parameter giving αs as can
be seen by the direct relation between the two in figure 3. This correction term is somehow directly
playing a rôle in absorbing the running of the coupling. This is unphysical and requires remediation.

4.2 Multiple scale analysis
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Figure 4: µ-dependence of the multiple-scale analysis.

We can constrain the fit to remove the spurious µ-dependence we highlighted in the previous sec-
tion. The idea is to perform the fit simultaneously at multiple, reasonable scales m run in perturbation
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We can constrain the fit to remove the spurious µ-dependence we highlighted in the previous sec-
tion. The idea is to perform the fit simultaneously at multiple, reasonable scales m run in perturbation

theory to a common scale µ to obtain our final result for the coupling at that scale. As can be seen in
figure 4, when we use auxiliary scales m = 2, 2.25, 2.5 and 2.75 GeV, we have stable results for the
entire range µ ∈ [2, 3] GeV.

We find that with our data the coarse ensemble results can be discarded. This is because the
applicable fit window for the coarse ensemble turns out to be very small and higher-order discretisation
effects play a strong rôle even at low momentum scales with this data set. We therefore choose to not
include the coarse ensemble in our final result and only use the fine and superfine data. We also found
that, at the scale we perform our measurement at, perturbative truncation effects are well under control
and even the 2-loop result is consistent with our highest truncation order result. The systematic from
perturbation theory truncation is thus negligible.

5 Conclusions
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Figure 5: Comparison of our result with other determinations [4, 23–27], PDG result is without the
lattice data [1]. Our preliminary result is the ×.

In figure 5 we show a comparison of our result (αs(MZ) = 0.1181+28
−37 with statistical and systematic

errors added in quadrature) compared to a collection of other n f = 2 + 1 lattice results [4, 23–27]
as well as the most recent PDG (without lattice data) [1] and FLAG [2] averages. It appears that
when taking the various inherent systematics of this method and our data into account our result is
consistent with previous determinations and world averages. This should open the door for future
measurements at finer lattice spacings to provide a competitive determination for the coupling and
provide a complementary approach to the multitude of others that will help to accurately constrain
this parameter.
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