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Abstract. We report on an instanton-based analysis of the gluon Green functions in the
Landau gauge for low momenta; in particular we use lattice results for α s in the symmetric
momentum subtraction scheme (MOM) for large-volume lattice simulations. We have
exploited quenched gauge field configurations, N f = 0, with both Wilson and tree-level
Symanzik improved actions, and unquenched ones with N f = 2 + 1 and N f = 2 + 1 + 1
dynamical flavors (domain wall and twisted-mass fermions, respectively).
We show that the dominance of instanton correlations on the low-momenta gluon Green
functions can be applied to the determination of phenomenological parameters of the
instanton liquid and, eventually, to a determination of the lattice spacing.
We furthermore apply the Gradient Flow to remove short-distance fluctuations. The Gradient Flow gets rid of the QCD scale, ΛQCD , and reveals that the instanton prediction
extents to large momenta. For those gauge field configurations free of quantum fluctuations, the direct study of topological charge density shows the appearance of large-scale
lumps that can be identified as instantons, giving access to a direct study of the instanton
density and size distribution that is compatible with those extracted from the analysis of
the Green functions.

1 Introduction
Instantons and other semi-classical solutions of the QCD Lagrangian are believed to play an essential
role in the low energy dynamics of QCD, where the crucial phenomena of confinement and chiral
symmetry breaking take place [1]. Instantons are intimately related to the topological properties of the
QCD gauge fields, inherently non-perturbative and one can study their effects via lattice simulations.
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Phenomenologically, they are very important since among others they can provide a resolution to the
U(1) problem, provide a mechanism of chiral symmetry breaking, they can be responsible for rare
decays of baryons.
For any gauge field configuration, both the topological charge and the instanton contribution to
the lattice gauge fields are hidden by the presence of short-range (UV) fluctuations and most studies
reveal the presence of instantons only after the application of a filtering technique. Cooling, different
smearing methods and, more recently, Wilson flow are efficient techniques that remove short-range
fluctuations in the gauge fields that have been widely exploited for the study of QCD topology [2, 3].
After UV fluctuations have been removed, different methods have been used to recognize instantons in the resulting gauge fields [4–6] and measure their density and size distribution. The application of a filtering technique may nevertheless introduce biases in the characteristics of the underlying
semiclassical configuration. For example, instanton/anti-instanton pair annihilation would lead to a
reduction of the instanton density that would therefore depend on the amount of UV filtering applied.
The fact that the instanton size may be modified by the filtering is also known, at least with the use of
cooling, in such a way that depending on the gauge action used, instantons shrink or grow with cooling. A third phenomenon, is the disappearance of small instantons of size comparable to the lattice
spacing which may introduce uncontrolled effects, affecting the measure of the topological charge.
A different approach to the determination of the instanton nature of QCD vacuum was presented in
[7], where the IR running of some gluon Green functions was asserted to be related to some properties
of the instanton ensemble. Much effort has been devoted by the non-perturbative QCD community to
the understanding of the deep IR running of the correlation functions among the fundamental fields
of the theory. Quite remarkably, the combination of lattice methods and Dyson-Schwinger equations
results has led to the firm conclusion that the gluon propagator acquires a dynamical mass in the
deep IR while ghost propagator remains massless. An appealing possibility to describe the large
distance (low momenta) correlations among gluon fields is the use of an instanton liquid model with
the advantage that it can be applied both before and after removal of UV fluctuations.
Our goal is to apply both the direct recognition of instantons and the analysis of the running of
gluon Green functions, using the comparison between both methods in order to quantify the systematic
uncertainties. Overall we expect to obtain a precise image of the instanton description of the QCD
vacuum, and explore the dependence of the instanton liquid parameters with the number of dynamical
fermions of the theory, by exploiting a large number of quenched (N f = 0) and unquenched (with
N f = 2 + 1 and N f = 2 + 1 + 1 dynamical flavors) configurations.
For the quenched data, we considered the large volume simulations employed in [8] for a very
detailed study of the deep IR running of gluon Green functions, while for the unquenched case we
will use two sets of lattice data. The first includes N f = 2 + 1 field configurations produced by
the RBC/UKQCD collaboration using domain wall fermions close to the physical pion mass [9] and
three different values of β. 590 configurations for β = 2.37 (a = 0.063fm, V = (2.0fm)4 ), 330
configurations for β = 2.25 (a = 0.084fm, V = (5.3fm)4 ) and 350 configurations for β = 2.13
(a = 0.114fm, V = (5.5fm)4 ). We will also use 200 gauge field configurations with N f = 2 + 1 + 1
dynamical flavors from the ETM collaboration [10] with a pion mass of around 300 MeV at β = 1.90
(a = 0.084fm, V = 4.03 × 7.9fm4 ).

2 The IR running of gluon Green functions
Instantons are thought to describe long distance physics of QCD and therefore they may play a central
role in the running of QCD Green functions at low momenta. A simple prediction from an instanton
liquid model was proposed some years ago [11, 12] to detect the instantonic nature of gluon correlation
functions at low momenta. This method, that was recently applied to unquenched lattice data [13],
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will be depicted below, and presents the advantage of offering a procedure to study the instantonic
content of lattice gauge field configurations without filtering short-range fluctuations.
2.1 Instanton prediction

In many phenomenological studies which employ a semi-classics approach one constructs an approximate solution as the superposition of instantons and anti-instantons placed at different positions. This
type of ansatz can be found in [13, 14]. Due to lack of space we will avoid repeating all the relevant
formulae of the instanton liquid analysis and we will refer the reader to [13] for all the details.
The strong coupling constant in the symmetric momentum substraction scheme (MOM), defined
from the two- and three-gluon scalar form factors, and its counterpart in an instanton background are
2

(3) 2
k6 G (k )
1 ρ9 I(kρ)3 2
αMOM (k) =
and
αMOM (k) =
.
(1)


3
4π G(2) (k2 )
18πn ρ6 I(kρ)2 3
The most remarkable feature of this prediction is that in the limits of both small and large momenta, this ratio of Green functions becomes independent of the instanton profile [7, 13], keeping
only a dependence on the instanton density
αMOM (k) =

ck4
.
18πn

(2)


The constant c takes the value 1 for kρ̄  1 (with ρ̄ = ρ2 ) and is related to the instanton size
distribution for kρ̄  1. At first order in the mean square width of the size distribution, δρ2 = (ρ−ρ̄)2 ,
2
it can be approximated by c ≈ 1 + 48 δρ
.
ρ̄2
2.2 Lattice results

Without the application of any filtering technique, the running at large momenta is dominated by the
perturbative prescription, giving rise to the appearance of asymptotic freedom, but the deep nonperturbative region (typically below ∼ 1GeV) exhibits a behavior that fits to Eq.(2). This finding serves as a confirmation that the low momenta (large distance) correlations are dominated by
instanton-like objects, and allows to extract the instanton density without need for any filtering technique. The running of αMOM (k) obtained from the lattice data has been plotted in Fig. 1 for N f = 0
(left), N f = 2 + 1 (middle) and N f = 2 + 1 + 1 (right). The running between 0.3 and 0.9 GeV fits
in all of them to the power-law given by Eq. 2 (straight line in the plots). Indeed, the nice scaling of
this quantity in the deep IR regime for different β’s make it useful for a determination of the lattice
spacing, at least in the case of pure Yang-Mills theories. When the lattice volume is large enough
and momenta below 0.3 GeV are available, this instanton prediction breaks down presumably due to
the neighborhood of a zero crossing for the three gluon vertex [8, 15]. From the point of view of
the ILM, the failure for small momenta is expected because for large distances (typically much larger
than the instanton size) the model of uncorrelated instantons is not expected to work; in any case the
purely quantum nature of the zero-crossing discussed in [8, 15] seems to be in contradiction with an
instantonic explanation. More work should be devoted to this issue in the future.
The fit of the deep IR running of αMOM (k) suggests that the instanton density increases
monotonously with the number of dynamical flavors. If we furthermore accept that the ratio δρ2 /ρ̄2 is
the same for N f = 0, N f = 2 + 1 and N f = 2 + 1 + 1, we obtain that the instanton density increases by a
factor 1.3(1) from N f = 0 to N f = 2 + 1 and by a factor 1.5(1) from N f = 0 to N f = 2 + 1 + 1. The fact
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Figure 1. (Color online) αMOM vs the momenta obtained from quenched gauge configurations (left), N f = 2 + 1
Domain-Wall (center) and ETMC N f = 2 + 1 + 1 (right). The fit to the instanton prediction is represented by the
straight line.

that instanton density grows with the presence of dynamical flavors is already known [5], although
the role of the charm quark and the dependence on the quark masses has not been studied in detail
yet. The density for the quenched case can be obtained once the factor c in Eq. (2) has been fixed.
Accepting a ratio δρ2 /ρ̄2 ≈ 0.015 taken from [16], the density for N f = 0 would be n ≈ 12(2)fm−4 .

3 Direct identification of instantons from topological charge density
3.1 Topological charge density
a
From any gauge field configuration, the field strength tensor, Fµν
(x) can be computed from the plaquette µν (x) as:

− ia

2

a
gFµν
(x)


 
 µν (x) − †µν (x) 1 µν (x) − †µν (x)  a 


 λ  .
= Tr 
− Tr
2
3
2

(3)

The normalized1 action density and topological charge density can then be obtained as S (x) =
1
1
1
a a
a
a
F a F a and Q(x) = 32π
2 F µν F µν , with F µν = 2 µνρσ F ρσ . We used the so-called clover prescription
32π2 µν µν
for the calculation of the action and topological charge densities from the lattice gauge fields that
computes the averages of the four plaquettes belonging to each site for each plane.
Near an instanton (anti-instanton), and assuming a BPST profile, the action and topological charge
densities should behave as:

4
6
ρ2
S (x) = ±Q(x) = 2 4
(4)
π ρ (x − x0 )2 + ρ2
with “+” sign for instantons and “−” sign for anti-instantons. Nevertheless, the calculation of S (x)
or Q(x) shows a strong dominance of short range, or UV, fluctuations and only after the application
of some filtering technique for eliminating those UV fluctuations smooth lumps similar to Eq. (4) are
revealed. In the following subsection, we will briefly describe the application of Wilson-Flow as a
filter for eliminating UV fluctuations.
1 Each

instanton has an action of 8π2 , which we included in the normalization so that

4



S (x)d4 x = 1 and



Q(x)d4 x = ±1.
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3.2 Wilson flow

While Wilson flow (WF) shares the capacity of eliminating the short-distance fluctuations with many
other techniques such as cooling or smearing, it has solid theoretical foundations analyzed in [17].
We refer the reader to the original literature for all the details of the WF.
Despite its important features of well defined continuum limit, smoothness of the solutions, etc.,
the effect of WF over the gauge fields is equivalent to that of cooling, at least for the determination
of the topological charge [2, 3]. A very interesting property of the WF is that an isolated instanton
(or more properly any exact solution of DµGµν = 0) is a steady state solution of the flow equation.
In this sense, WF may be thought as a filtering technique that preserves instantons. In practice this
is not completely true for two different reasons: first because the whole argument corresponds to the
continuum formulation of both instantons and flow, and second because isolated instantons are not an
adequate description of the QCD vacuum, where a rather dense distribution
√ of them is expected [6].
Following [18], we will write flow time in units of t0 , defined by 8t0 = 0.3fm. This allows to
settle physical units for the Wilson flow times for different lattices, given that t0 = a2 τ0 = 0.01125fm2 .
Thus, the flow time in physical units will be fixed as t = τt0 /τ0 .
3.3 Locating instantons

After the application of WF, the short distance fluctuations present in both the action and topological
charge densities are suppressed and smooth lumps are unveiled. To distinguish remaining short range
fluctuations from actual instantons, we will start by finding the local extrema of the topological charge
density, defined as those sites x0 where Q(x0 ) is larger (smaller) than the closest 8 neighbors. Due to
the persistence of some fluctuations after WF, not all the extrema of the topological charge density
correspond to instantons. For discriminating instantons, we considered the ratio of the topological
charge at the closest 8 neighbors to the value at the center that, according to Eq.(4) should be

4
Q(x)
ρ2
=
Q(x0 )
(x − x0 )2 + ρ2

(5)

and fitted the lattice data to this expression using ρ as a free parameter. For a BPST instanton, the
value of the topological charge at the instanton center is related to the instanton size by Q(x0 ) = π26ρ4 .
To check this dependency, the peak value of the topological charge density has been plotted versus
the fitted size in Fig. 2 for a typical quenched configuration after t/t0 = 13.7 Wilson flow. In this
plot there is a point for each local extremum of the topological charge density, while the continuum
line corresponds to Eq. (4). Most of the extrema are disposed near the continuum line, although a
non-negligible number of outliers have to be discarded. For larger flow times, the extrema tend to
concentrate close to the continuum line. Furthermore, when an extremum at site xi is identified as
an instanton of size ρi , no other candidate is accepted at distances smaller than ρi . That means that
in the core of an instanton we assume there is no possibility of finding another instanton or, in other
words, that the instanton core is not distorted by the presence of other instantons (other methods in the
literature for localizing instanton-like objects like [5] fix a minimum separation between instantons).
Although the fact that the parameters of the instanton ensemble evolve with the suppression of
UV fluctuations is known [2, 6, 19–21], few authors have studied their evolution in detail, quoting
just the values of instanton density, or size distribution after a fixed flow time, cooling or smearing.
The picture that emerges from Fig. 3 is that of a very dense ensemble of instantons with small size
that is more diluted as Wilson flow eliminates instantons and anti-instantons while the remaining ones
become larger with the flow.
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Figure 2. (Color online) Absolute value of the topological charge density at the extrema vs instanton size ρ
determined from the fit described in the text for a particular gauge field configuration of β = 4.2, V = 324 after
t/t0 = 13.7 Wilson flow. Those extrema accepted as instantons are represented by blue squares, while the rejected
ones are represented by red crosses. The full line represents the relation Eq. (4).

The instanton densities we have measured are n ∼ 1fm−4 for rather large flow times, a value that
agrees with the one that can be set from the gluon condensate G2 , and that has served as reference
for decades [1]. Nevertheless, if we try to infer the density at zero Wilson flow time from the results
in Fig.3, the density results much larger. Although it is difficult to extrapolate back to τ = 0 from our
results, it points towards an order of magnitude larger.
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Figure 3. (Color online) Evolution of the average instanton size (left) and density (right) with Wilson flow time
for 100 quenched gauge field configurations corresponding to β = 4.2. In the left plot, the error bars show the
width of the instanton size distribution rather than the standard deviation of the mean.

Concerning the instanton size, Garcia-Perez et al. [19] found that with Wilson action, individual
instantons should shrink under a cooling procedure while with overimproved actions they stabilize or
grow with the application of cooling. Although it is not fully known how the use of different filtering
techniques may modify their conclusions, the fact of being in a dense liquid instead of isolated is
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for sure a dramatic change respect to their conditions. Indeed we found that most of the instantons
we localized grow with the application of the Wilson flow, while only small instantons shrink (and
eventually disappear). We checked that if the gradient flow is implemented via the Iwasaki gauge
action, the observed evolution does not differ from the one described above.
3.4 Running of αMOM (k) after Wilson flow

After removing short-distance fluctuations, the ratio in Eq. (1) can be computed again (with the additional cost of Landau gauge fixing at each flow time). Indeed, it has been found that the k4 prediction
of the ILM reproduces the lattice data for αMOM (k) both in the large and small momenta regions. This
has been tested using different methods for filtering UV fluctuations such as cooling [7] and Wilson
flow [13]. The slope of αMOM (k) in k4 allows a direct computation of the instanton density from the
lattice data at large momenta, that can be compared to the densities obtained from a direct instanton
counting using the localization algorithm described above.
The densities obtained for an ensemble of 100 quenched gauge field configurations at β = 4.2
from the analysis of the running and the localization algorithm have been included in table 1 for three
different flow times. A comparison of the densities obtained from the two methods shows that the
localization systematically finds less instantons than the expected from their influence on the running.
This may be due to some instantons that are not recognized by the algorithm, possibly due to the
fact that close instantons are difficult to detect. The possibility of a systematic overestimation of
the densities extracted from the running cannot be excluded neither, and the reason for this ∼ 25%
discrepancy between the densities measured with both methods requires further scrutiny.
Table 1. Comparison between the instanton densities obtained from the running of αMOM (k) for large momenta
(data taken from [13]) and the direct localization as a function of the flow time. The errors quoted for the
localization algorithm are just the standard deviation of the densities obtained from the different configurations.
t/t0

Running αMOM (k)

Localization

6.8
13.7
25.6

3.5(1)
1.75(4)
0.98(5)

2.445(5)
1.351(4)
0.744(3)

The transition between the two regimes of small and large momenta given by Eq. (2) occurs at a
scale driven by ρ−1 . The observation of a shift towards smaller values of the momenta with WF made
in [13], is therefore an indirect evidence of instanton size enlarging, as the one stated here thanks to
the direct localization algorithm presented.

4 Conclusions
The IR running of αMOM (k) for N f = 0, N f = 2 + 1, and N f = 2 + 1 + 1 has been analyzed, and
fits nicely to an uncorrelated instanton liquid model for momenta k ∈ (0.3, 0.9) GeV. From the fit, we
found that the instanton density in the dynamical configurations is higher than in the quenched ones,
increasing with the number of dynamical quark flavors. The fact that isolated instantons are associated
to exact zero modes of Dirac operator make less likely to find instantons isolated in the presence of
dynamical quarks because zero modes of the Dirac operator would have zero weight (at least in the
chiral limit), and would be avoided by the Monte Carlo simulations. The observed growth of the
density would serve to limit the possibility of finding instantons isolated. The value of the instanton
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density inferred from the fits would be rather high, being above 10fm−4 already in the quenched case
and higher for N f = 2 + 1 and N f = 2 + 1 + 1.
We presented an algorithm for localizing instanton patterns from the topological charge distribution, and quantified the instanton content of each gauge field configuration for a set of β = 4.2
quenched configurations after the application of Wilson flow, measuring instanton sizes and densities.
We observed that as the flow time grows, the instanton ensemble gets more diluted while the instanton
size grows monotonously. A combination of both approaches for obtaining instanton densities after
Wilson flow shows that, despite the differences between both methods, there is a strong dependence
of the instanton density on the filtering done (flow time).
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