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Abstract. We report on progress of a lattice QCD calculation of the B → Dlν and Bs →
Dslν semileptonic form factors. We use a relativistic staggered action (HISQ) for light
and charm quarks, and an improved non-relativistic (NRQCD) action for bottom, on the
second generation MILC ensembles.

1 Introduction

Precise theoretical determinations of weak B decay form factors are important inputs to the search for
new physics in the flavour sector. For example, by combining theoretical predictions and experimental
branching fractions for decays like B(s) → D(s)lν, one can deduce the CKM element |Vcb|. Obtaining
this to high precision is required to check the unitarity of the CKM matrix, an important test of the
standard model (SM). |Vcb| is also the dominant source of uncertainty in many current SM calculations.

There is also interest in b→ c decays due to a number of anomalies (tension between experiment
and the SM) in semileptonic decays involving a b → c transition. For example there are persistent
discrepancies between experimentally observed values and SM predictions for the ratios R(D(∗)) =
B(B→ D(∗)τν)/B(B→ D(∗)lν) (l = e or µ) [1].

One of the main challenges of simulating B decays comes from the large b quark mass. Heavy
quarks cause lattice results to develop discretization effects that grow as (amh)n, where a is the lat-
tice spacing, mh is the mass of the heavy quark, and n is a positive integer. By using an improved
non-relativistic effective theory (NRQCD), we can simulate the b quark at its physical mass. This
framework is being used by the HPQCD collaboration in other calculations with a b → c transition,
including B → D∗ [2], Bc → ηc, and Bc → J/ψ [3]. Here, and below, we are taking lν in the fi-
nal state to be implicit. These calculations are all performed on the second generation MILC gluon
configurations, building on earlier work on previous configuration sets.

2 Methodology

The form factors for a semileptonic pseudoscalar to pseudoscalar decay, f0,+(q2), can be deduced from
calculating the expectation value of a b → c vector operator between the appropriate meson states.
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Set a[fm] aml ams amc u0 Lx/a Lt/a Ncfg

1 0.1474(15) 0.013 0.065 0.838 0.8195 16 48 1020

2 0.1219(9) 0.0102 0.0509 0.635 0.8340 24 64 1053

3 0.0884(6) 0.0074 0.037 0.440 0.8525 32 96 1008

Table 1: Parameters for gluon ensembles [4]. a is the lattice spacing, deduced from a study of the
Υ-Υ′ splitting [5]. u0 is the tadpole improvement parameter as used in [5]. Lx is the spatial extent and
Lt the temporal extent of the lattice. Light, strange and charm quarks are included in the sea, their
masses are given in columns 3-5. Ncfg is the number of configurations in the ensemble. We calculate
propagators from 16 time sources on each configuration to increase statistics.

The form factors and expectation values are related via

〈D(s)(p)|Vµ|B(s)(p′)〉 = f B(s)→D(s)
+ (q2)

p′µ + pµ −
M2

B(s)
− M2

D(s)

q2 qµ
 + f B(s)→D(s)

0 (q2)
M2

B(s)
− M2

D(s)

q2 qµ,

(1)

where |H(p)〉 is a pseudoscalar meson H state with momentum p, and q = p′ − p. We work in a frame
where the B(s) is at rest, so results at different q2 can be achieved by varying �p. We introduce �p using
a momentum twist on the gluon fields. We fix the direction of �p to be �p = |�p|(1, 1, 1), and vary |�p|
accordingly.

Our calculation is performed on second generation nf = 2 + 1 + 1 MILC ensembles [4].
Details of these ensembles can be found in Table 1. Our calculation requires propagators for
l(up/down),s(strange),c(charm) and b(bottom) valence quarks. For l, s and c, we use the HISQ action,
in which lattice artifacts are systematically removed through O(a2), for masses up to and including
the physical charm mass [6].

It is currently very costly to perform calculations using the HISQ action for the b quark, since both
very fine lattices and extrapolation in mb is needed (for example in [3]). In this study, we instead use
the improved NRQCD action to generate b propagators.

NRQCD propagators Gb(�x, t) can be computed using a recursion relation

Gb(�x, t + 1) = e−aHGb(�x, t), (2)
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Set aml ams amc amb εNaik c1,6 c2 c4 c5 {T }
1 0.013 0.0705 0.826 3.297 -0.3449 1.36 1.0 1.22 1.21 8, 11, 14

2 0.01044 0.0541 0.645 2.66 -0.2348 1.31 1.0 1.20 1.16 9, 12, 15

3 0.0074 0.0376 0.434 1.91 -0.1172 1.13 1.29 1.16 1.11 15, 18, 21

Table 2: Parameters used in our calculation. aml, ams and amc are the bare masses of the light, strange
and charm valence quarks, tuned in [5], and amb is the bare mass of the valence bottom quark, tuned
in [5]. The light quarks are not at physical masses (aml/ams = 0.2). We expect the form factors to be
relatively insensitive to this. εNaik is the Naik parameter in the HISQ action [6]. {ci} are the coefficients
for the kinetic, chromoelectric and chromomagnetic terms in the NRQCD action [5],[8]. {T } is the set
of temporal separations between source (B(s) creation operator) and sink (D(s) annihilation operator).

with initial condition Gb(�x, 0) = φ(�x), where φ(�x) is a field of randomly generated vectors in color
space of unit length. We use the O(αsv

4) improved NRQCD Hamiltionian:

aH0 = −
∆(2)

2amb
, (3)

aδH = − c1

(
∆(2)
)2

8(amb)3 + c2
i

8(amb)2

(
∇ · Ẽ − Ẽ · ∇

)

− c3
1

8(amb)2σ ·
(
∇ × Ẽ − Ẽ × ∇

)

− c4
1

2amb
σ · B̃ + c5

∆(4)

24amb

− c6

(
∆(2)
)2

16n(amb)2 . (4)

∆(2,4) are the second and fourth lattice covariant derivative (discretizations of
∑

i D2,4
i ). Ẽ and B̃ are the

chromoelectric and chromomagnetic fields, the expression for these in terms of gauge links are given
in [7]. The coefficients {ci} are fixed by matching lattice NRQCD to continuum QCD up to 1-loop
[5],[8].

The continuum current Vµ can be approximated in terms of currents between HISQ and NRQCD
quarks, {J(i)

µ } according to:

Vµ(x) = (1 + z0
µαs)
[
J(0)
µ (x) + J(1)

µ (x)
]

(5)

J(0)
µ (x) = c̄(x)γµb(x)

J(1)
µ (x) = − 1

2amb
c̄(x)γµ�γ · �∇b(x)

The coefficients z0
µ are set by a matching procedure between the lattice NRQCD-HISQ currents and

continuum QCD in [9]. J(0)
µ and J(1)

µ are the two leading terms in a series in αs and ΛQCD/mb. We
also calculate all other NRQCD-HISQ currents at O(αs,ΛQCD/mb) to assess their size relative to the
leading currents.
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Additional evidence that (5) is a good approximation can be found in our Bc → ηc calculation [3].
In this, form factors are deduced from vector currents from both NRQCD-HISQ currents like (5) at
physical mb, and HISQ-HISQ currents extrapolated to physical mb. The normalization of HISQ-HISQ
currents is well understood so they provide a reliable approximation to the continuum current. The
study shows good agreement between the two methods (see fig. 3 of [3]), suggesting that eq. (5) is
also a good approximation.

We obtain the expectation values of these NRQCD-HISQ currents by performing Bayesian mul-
tiexponential fits to 2- and 3-point correlation functions from our simulation - as explained in e.g.
[10]. We use a combination of local and exponentially smeared B(s) and D(s) interpolating operators
to increase statistics and increase overlap onto ground states.

We calculate expectation values of continuum vector currents at a number of different q2 values.
Most of the data is close to the q2

max side of the range, since signal/noise problems associated with a
large lattice momentum is minimized there. These can be converted to form factors f0,+(q2) using (1).
We have made a preliminary attempt at extrapolating these results to all q2 by fitting the data to a BCL
parameterization [11]:

f0,+(q2) =
1

P0,+(q2)

∑
n

a0,+
n z(q2)n , z(q2) =

√
t+ − q2 − √t+ − t0√
t+ − q2 +

√
t+ − t0

, (6)

where we take t0 = t+(1 −
√

1 − t−/t+), and t± = (MB(s) ± MD(s) )
2, as in [12]. Fitting to the data

determines the free parameters {a0,+}. We truncate this at z2; adding further terms have no effect on
the fit. The factors P(q2) are defined by P0,+(q2) =

(
1 − q2/M2

0,+

)
, where we set M0 = M+ = MBc �

6.3 GeV. The results are insensitive to the exact value.
To account for the discretization effects, extra free parameters are added to the fit via a0,+

n →
a0,+

n (1 + b0,+
n am2

c). This is only a preliminary step towards a full treatment of the kinematic extrapola-
tion and discretization effects that we will implement in the future.

3 Preliminary Results

Figure 1 shows form factors for B → D and Bs → Ds respectively, extraced from the continuunm
vector current constructed as in eq. (5), along with our preliminary kinematic extrapolation.

The subleading lattice currents (those of O(αs,ΛQCD/mb) that we neglect in our continuum cur-
rent) in the temporal direction are all smaller than ∼ 5% of the leading current J(0)

0,(s). Some sublead-

ing spatial currents however are relatively large. Namely, these are J(2)
µ,(s) = −c̄γµγ ·

←−∇b/2amb and

J(4)
µ,(s) = −c̄

←−∇µb/2amb. This may cause large matching errors due to their neglection in our continuum
current.

A useful check of how well the discretization errors can be controlled as we add larger |a�pD(s) | is
to compute the speed of light c = (EDs (�pDs )

2 − M2
Ds

)/�p2
Ds

using our data. We can show that c2 tends
to unity in the continuum limit (amc,

∣∣∣a�pDs

∣∣∣→ 0), see fig. 2 (see also [13]).

4 Conclusion

We are calculating form factors for the B → D and Bs → Ds semileptonic decays. This work
will add to the preexisting body of work on b → c transitions by the HPQCD collaboration and
will demonstrate the power and limits of our current methods. Along with current and upcoming
experimental results for B(s) → D(s)lν branching fractions, our calculation will help towards better
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Figure 1: Form factors for the B → D (left) and Bs → Ds (right) cases. Errors on data points are
statistical. The bands are produced from a fit to the data using (6) as the fit form.
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Figure 2: Left: The speed of light against Ds momentum. Discretization errors cause this to differ
from unity. Right: On each ensemble, the speed of light at

∣∣∣a�pDs

∣∣∣ = 0 is extrapolated from the a�pDs � 0
data (below

(
a�pDs

)2
= 0.5), and plotted here. As can be seen, in the limit amc → 0, the speed of light

tends towards unity, showing that discretization effects are controllable below
(
a�pDs

)2
= 0.5.

determinations of |Vcb|, and may help towards further understanding the current tensions between
theory and experiment in the B→ D channel.

We are currently investigating the possibility of reliably using data at large
∣∣∣a�pD(s)

∣∣∣. This will
require a more sophisticated approach to dealing with the expected growth of discretization effects
and a better understanding of the matching errors. In addition to the systematic issues, the signal/noise
ratio shrinks exponentially as �pD(s) is decreased. New innovations will be required to deal with this.

We are also investigating ways to exploit the Ward identity between vector and scalar currents to
fix the renormalization of our continuum vector current.
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Finally, we plan on computing the above form factors using a complementary HISQ b approach
as in [3], in order to test the systematic errors associated with NRQCD.
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