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Abstract. We report on the status of our calculation of the exclusive semileptonic decay,
B → πν; a key process in the determination of the CKM matrix element |Vub |. The
Möbius domain wall action is used for both light and heavy quarks on gauge ensembles
that include the effects of 2 + 1 flavours of quarks in the sea at three values of the lattice
spacing: a ≈ 0.08 fm, a ≈ 0.055 fm, and a ≈ 0.044 fm. Pion masses go down to
300 MeV while heavy quarks masses are as large as 2.44mc . We present preliminary
results of form factors from this process, showing dependence on momentum transfer,
lattice spacing, and the heavy quark mass.

1 Introduction
The semileptonic process B → πν is important in the determination of the element |Vub | of the
Cabibbo-Kobayashi-Maskawa matrix, which describes the mixing between quark flavours. We report
on the progress of our lattice QCD calculation of this process.
Effective theory approaches to b quarks are often used on the lattice to avoid large discretisation
errors arising from the large quark mass. It is, however, possible to simulate b quarks by carrying
out calculations at multiple smaller quark masses where discretisation effects are under control and
extrapolating to the physical mass. We carry out this procedure for heavy quark masses mh ≥ mc
using Möbius Domain Wall Fermions. Doing so means being able to use the same action for light
and heavy quarks, avoiding any difficulties that can arise from using a mixed action for the valence
quarks.

2 Form Factors
The CKM matrix element |Vub | relates to the differential decay rate of the process B → πν, measured
at BaBar and Belle [1–4], by,
2


dΓ (B → πν) G2F |Vub |
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(1)

The form factor | f+ (q2 )| needs to be theoretically calculated to extract |Vub |.
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The semileptonic decay of a B meson to a π can be described by the matrix elements,


m2 − m2π µ
m2 − m2π 

π(kπ )|V µ |B(pB ) = f+ (q2 )  pµB + kπµ − B 2 qµ  + f0 (q2 ) B 2
q ,
q
q

(2)

where f+ (q2 ) and f0 (q2 ) are the vector and scalar form factors from this process, pB and kπ are the
4-momenta of the B and π respectively, and mB and mπ are their masses. The momentum transfer is
qµ = pµB − kπµ . At q2 = 0 there exists a constraint, f+ (0) = f0 (0).
A convenient alternative parametrisation when working with heavy quarks is in terms of the heavy
quark velocity, vµ = pµB /mB , such that [5],


kµ
π(kπ )|V µ |B(v) = 2 f1 (v · kπ ) vµ + f2 (v · kπ )
,
v · kπ

(3)

where v · kπ is the pion energy measured in the rest frame of the B meson:
v · kπ ≡ E π =

m2B + m2π − q2
.
2mB

(4)

The form factors then relate to the vector matrix elements between the B and the π through,
π(kπ )|V 0 |B(v)
;
2
π(kπ )|V i |B(v) v · kπ
f2 (v · kπ ) =
.
2
kπi

f1 (v · kπ ) + f2 (v · kπ ) =

In the limit v · kπ → 0, there is a prediction of a pole dominance,
√
fB∗ mB∗ v · kπ
lim f2 (v · kπ ) = g
,
v·kπ →0
2 fπ v · kπ + ∆B

(5)
(6)

(7)

with mB∗ the mass of the vector meson B∗ , ∆B the hyperfine splitting, fB∗ and fπ the B∗ and π decay
constants respectively, and g the B∗ Bπ coupling.
This parametrisation relates back to the f+ (q2 ) and f0 (q2 ) form factors relevant for comparison
with experiment through,
  √  f2 (v · kπ ) f1 (v · kπ ) 
f + q2 = m B
+
;
(8)
v · kπ
mB
 
m2B 
2
f1 (v · kπ ) + f2 (v · kπ )
f0 q2 = √
mB m2B − m2π


m2π
v · kπ
(9)
−
f2 (v · kπ ) .
f1 (v · kπ ) +
mB
(v · kπ )2
In the heavy quark limit there then appears a straightforward scaling between these parametrisations:
  √
f+ q2 ∼ mB ;
(10)
 
1
f0 q2 ∼ √ .
(11)
mB
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3 Lattice Calculation
In our calculation, we use ensembles that include the effects of 2 + 1 flavours of Möbius Domain Wall
Fermions [6] in the sea. We also use the Möbius Domain Wall Fermion action for the valence quarks.
Due to the increasing discretisation errors with increasing mass, we do not reach the physical
b quark mass. Instead, we use multiple values of a heavy quark mass, mh , from the charm mass,
mc , up to 2.44 × mc . For comparison, the ratio mb /mc has been measured on the lattice to be very
close to 4.5 [7–9]. From our values of mh we can perform an extrapolation towards mb . We use
a subset of the heavy quark masses used in the calculation of decay constants [10]. This work is
also effectively an extension of the D → πν calculation, using the D meson as the lightest of the
heavy-light mesons [11, 12].
We use three values of the lattice spacing: a ≈ 0.08 fm, a ≈ 0.055 fm, and a ≈ 0.044 fm,
corresponding to cutoffs a−1 ≈ 2.45 GeV, a−1 ≈ 3.61 GeV and a−1 ≈ 4.50 GeV. These ensembles
have dimensions 323 × 64, 483 × 96 and 643 × 128 respectively. The pion masses used range from
mπ ≈ 500 MeV down to mπ ≈ 300 MeV.
We work only in the rest frame of the B meson, and therefore to get a range of transfer momenta
we simulate the pions at three-momentum p = (n x , ny , nz ) × 2π/L, where L is the spatial length in
lattice units and ni ∈ {−1, 0, 1} for i = x, y, z. All permutations of a given momentum p are calculated
and averaged before fitting to improve statistics.
To improve our signal, we apply a spatial smearing function to each end of our correlators. We
also generate two-point correlators with local sinks, allowing for the determination of, for example,
the decay constants.
The numerical calculation of the correlators was performed using the IroIro++ code [13].

4 Results
4.1 Correlator Fits

We generate two sets of correlators: two-point correlators for the pseudoscalar mesons B and π, and
three-point correlators with the mesons at the source and sink, with vector operators inserted at each
intermediate time t. We set the time separation, T , between the source and the sink such that it is long
enough to extract a plateau when fitting. We choose T = 28 on the coarsest lattice, which has volume
323 × 64, and scale proportionally on the larger lattices so that the physical separation is kept constant.
Properly normalised, the three-point correlators can be described by,
C(t) =


0|P|π(k)π(k)|V|B(p)B(p)|P|0 
exp (−Eπ t) + exp (−E B (T − t)) .
2Eπ E B

(12)

To isolate the matrix elements π(k)|V|B(p) that relate to the form factors we want, we do a simultaneous fit of the three-point correlators with two-point correlators at sufficiently large time separations
t and T − t.
As a demonstration of the quality of our correlators, Figure 1 shows the ratio of the three-point
B
B→π
π
correlator to two-point correlators, C3pt
(t)C2pt
(T − t)). In this case, we show the correlators
/(C2pt
resulting from the temporal vector operator on the ensemble with a−1 ≈ 3.61 GeV. The pion mass
is mπ ≈ 500 MeV, the heavy quark mass is mh = 1.252 × mc and the momentum is the average of
p = (1, 1, 0) × 2π/L and all permutations. We observe a clear plateau stretching between t = 6 and
t = 36.
We require a renormalisation constant Zbl for the b-to-light vector current. In principle, it is the
same as that for the light-to-light renormalisation factor Zll previously determined in [14]. In order
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V 0 , p = (1, 1, 0) × 2π/L, mh = 1.252 × mc , mπ ≈ 500 MeV

 π
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Figure 1. Plot of the ratio of the three-point correlator to the two-point correlators on the ensemble with a−1 =
3.61 GeV, with a pion mass mπ ≈ 500 MeV and momentum p = (1, 1, 0) × 2π/L. The heavy quark mass in this
example is mh = 1.252 × mc . The sink is at T = 42.

to eliminate
possible discretisation effects for large mh a, however, we adopt an improved estimate
√
Zbl = Zbb Zll determined nonperturbatively by demanding the matrix element B|V|B = 1. The large
effect on the wave function renormalisation observed in [10] can then be cancelled. For this we need
an additional set of correlators. This overlaps with our work on inclusive B meson decays presented
at this conference where the same procedure is used [15].
4.2 Global Fit

We perform global fits to the f1 (v · kπ ) + f2 (v · kπ ) and f2 (v · kπ ) form factor results from each of the
ensembles to get results for physical parameters. For f1 (v · kπ ) + f2 (v · kπ ) we use the fit form:





C mh
2
2
2
,
(13)
f1 (v · kπ ) + f2 (v · kπ ) = C0 1 + C Eπ Eπ + C Eπ2 Eπ 1 + Ca2 a 1 + Cm2π mπ 1 +
mh
while for f2 (v · kπ ), since we expect a contribution from the pole as in (7), we use,




Dmh


Eπ
.
f2 (v · kπ ) = D0 1 + DEπ Eπ 1 + Da2 a2 1 + Dm2π m2π 1 +
mh E π + ∆ B

(14)

We account for standard a2 errors, pion mass dependence, dependence on the pion energy and dependence on the heavy quark mass. The form factor f2 (v · kπ ) can be fitted with a term linear in Eπ , but
we include a quadratic term in (13) for the form factor f1 (v · kπ ) + f2 (v · kπ ). The inclusion of higher
order terms in Eπ in the fit returns coefficients consistent with zero, so we have chosen to exclude
them here.
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Figure 2. Dependence of the form factors on the lattice spacing. The upper set of lines and points correspond
to the form factor combination f1 (v · kπ ) + f2 (v · kπ ) and the lower to f2 (v · kπ ). Using the global fit results, the
dashed lines show the form factors with mπ ≈ 500 MeV and mh = 1.252 × mc at a−1 ≈ 2.45 GeV (red) and
a−1 ≈ 3.61 GeV (blue). The points show the data that were used in the global fit with those parameters: red
circles for a−1 ≈ 2.45 GeV and blue squares for a−1 ≈ 3.61 GeV. The solid black line gives the result in the
a2 → 0 limit.

4.3 Dependencies

Here we demonstrate dependencies on various quantities in our calculation. We perform the global
fits discussed above and set the values of the lattice spacing, pion mass and heavy quark mass appropriately.
The dependence of the form factors on the lattice spacing is shown in Figure 2. In this case we
take results with pion masses mπ ≈ 500 MeV and use a heavy quark mass mh = 1.252 × mc . The upper
sets of lines/points correspond to the combination f1 (v · kπ ) + f2 (v · kπ ), while the bottom set correspond
to f2 (v · kπ ) only. We plot dashed lines for the lattice spacing values: red for a−1 ≈ 2.45 GeV and blue
for a−1 ≈ 3.61 GeV. The solid black line indicates the result of the fit in the a2 → 0 limit. The points
show the individual form factor results with mπ = 500 MeV: red circles for a−1 ≈ 2.45 GeV and blue
squares for a−1 ≈ 3.61 GeV. The lattice spacing dependence seen here is small.
We similarly check the dependence on the pion mass. In the example given in Figure 3 we show
the results on the ensemble with a−1 = 3.61 GeV and use mh = 1.252 × mc for the heavy quark. The
dashed line (point) colours correspond to the various pion masses: red (circles) for mπ ≈ 500 MeV,
blue (squares) for mπ ≈ 400 MeV and green (stars) for mπ ≈ 300 MeV. The solid black line shows
the result of an extrapolation to the physical value of the π0 , mπ0 = 135 MeV. In this case there is very
little dependence on the pion mass for the form factor f2 (v · kπ ). The f1 (v · kπ ) + f2 (v · kπ ) form factor
exhibits a larger dependence, but is still well under control.
A key issue in this work is the size of the dependence on the heavy quark mass, mh . Figure 4
shows how the form factors vary with this value on the ensemble with a−1 ≈ 3.61 GeV and with
mπ ≈ 500 GeV. Dashed line (point) colours indicate the value of the heavy quark mass: red (circles)
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Figure 3. Dependence of the form factors on the pion mass. The upper set of lines and points correspond to the
form factor combination f1 (v · kπ ) + f2 (v · kπ ) and the lower to f2 (v · kπ ). Using the global fit results, the dashed
lines show the form factors on the ensembles with a−1 ≈ 3.61 GeV using mh = 1.252 × mc and mπ ≈ 500 MeV
(red), mπ ≈ 400 MeV (blue) and mπ ≈ 300 MeV (green). The points show the data that were used in the global
fit with those parameters: mπ ≈ 500 MeV (red circles), mπ ≈ 400 MeV (blue squares) and mπ ≈ 300 MeV (green
stars). The solid black line gives the result at mπ = 135 MeV.

for mh = mc , blue (squares) for mh = 1.252 × mc and green (stars) for mh = 1.254 × mc . The solid
black line indicates an extrapolation to the physical value, which we have taken as mb = 4.528 × mc
from [7] and [9]. Again we find that the f1 (v · kπ ) + f2 (v · kπ ) has a larger dependence than f2 (v · kπ ),
but that it is not severe.
4.4 Form Factors

Using the global fit results from the form factors f1 (v · kπ ) + f2 (v · kπ ) and f2 (v · kπ ) we can convert back
to the initial parametrisation through (8). We show the resulting values of the scalar form factor, f0 (q2 )
(bottom band), and the vector form factor, f+ (q2 ) (top band), in Figure 5. This latter form factor is
the one that will be of relevance in determining the value of the CKM matrix element |Vub |, as shown
in (1).
The width of the bands indicate the central values plus and minus a standard deviation, where the
errors are entirely statistical. We restrict the q2 values to the region (MB − Eπ )2 using the physical B
meson mass, and the range of pion energies we obtained on the lattice.

5 Ongoing Work
We continue to gather statistics for the B → πν decay. Using a larger volume (483 × 96) with inverse
lattice spacing a−1 ≈ 2.45 GeV, we are also generating correlators with mπ = 230 MeV.
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Figure 4. Dependence of the form factors on the heavy quark mass. The upper set of lines and points correspond
to the form factor combination f1 (v · kπ ) + f2 (v · kπ ) and the lower to f2 (v · kπ ). Using the global fit results, the
dashed lines show the form factors on the ensembles with a−1 ≈ 3.61 GeV using mπ ≈ 500 MeV and mh = mc
(red), mh = 1.252 × mc (blue) and mh = 1.254 × mc (green). The points show the data that were used in the
global fit with those parameters: red circles for mh = mc , blue squares for mh = 1.252 × mc and green stars for
mh = 1.254 × mc (green). The solid black line gives the result at mb = 4.528 × mc .

Calculating the form factors at smaller values of q2 requires a more sophisticated approach than
the fit we presented here. We intend to extend our reach by performing a fit to a z-parametrisation.
The result for f+ (q2 ) obtained in this way can be used to extract a value for the CKM matrix element
|Vub | by fitting with the B → πν differential decay rate obtained from experimental data.
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