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Abstract. We present a new technique for extracting total transition rates into final states
with any number of hadrons from lattice QCD. The method involves constructing a
finite-volume Euclidean four-point function whose corresponding infinite-volume spectral function gives access to the decay and transition rates into all allowed final states.
The inverse problem of calculating the spectral function is solved via the Backus-Gilbert
method, which automatically includes a smoothing procedure. This smoothing is in fact
required so that an infinite-volume limit of the spectral function exists. Using a numerical
toy example we find that reasonable precision can be achieved with realistic lattice data.
In addition, we discuss possible extensions of our approach and, as an example application, prospects for applying the formalism to study the onset of deep-inelastic scattering.
More details are given in the published version of this work, Ref. [1].

1 Introduction
In Lattice QCD, low-energy properties of the strong force are calculated numerically in a finite, discretized spacetime box. The nonzero lattice spacing, finite volume and finite time make the system
numerically solvable by means of a non-perturbative, but computationally expensive, Monte Carlo
evaluation of the partition function. After a representative set of field configurations has been determiend, matrix elements of quark-field operators between finite-volume hamiltonian eigenstates can
be calculated with less numerical effort.
Due to the periodic boundary conditions, usually applied in all spatial directions, the energy spectrum and the eigenstates of the finite-volume Hamiltonian cannot be the same as those of the corresponding infinite-volume theory. Nonetheless, in theories with a mass gap, like QCD, it is possible
to define single-particle, finite-volume states that smoothly approach their infinite-volume counterparts. For such states, with total three-momentum projected to zero, as the box size is increased
(L → ∞) the pole position in the corresponding finite-volume Euclidean correlator approaches the
infinite-volume value with exponentially small corrections as EQ (L) = MQ + O(e−Mπ L ), where Mπ is
the physical mass of the lightest degree of freedom, the pion in QCD, and MQ the mass of the particle with quantum numbers Q [2]. This exponential suppression of finite-volume artifacts, which also
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holds for matrix elements of local operators between single-particle states, can be exploited to extract
masses and couplings of such states, by calculating with various values of Mπ L and extrapolating to
the infinite-volume limit.
The situation is more complicated when dealing with multi-particle states, for example when
studying decays into multi-hadron final states. Consider the simplest case of a finite-volume two-pion
state with zero total momentum. In the case where the pions are weakly interacting, the finite-volume
energy levels are given by
(n)
=2
E2π



Mπ2 + 4π2 q2n /L2 + O(interactions/L3 ) ,

(1)

with qn ∈ Z3 a representative integer vector of the nth state, q20 = 0, q21 = 1, · · · [3]. The energy of
such a state contains information about the interactions, but if we take a naive infinite-volume limit
with n fixed, the energy flows to the threshold value, 2Mπ .
In recent years, a lot of progress has been made in accessing information about particle interactions
and scattering by using the finite volume as a tool and performing a controlled extraction of the
infinite-volume physics. This is based primarily on work by Lüscher [3, 4] and by Lellouch and
Lüscher [5]. The original idea, developed by Lüscher, is to study two-particle scattering states in a
finite volume and relate the energy spectrum to the infinite-volume two-to-two scattering amplitudes.
In the past decades, Lüscher’s formalism has been generalized to states with non-zero momentum in
the finite volume, intrinsic spin, non-degenerate particles as well as any number of open two-particle
channels [6–18]. Generalizations to three-particle scattering states are also underway [19–22].
Similarly, the Lellouch-Lüscher formalism for determining one-to-two transition amplitudes, originally in the context of K → ππ, has been extended to general two-hadron final states and to currents
with non-zero angular-momentum, momentum and energy, enabling the extraction of semi-leptonic
decay amplitudes and time-like form factors [7, 8, 16, 17, 23–27]. In Ref. [28] the Lellouch-Lüscher
approach was further extended to 2 −→ 2 transition amplitudes induced by an external probe, providing a rigorous path towards resonance form factors. Also Ref. [29] used techniques based in the
Lellouch-Lüscher approach to analyze long-distance contributions to KL -KS mixing from a finitevolume Euclidean four-point function. Going beyond these types of approaches, many authors have
considered various methods for extracting transition and scattering amplitudes and rates by analyzing
the properties of lattice two- and four-point functions [30–37]. In the published version, Ref. [1], we
review various contributions and compare and contrast these to our own method.
As the final-state energy is increased, and more channels, with more particles per channel, open
up, formalisms based on the paradigm of Lellouch and Lüscher, and its numerical implementation,
become increasingly challenging. Here we propose a new approach to calculate total decay widths
and transition rates for QCD-stable particles into final states with any number of hadrons. Our method
involves the calculation of a Euclidean four-point function and the extraction of its associated spectral
function. The inverse problem of accessing the spectral function is solved by means of the BackusGilbert method [38–41]. This is a linear method which is exact in the sense that it converges to
the correct solution in the limit of infinite data with vanishing uncertainty. The model-independent
estimator also provides a smoothing that is required for a well-defined infinite-volume limit.
In the following two sections we introduce the formalism and provide a numerical test case. In
Sec. 4 we give a detailed comparison the Lellouch-Lüscher approach, followed by a discussion of
various extensions in Sec. 5 and applications in Sec. 6.
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2 Formalism and methodology
In this section we highlight the key equations and relations needed in our method for estimating total
decay and transition rates from lattice QCD. For a more detailed and complete derivation we refer to
the original publication, Ref. [1].
2.1 Infinite-volume discussion

Consider a QCD-stable state |D, P with energy E D , representing, for example, a D-meson with 3momentum P. Now imagine a small perturbation HQ that allows it to decay (for example a weak
hamiltonian density). At leading order in the weak interaction, the total decay width of the D-meson
into all multiparticle states with quantum numbers Q is given by

1  1
dΦα (k1 , · · · , kNα )|E D , P, α; out|HQ (0)|D, P|2 ,
2MD α S α

1
d4 x D, P|HQ (x)HQ (0)|D, P ,
=
2MD

ΓD→Q ≡

(2)
(3)

where we have eliminated the explicit dependence on the final states in the second line. The sum over
α labels the different multi-particle states, dΦα (k1 , · · · , kNα ) represents the standard Lorentz-invariant
phase-space measure for an Nα -particle state and S α its corresponding symmetry factor.
Both versions of the above formula will be important throughout this work and can be derived
from a more general object that we call the transition spectral function
ρQ,P (E, p) ≡


1  1
dΦα (k1 , · · · , kNα )|E, p, α; out|JQ (0)|N, P, λ|2 .
nλ λ,α S α

(4)

In order to extend the validity of our approach, here we have replaced the D-meson state with a
nucleon |N, P, λ with azimuthal spin component λ and momentum P. We have also included a spin
average, i.e. this expression is appropriate for an unpolarized initial state. The small perturbation HQ
has been replaced by a generic local current, JQ (e.g. the electromagnetic current for considering
deep-inelastic scattering processes) that can change the total energy and momentum of the system by
an amount q ≡ p − P.
Using the completeness of the QCD outstates we find
ρQ,P (E, p) =


1 
d4 x ei(E−E N )t−i(p−P)·x N, P, λ|JQ† (x)JQ (0)|N, P, λ .
nλ λ

(5)

Note that this is consistent with Eq. (2) as can be seen by setting p = P and replacing the nucleon
with the D-meson
1
ΓD→Q =
ρQ,P (E D , P) .
(6)
2MD
Thus, the transition spectral function can be written as the expectation value of a product of field
operators in a one-particle external state. We stress that, in this subsection, all matrix elements are
evaluated in infinite volume and with real Minkowski time coordinates.
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2.2 Finite-volume lattice approach

Let us now consider the most closely related Euclidean correlator we can calculate on the lattice
6 −E N τ+iP·x

GQ,P (τ, x, L) ≡ 2E N L e

lim lim

τ f →∞ τi →−∞



†
†
λ Ψλ (τ f , P)JQ (τ, x)JQ (0)Ψλ (τi , P)conn



†
λ Ψλ (τ f , P)Ψλ (τi , P)

,

(7)

where Ψ†λ (τi , P) is an interpolator for the nucleon (or any other QCD-stable state) with total momentum P and spin component λ, and the subscript “conn” indicates subtraction of
JQ† (τ, x)JQ (0)Ψλ (τ f , P)Ψ†λ (τi , P). Throughout this work we take τ > 0.
Evaluating the large time limits, inserting a complete set of finite-volume states and projecting to
definite momentum p we find

Q,P (τ, p, L) ≡
G
d3 x e−ip·xGQ,P (τ, x, L) ,

e−Ek (L)τ |Mk,N→Q (p, L)|2 ,
(8)
= 2E N L6
k


where Mk,N→Q (p, L) ≡ n1λ λ Ek (L), p, Q|JQ (0)|N, P, λL are spin-averaged matrix elements evaluated
between a finite-volume multi-particle state and a single-particle external state.
Equation (8) can be rewritten as
 ∞
dω −ωτ

GQ,P (τ, p, L) =
e ρQ,P (ω, p, L) ,
(9)
2π
0
where

ρQ,P (E, p, L) ≡ 2E N L6


k



|Mk,N→Q (p, L)|2 2π δ E − Ek (L) ,

(10)

is the finite-volume spectral function. Substituting this sum of delta functions into Eq. (9) and evaluating the integral immediately gives back Eq. (8). We emphasize at this stage that, while the infinitevolume spectral function gives direct access to the decay width, in the finite volume we have a sum of
delta peaks. Naively sampling ρQ,P (E, p, L) at a specific energy cannot give any useful information.
In order to recover the total decay width, we need to construct a sensible infinite-volume limit of
the spectral function. To do so we introduce 
δ∆ (ω, ω) as a regularized delta function, centered at ω
with characteristic width ∆. We require only that this satisfies
 ∞
 ∞
dω 
δ∆ (ω, ω) = 1,
lim
dω 
δ∆ (ω, ω)φ(ω) = φ(ω) ,
(11)
∆→0

0

0

for a smooth test function φ(ω). In our approach, 
δ∆ (ω, ω) will tend to zero exponentially for large ω.
We then define
 ∞

ρQ,P (ω, p, L, ∆) ≡
dω 
δ∆ (ω, ω) ρQ,P (ω, p, L) .
(12)
0

This replaces the sum over delta functions with a smooth function that has a well-defined infinitevolume limit. Thus it follows that differential transition rates, as well as total decay rates, can be
accessed from the lattice framework via the limits
ρQ,P (E, p, L, ∆) ,
ρQ,P (E, p) = lim lim 
∆→0 L→∞

4

(13)
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where the order of limits is crucial.
The Backus-Gilbert method applied to the inverse problem of determining ρQ,P (E, p, L) from
Q,P (τ, p, L) leads precisely to smoothed quantities of the form given in Eq. (12). If the correlaG
tion function is known at a discrete set of Euclidean times, τ j , then the ‘resolution function’ 
δ∆ (ω, ω)
should be constructed from the Laplace kernel,


δ∆ (ω, ω) =
C j (ω, ∆) e−ωτ j ,
(14)
j

with coefficients C j chosen so as to minimize the width
 ∞
δ∆ (ω, ω)2 ,
∆=
dω (ω − ω)2 
0

(15)

under the unit-area constraint of Eq. (11). The Backus-Gilbert method then yields an estimate of the
smoothed spectral function

Q,P (τ j , p, L) .

C j (ω, ∆) G
(16)
ρQ,P (ω, p, L, ∆) = 2π
j

Of course, given the limitations of a realistic set-up, it is not possible to evaluate the ordered
limit given in Eq. (13). Instead, our idea is to search for a window in the (∆, L) plane which gives
a good numerical estimate of the target. Heuristically, the volume needs to be large enough that the
density of intermediate finite-volume levels in a given ω-range is comparable to 1/∆. In this way, the
smoothing procedure will not resolve individual peak structures coming from finite-volume states. In
the following section we perform a numerical test to show how this might be done.

3 Numerical test case
This section is devoted to illustrating, by means of a numerical example, to what extent our procedure
is able to reproduce infinite-volume total decay widths.
3.1 Basic set-up

Q,0 (τi , 0, L) of the type presented in
The input data consists of a Euclidean correlation function G
Eq. (7), evaluated at Nτ discrete Euclidean time slices up to a maximum extent L, at which point we
assume that the signal is lost. In this example we ignore finite-temperature effects, i.e. we take the
Euclidean temporal direction to have infinite extent.
We study a toy theory with three scalar particles denoted by, π, K and φ, with physical masses
Mπ , MK , Mφ , respectively, and interactions given by
L(x) ⊃

gMφ
λ
φ(x)π(x)3 +
φ(x)K(x)2 ,
6
2

3Mπ < 2MK < Mφ .

(17)

Treating the interactions perturbatively, our goal is extract the spectral function ρQ,0 (ω, 0) from the
corresponding finite-volume Euclidean correlator, and compare this to the result of a direct infinitevolume calculation. When evaluated at ω = Mφ , this spectral function then gives the total decay width
of the φ particle to leading order in the dimensionless couplings λ and g. We stress that this is only a
toy set-up and bears no relation (other than superficial kinematic similarity) to the physical particles
that carry these names.

5
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Figure 1. Left: The function F (ω/Mπ ) gives the three-body phase space with respect to the massless case. The
function interpolates from 0 at three-particle threshold [F (3) = 0] to unity at infinite ω [limω→∞ F (ω/Mπ ) = 1].
Right: Various resolution functions, plotted as a function of ω with ω = Mφ . The resolution functions with
λreg = 10−4 were used in the analysis. The unregulated curves, with λreg = 1.0, show how the Backus-Gilbert
method converges to sharply peaked resolution functions as Nτ is increased.

Before turning to the inverse problem of calculating 
ρφ→Q,0 (ω, 0, L, ∆), we need to construct the
finite-volume Euclidean correlator that will serve as input data. Following Eq. (8)



 −E (L)τ


6
2
−E
(L)τ
2
φ→Q,0 (τ, 0, L) = 2Mφ L  e k |Mk,φ→KK (0, L)| +
G
e k
|Mk ,φ→πππ (0, L)|  ,
(18)
k

k



where the indices k and k label two- and three-particle finite-volume states respectively. The full
correlator that serves as input for the Backus-Gilbert procedure is then
φ→Q,0 (τi , 0, L) = 1 G
KK (τi , 0, L) + 1 G
πππ (τi , 0, L) ,
G
Mπ3
Mπ3

(19)

where we have used Mπ to make the input data dimensionless. Finally, since we want to reconstruct
the full spectral function and compare to the L → ∞ result, we directly calculate the latter


2
2
2 M
4MK2
1
λ
g
Mπ ω
φ
ρφ→Q,0 (ω, 0) =
F
(ω/M
)θ(ω
−
3M
)
+
1
−
θ(ω − 2MK ) .
π
π
2Mφ Mπ
32π Mπ
3072π3 Mφ Mπ
ω2
(20)
Here F (Mφ /Mπ ), shown in the left pannel of Fig. 1, measures the reduction of phase space relative
to the case of Mπ = 0 where the decay products are massless. Note in particular that F (3) = 0 and
F (∞) = 1. This function has no simple analytic form, but can easily be calculated numerically to
arbitrary precision. Its exact definition is given in the original publication, Ref. [1], where we also
provide a detailed derivation of the matrix elements needed for this analysis in finite as well as infinite
volume.
3.2 Inverse problem and smoothing via Backus-Gilbert

The aim is to recover the full spectral function
ρφ→Q,0 (ω, 0, L, ∆) ,
ρφ→Q,0 (ω, 0) = lim lim 
∆→0 L→∞

6

(21)
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Figure 2. Output of the regulated Backus-Gilbert algorithm for different values of Mπ L = 5, 7, 10 and Nτ =
32, 64. The ratios of Mφ /Mπ , MK /Mπ and the coupling constants are given in the text.

where in particular for ω = Mφ we get an estimate for the total decay width
Γφ→KK Γφ→πππ
1
ρφ→Q,0 (Mφ , 0, L, ∆) =
lim lim 
+
.
2Mφ Mπ ∆→0 L→∞
Mπ
Mπ

(22)

For the numerical application, we choose MK /Mπ = 3.55 and Mφ /Mπ = 7.30, g = 1 and λ =
√
10 8. We use as input points τi = i · a, with aMπ = 0.066 and 1 ≤ i ≤ Nτ . As explained in
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Sec. 2.2, we construct a family of resolution functions 
δ∆ (ω, ω) by finding the optimal coefficients
Ci (ω, ∆), (i = 1, . . . , Nτ ), that minimize the width subject to the area constraint of Eq. (11). The
width is controlled by the number of points, as can be seen from Fig. 1, where we give examples of
resolution functions used in the analysis, centered at ω = Mφ . The corresponding estimator 
ρQ,0 (ω, 0)
is calculated via Eq. (16). The results for various sets of parameters are shown in Fig. 2.
Since Backus-Gilbert is a linear method, an error estimate on 
ρQ,0 (ω, 0) has to come through the
Q (τi , 0, L). We take a realistic covariance matrix, S i j , from a
covariance matrix of the input data G
pseudoscalar meson two-point function calculated on an N f = 2 CLS ensemble, that we have used in
the past in a similar context. (See Appendix C of Ref. [41].) We scale the covariance matrix to give
Q (τi , 0, L), as was observed on the
the same relative uncertainty (about 2%) on the toy correlator, G
actual lattice data.
 ∞ In order to determine the optimal coefficients, Ci (ω, ∆), a poorly conditioned matrix Wi j (ω) ≡
dωe−ωτi (ω − ω)2 e−ωτ j must be inverted (ideally with high precision). The error on 
ρQ,0 (ω, 0) is
0
kept under control by making the replacement Wi j (ω) → λreg Wi j (ω) + (1 − λreg )S i j . In this way the
magnitudes of the coefficients Ci (ω, ∆), which otherwise exhibit large oscillations as a function of i,
are tamed, and the statistical error on 
ρQ,0 (ω, 0) can be kept under control. In the present example,
we aim for a precision of 5 − 10% and find that this is achieved with λreg ∼ 10−4 . The regulation
parameter, λreg , parametrizes a trade-off between resolving power (smaller ∆) and statistical error. For
a more detailed explanation on the choice of λreg see the discussion in Sec. IV E of Ref. [41].

4 Comparison to the Lellouch-Lüscher formalism
The mostly widely used approach for extracting decay and transition observables into multi-hadron
final states is the formalism of Lellouch and Lüscher together with its many extensions [5, 7, 8, 16,
17, 23–27]. We focus here on the original Lellouch-Lüscher result for extracting the decay amplitude
for K → ππ from a corresponding finite-volume matrix element. We define the finite-volume matrix
element
Mk,K→ππ (L) ≡ k, L|H(0)|K, L ,
(23)

where both finite-volume states have unit normalization and zero three-momentum. H(0) is a weak
hamiltonian density and k, L| is the kth excited state with the quantum numbers of two pions. The
Lellouch-Lüscher formalism then gives the relation of this matrix element to the infinite-volume decay
amplitude
(24)
AK→ππ [Ek (L)] ≡ Ek (L), ππ, out|H(0)|K ,

where the infinite-volume states have standard relativistic normalization.
The relation takes the form of a proportionality factor
|Mk,K→ππ (L)|2 =
where

Ck
4MK Ek (L)2 L9



2π ∂δππ (p)
1 ∂φ(q)
+ 2 3
Ck ≡
∂p
4π2 q2 ∂q
p L

2

AK→ππ [Ek (L)] ,

−1

q=Lp/(2π), p=

√

(25)

.
Ek (L)2 /4−Mπ2

(26)

Here φ(q) is a known function and δππ (p) is the s-wave ππ → ππ scattering phase shift due to the
strong force only. The relation is valid up to neglected corrections scaling as e−Mπ L . Strictly speaking,
this relation only gives the kaon decay amplitude when the volume is tuned such that Ek (L) = MK .
However, the result holds away form this tuning as was shown in subsequent work.
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To illustrate the connection between the Lellouch-Lüscher approach and the method described
here, we first show the consistency of the two. In particulate we note that, in the case where the initial
hadron is a kaon and the current a weak hamiltonian mediating K → ππ, then the smeared spectral
function defined in Eq. (12) above can be written

2



Ck
 2π


[E
(L)]
δ∆ E, Ek (L) ,
(27)
A
ρQ,0 (E, 0, L, ∆) ≡
K→ππ
k
2 L3
2E
(L)
k
k

where we have substituted the relation between finite- and infinite-volume matrix elements to express
the right-hand side in terms of the transition amplitude AK→ππ .
With this expression in hand we can formally take the infinite-volume limit

2



νk
 2π

lim 
ρQ,0 (E, 0, L, ∆) = lim
[2ω
]
δ∆ E, 2ωk ,
A
(28)
K→ππ
k
2 L3
L→∞
L→∞
2(2ω
)
k
k
2


1 1  1 
AK→ππ [2ωk ] 2π
δ∆ E, 2ωk ,
= lim
(29)
3
2
L→∞ 2 L
(2ωk )
k

2



d3 k
1
AK→ππ [2ωk ] 2π
δ∆ E, 2ωk .
(30)
=
3
2
2
(2π) (2ωk )

In the first line we have used the identity limL→∞ Ck = νk where νk is defined to count the degeneracy
of non-interacting, non-indentical two-particle states, i.e. ν0 = 1, ν1 = 6, · · · . We have also replaced
Ek (L) → 2ωk in the first line. This is justified by the observation that the gap between interacting
and non-interacting states vanishes in the infinite-volume limit.1 In the second line we have used


k f (2ωk ) for any smooth function f (2ωk ) and in the third line we have used the
k νk f (2ωk ) =
infinite-volume limit to replace the momentum sum over the smooth function with an integral.
Equation (30) is nearly the definition of a total decay rate, differing only due to the fact that E is
treated as a free parameter and because 
δ is a smeared resolution function with nonzero width. Both
of these differences are removed in the final step, embodied in Eqs. (6) and (13). This leads to

2


1
1
d3 k 
 2πδ MK − 2ωk , (31)

[M
]
A
lim lim 
ρQ,0 (MK , 0, L, ∆) =
ΓK→ππ =
K→ππ
K
2
3
2MK ∆→0 L→∞
4MK
(2π) MK
which is the standard relation between amplitude and rate for decay into two identical scalars.

Having illustrated the consistency between the Lellouch-Lüscher relation and the Backus-Gilbert
spectral function approach, we close this section by comparing the two methods. The key advantages
of the Lellouch-Lüscher formalism are that it allows one to access amplitudes rather than rates, it
allows one to pick out a particular asymptotic out-state, i.e. to study exclusive processes, and it circumvents the need for an infinite-volume limit by explicitly incorporating the finite-volume effects
into the formalism. By contrast, the advantages of the Backus-Gilbert approach are that it works for
any number of particles and any number of open channels, does not require identifying individual
energy levels, and is indeed expected to work better when the density of states is high, implying a
denser coverage of the spectral function. In Table 1 we give a more thorough comparison.

5 Extensions and modifications
In this section we consider various extensions and modifications of our approach for using the BackusGilbert method to estimate infinite-volume spectral functions.
1 This statement is somewhat subtle as additional finite-volume states can arise, for example due to resonances, with no
non-interacting counterpart. However, these individual states have vanishing measure as L → ∞ and cannot spoil the limit.
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Lellouch-Lüscher
transition and decay amplitudes
(specific out states)
accomodates all types of
two-particle channels
(three-particle underway)
– neglected open channels
(higher partial waves)
– estimating S-matrix derivatives
– relating different energies
– few open channels
– many finite-volume constraints
– low density of states

Backus-Gilbert spectral function
total transition and decay rates
(specific QCD quantum numbers)
accomodates all possible
multi-particle channels
– signal for G(τ)
– Backus-Gilbert inversion
– estimating double limit
– many open channels
– many particles per channel
– high density of states
– slowly varying spectral function

Table 1. Comparison of the Lellouch-Lüscher and Backus-Gilbert approaches. In potential uncertainties of
Lellouch-Lüscher, ‘relating different energies’ refers to the practical difficulty of determining multiple
constraints at the same center-of-mass energy for coupled-channel scattering and decay amplitudes.

5.1 Adjusting the starting threshold

To explain our first modification, we return to the spectral decomposition given in Eq. (8) and rewrite
this as

Q,P (τ, p, L) = 2E N L6
E>Eth (τ, p, L) ,
G
e−Ek (L)τ |Mk,N→Q (p, L)|2 + G
(32)
Q,P
k,Ek <Eth

with

E>Eth (τ, p, L) ≡ 2E N L6
G
Q,P



k,Ek >Eth

e−Ek (L)τ |Mk,N→Q (p, L)|2 .

(33)

Here we have simply separated the sum over states into two sets, with energies above and below a
given threshold, denoted Eth .
Note that, if we choose Eth to be the lowest lying threshold with more than two particles, then all
of the states satisfying Ek < Eth can be treated with the Lellouch-Lüscher formalism and extensions.
In particular, the individual transition amplitudes—and from this the total transition rate—can be
determined by measuring the finite-volume energies and matrix elements, and applying the formalism
sketched above.
E>Eth by
With the two-particle matrix elements and energies in hand, one can next determine G
measuring the full correlation function and then subtracting the known contributions from two-particle
states. The advantage is that this subtracted correlator satisfies a modified inverse-problem of the form
 ∞
dω −ωτ
E>Eth

GQ,P (τ, p, L) =
e ρQ,P (ω, p, L) ,
(34)
Eth 2π
where the integration over ω starts at a higher threshold.
For example, in the case of a ππ system, this approach could be applied with Eth = 4Mπ . In this
case the Backus-Gilbert resolution function would first be defined for ω > 4Mπ and would be most
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narrow around this value. This should allow one to push to higher values of ω before the resolution
function degrades. In addition, applying the Backus-Gilbert inversion from this higher threshold may
lead to reduced finite-volume effects, since the density of two- and four-pion finite-volume states
above 4Mπ is larger than that of two-pion states in isolation below the threshold.
5.2 Modifying the Backus-Gilbert kernel

A second possible modification of the Backus-Gilbert method is to adjust the inversion kernel in order
to reduce the effect of the smearing. To explain this, we suppose some ansatz for the infinite-volume
(ω, p). Then the Laplace inverse problem, Eq. (9), can be trivially rewritten
spectral function, ρAnsatz
Q,P
as


 ∞
  ρQ,P (ω, p, L) 
dω  Ansatz

 ,
−ωτ 


GQ,P (τ, p, L) =
ρ
(ω, p) e
(35)
 Ansatz

2π Q,P
ρQ,P (ω, p)
0

in the integrand.
where we have simply multiplied and divided by ρAnsatz
Q,P
The non-trivial step is to apply the Backus-Gilbert algorithm using ρAnsatz
(ω, p)e−ωτ rather than
Q,P
−ωτ
as the input kernel. That is, one determines the coefficients by minimizing the width of a
just e
new resolution function

−ωτ j

δ∆ (ω, ω) =
C j (ω, ∆) ρAnsatz
.
(36)
Q,P (ω, p) e
j

The result of this modified approach is an alternative smearing of the spectral function, given by


Q,P (τ j , p, L) ,

(ω, p, L, ∆) = 2π ρAnsatz
(ω,
p)
C j (ω, ∆) G
(37)
ρQ,P
Q,P
= ρAnsatz
Q,P (ω, p)



j

dω 
δ∆ (ω, ω)

ρQ,P (ω, p, L)
.
ρAnsatz
(ω, p)
Q,P

(38)

We stress that, regardless of the value of ρAnsatz
, the altered spectral function, 
ρ  , is guaranteed
Q,P
to approach the unique infinite-volume, unsmeared result when the ordered double limit of Eq. (13)
is taken. Thus, the alternative approach represents a modification of the combined finite-volume and
could well minimize the deviations from the target quantity.
smearing effects, and a well chosen ρAnsatz
Q,P
In particular we note that the smearing in Fig. 2 is particularly noticeable near the two-particle cusp.
Building this cusp into the ansatz would likely reduce the discrepancy. The locations of the cusps are
of course known on any given lattice from single-particle spectroscopy, so that incorporating these
seems feasible.
5.3 Suppressing finite-volume effects

The final extension that we wish to outline here is an idea to reduce the finite-volume effects by
identifying certain values of ω for which they are suppressed; some remarks along these lines were
made in Ref. [42], Sec. (3.8). To explain this we consider the spectral function of a non-interacting
theory, at energies where only a single two-scalar state can go on shell. Taking the matrix element
coupling the initial hadron to the final two-particle state to be constant, we find that the smeared,
finite-volume spectral function takes the form


 ∞
 1  δ(ω − 2ωk )  e−(ω−ω)2 /(2∆2 )


dω  3
.
(39)
ρfree (ω, L, ∆) ≡
√
L k
4ω2k
0
2π∆
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arbitrary ω

M⇡ L = 8,

“magic” ω

= 0.4M⇡

M⇡ L = 8,

= 0.4M⇡

Figure 3. A comparison of generic ω values (left points) with the special values described in the text (right
points). The “magic” values have smaller finite-volume effects on average and therefore lie closer to the target
function, shown by the dashed black line. This example was generated using the free spectral function defined in
Eq. (39).

Here we have dropped the overall constant parametrizing the coupling of initial and final states. We
have also taken the resolution functions to be Gaussian. At low energies, this tends to be a good
approximation for the resolution functions achieved by the Backus-Gilbert algorithm. [See Fig. 1.]
Simplifying Eq. (39) by evaluating the trivial ω integral and using the Poisson summation formula
to rewrite the sum over k, we reach


2

2

d3 k iLm·k 1 e−(ω−2ωk ) /(2∆ )

ρfree (ω, L, ∆) =
e
,
ρfree (ω, L, ∆) − lim 
√
L→∞
(2π)3
4ω2k
2π∆
m0




4Mπ2 ∆2 L2 m2
2ω
1 
L|m|  2
2
ω − 2Mπ exp
+ ··· ,
−
=
sin
2ω
8
(4π)2 m0 L|m|(ω2 + 4Mπ2 )
∆2

(40)

where the ellipsis stands for neglected terms suppressed by a power of ∆2 L/ω, ∆2 /ω2 or Mπ2 /ω2 .
This result gives a great deal of insight into the deviations between the finite- and infinite-volume
spectral functions. As a result of the sin function, the smeared finite-volume spectral function oscillates about its infinite-volume counterpart as ω is varied. Note that, as long as this leading order
expression gives a good description, the frequency of oscillation turns out to be independent of the
smearing width ∆. We also comment that the exponential factor in Eq. (40) dramatically illustrates
the importance of the ordered double limit discussed throughout. In particular, if ∆ → 0 is taken first,
then the exponential factor diverges. By contrast, at fixed ∆, the difference
ρfree (ω, L, ∆) and
√ between 
2 2
ρfree (ω, L, ∆) vanishes with increasing L as e−µ L , with µ ≡ ∆/(2 2).
limL→∞ 
We next note that, in the sum over m, a number of terms satisfy |m| ∈ Z. This is interesting
because these terms vanish identically whenever ω is chosen such that the argument of the sin function
becomes an integer multiple of π, i.e. for certain “magic” values satisfying

nπ + n2 π2 + 2(Mπ L)2
ωn =
,
(41)
L
for any integer n. In Fig. 3 we show the result of evaluating the smeared finite-volume spectral function
as these special values, as compared to a set of generic values.
To close this subsection we stress that, while this non-interacting example gives a great deal of
insight into the finite-volume effects of smeared spectral functions, the quantitative behavior will be
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k0

k

q=k

k0

p
px = p + q
Figure 4. A lepton carrying momentum k scatters off a nucleon with momentum p via exchange of a virtual,
space-like photon with momentum q.

significantly modified for a realistic system with particle interactions and with true Backus-Gilbert
resolution functions. Extension of these arguments to a realistic application, perhaps making use of
the Lellouch-Lüscher technology, is underway.

6 Example application: deep-inelastic scattering
In this section we discuss deep-inelastic scattering (DIS) as a possible application of our BackusGilbert spectral-function approach. Other applications are discussed in the publication, Ref. [1].
In order to study the onset of deep-inelastic scattering, and to understand how deviations turn on
as one leaves the DIS regime, one must calculate the hadronic tensor, defined by

1 
d4 x eiq·x N, p, λ| jµ (x) jν (0)|N, p, λ .
(42)
Wµν (p, q) =
4π nλ λ
Here qµ is the spacelike 4-momentum of the virtual photon ejected by the incident lepton and pµ the
on-shell 4-momentum of the incoming nucleon. [See Fig. 4.] In this work we restrict attention to the
unpolarized hadronic tensor.
This hadronic tensor satisfies a simple decomposition into the scalar functions F1 and F2 , called
structure functions





qµ qν
p · q qµ
F2 (ν, x)
p · q qν
pν −
.
(43)
pµ −
Wµν (p, q) = F1 (ν, x) −gµν + 2 +
p·q
q
q2
q2
Note that the structure functions depend on the two available Lorentz scalars, commonly expressed as
ν≡

q· p
,
M

x≡−

q2
Q2
≡
.
2Mν 2Mν

(44)

This assumes the convention that q2 < 0 for spacelike qµ , i.e. x > 0 for physical kinematics. More
generally, this discussion is based on Ref. [43] and all conventions and notation are taken from that
work.
We have repeated these aspects of standard DIS kinematics because it allows us to describe how
the finite resolution of the Backus-Gilbert inversion affects the extraction of F1 (ν, x) and F2 (ν, x). In
particular, while pµ and q are sharply defined in our set up, all extracted quantities are smeared in the
remaining coordinate q0 ≡ p0 − p0x . More precisely it is p0x , the energy of the outgoing multi-hadron
state, that plays the role of ω in Eq. (12).
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2.0

Q2 /M

x=

1
x=

1/2
4

x = 1/

1.0
|q

|q|/M

|=

|q

1.0
M

|=

|q

|=

1.1

/|q|

1.2

M

M

⌫ = |q|2 /M

1.0

⌫/M

3.0

2.0

px = 0 frame

Figure 5. Contours of constant 3-momentum (ellipses) and constant x (square-root functions) in the ν, Q2
plane. The smearing limits resolution in the direction tangent to the ellipses, as shown in the right panel. The
direction perpendicular to the ellipses remains sharp.

Now consider two possible projections of the hadronic tensor. The first option gives direct access
to the structure functions

1
1 µ ν
− W µ µ (p, q) +
p p Wµν (p, q) ,
2
s pq


p·q
3 µ ν
F2 (x, ν) =
− W µ µ (p, q) +
p p Wµν (p, q) ,
2s pq
s pq

F1 (x, ν) =

(45)
(46)

where s pq = M 2 − (p · q)2 /q2 . The second option picks out alternative combinations
s2pq

F2 (x, ν) = pµ pν Wµν (p, q) ,
p·q
s pq
−3F1 (x, ν) +
F2 (x, ν) = W µ µ (p, q) .
p·q

−s pq F1 (x, ν) +

(47)
(48)

In fact, these linear combinations are more primary quantities from the perspective of our BackusGilbert approach because the projections commute with the inversion. Thus one can apply the second
set of projections at the level of the correlation function before using Backus-Gilbert. By contrast,
Eqs. (45) and (46) would not be well defined at the level of the correlator, since s pq depends on the
inversion coordinate, p0x .
Next observe that, although the structure functions depend on only two Lorentz invariants, the
lattice calculation is characterized by a total of four degrees of freedom, p2 , q2 , p·q, p0x . The additional
degrees of freedom arise because the lattice calculation only has three-dimensional, cubic rotational
symmetry, rather than the full Lorentz invariance of the infinite-volume. In principle one can identify
different sets of {p2 , q2 , p · q, p0x } that correspond to the same values of {x, ν}. By varying the lattice
variables over a set that holds x and ν fixed, one gains an additional handle to study the effects of
finite-volume and smearing in the extracted structure functions.
In more detail, the relation between the four lattice variables and the relativistic invariants is
Mν = Ep p0x − Ep2 − q · p ,
2

2

Q =q −

(p0x

14

2

− Ep ) .

(49)
(50)
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Eliminating the smeared variable, p0x , from Eqs. (49) and (50), we find
1=

q · p 2
M2 
Q2
ν
+
.
+
M
q2 Ep2 q2

(51)


In words, values of fixed 3-momentum define ellipses in the (ν, Q2 ) plane, and thus the ellipse
associated with particular kinematics is certain, but the position along the ellipse is smeared with the
resolution function. This is illustrated Fig. 5.

7 Conclusions
In this work we have introduced a new method for directly determining hadronic decay widths and
transition rates from lattice data. The central advantage of our approach is that it can accommodate
final states with any number of hadrons.
Our idea is to construct a Euclidean correlator such that the corresponding spectral function directly gives the decay width or transition rate of interest. We then advocate using the Backus-Gilbert
method, which provides an estimator of the finite-volume spectral function, smeared by a known
resolution function 
δ∆ (ω, ω) of width ∆. Taking the limit L → ∞ followed by ∆ → 0 then yields
the experimental observable. As is illustrated in Fig. 2, a toy study indicates that the finite-volume
smeared spectral function can provide a reasonable estimate of its infinite-volume counterpart.
The central advantage of the Backus-Gilbert approach is that it offers a model-independent, unbiased estimator of the smeared, finite-volume spectral function with a precisely known resolution
function that is independent of the correlator data. Nonetheless, it may often be the case that the difficulty of reducing the width ∆ is the limiting factor of the calculation. To this end we emphasize that
one may also smear experimental or model data with the same resolution function to perform a fully
controlled comparison. In Sec. 5 we have discussed possible extensions of the basic Backus-Gilbert
algorithm that may further improve the quality of extracted data. Ultimately a numerical LQCD calculation is required to fully test the utility of these ideas.
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