EPJ Web of Conferences 175, 14005 (2018)
Lattice 2017

https://doi.org/10.1051/epjconf/201817514005

Fast algorithms for chiral fermions in 2 dimensions
Dafina Hyka (Xhako)1 , and Rudina Osmanaj (Zeqirllari)2
1

Polytechnic University of Tirana, Faculty of Mathematical Engineering and Physical Engineering, Department of Physics
2
University of Tirana, Faculty of Natural Sciences, Department of Physics

Abstract. In lattice QCD simulations the formulation of the theory in lattice should be
chiral in order that symmetry breaking happens dynamically from interactions. In order
to guarantee this symmetry on the lattice one uses overlap and domain wall fermions.
On the other hand high computational cost of lattice QCD simulations with overlap or
domain wall fermions remains a major obstacle of research in the field of elementary
particles. We have developed the preconditioned GMRESR algorithm as fast inverting
algorithm for chiral fermions in U(1) lattice gauge theory. In this algorithm we used
the geometric multigrid idea along the extra dimension.The main result of this work is
that the preconditioned GMRESR is capable to accelerate the convergence 2 to 12 times
faster than the other optimal algorithms (SHUMR) for different coupling constant and
lattice 32x32. Also, in this paper we tested it for larger lattice size 64x64. From the
results of simulations we can see that our algorithm is faster than SHUMR. This is a very
promising result that this algorithm can be adapted also in 4 dimension.

1 Introduction
Lattice QCD is a lattice gauge theory formulated on a lattice of points in space and time. Fields
representing quarks are defined at lattice sites and the gluon fields are defined on the links connecting
neighbouring sites. To study the interactions between quarks should be calculated mathematically the
quark propagator which is the inverse of the Dirac operator. It is important to build in lattice a theory
with chiral fermions as chiral symmetry is characteristic of strong interactions. Therefore it should
be made inversion of the chiral Dirac operator in the lattice which has high complexity [14]. On
the other hand, as the lattice volume is increased and simulations are repeated for a large number of
statistically independent configurations, it significantly increases the need for computational power.
An efficient way to solve this problem is development of fast inversion algorithms in order to gain
time and computational cost. In this work we develop in fact prototypes of algorithms that are using
high-end computing as our contribution to QCDLAB package [2],[3] for simulating chiral fermions.
This package, a MATLAB/OCTAVE based environment, allows fast prototyping of linear algebraic
computations and thus accelerates the process of finding the most efficient fermion algorithm.
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2 Chiral fermions on the lattice
The simulation of LQCD with chiral fermions is very important for the development of the theory of
elementary particles. There are two formulation of chiral fermions on the lattice:
• Domain wall fermions [10], [9]

• Overlap fermions [14],[12],[11]

This two formulations are closely related [1], the truncated overlap variant of domain wall fermions [4]
are equivalent to overlap fermions at any lattice spacing in four dimensions [5]. The main challenge
in numerical simulations of LQCD with chiral fermions is solving large linear system of equations:
Dx = b

(1)

where D is the chiral Dirac operator (a sparse and large matrix), b the right side or the source of quarks
and x are the quark propagator. The chiral Dirac operator is representing by the Neuberger operator
(overlap operator), which is a shifted unitary matrix of the form [13].
DN = c1 I − c2 V

(2)

1

where V = A(A+ A)− 2 is a unitary matrix, I unit matrix and A = M − aDW . DW is Wilson-Dirac
operator which has form:
1
(3)
DW = Σµ [γµ (∂µ ∗ + ∂µ ) − a∂µ ∗ ∂µ ]
2
where ∂µ and ∂µ ∗ are the nearest-neighbour forward and backward difference operators. These operators are 3x3 unitary matrices with determinant one. A set of these matrices forms a configuration. γµ ,
(µ = 1, ..., 5) are 4x4 matrices related to the spin of particles.
Also, the Neuberger operator can be written from the sign function [13] as below:
DN = c1 I − c2 γ5 sign(HW )

(4)

where HW = γ5 (M − aDW ).
In order that sign function to be non-trivial, the Wilson-Dirac operator should be indefinite. Thus,
its bare mass M should be sufficiently negative, usually it is taken in the interval (−2, 0). a is the lattice
spacing, c1 and c2 are two constants that are related with bare quark mass mq from:
c1 =

1 + mq
1 − mq
, c2 =
2
2

(5)

3 Development of algorithms in 2 dimensions
Simulation of lattice theory with U(1) group symmetry, the case of the Quantum Electrodynamics, in
two dimensional space-times has always been a testing ground for development of new algorithms.
The complexity of chiral Dirac operator is now of order 2N, where N are the lattice points. For
development of new algorithms we use QCDLAB, which is a research tool for lattice QCD algorithms
[2], [3]. We use here, the version QCDLAB 1.0 [2] with the Schwinger model on the lattice, which
shares many features and algorithms with lattice QCD. The time of inversion in the standard Krylov’s
inversion algorithms [7] escalate with the inverse of quark mass known as critical slowdown. Thus
arises the need of building an inversion algorithm for chiral fermions that avoids critical slowing.
One method to reduce the critical slowing down is to use the preconditioned algorithms [7].In [8]
the preconditioned is built upon an inaccurate approximation to the sign function, while we use as the
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preconditioned part the approximation of the overlap operator with the truncated overlap operator with
finite N3 dimension. Thus, in order to develop fast algorithms, we use the truncated overlap variant
of domain wall fermions in 2 + 1 dimensions with the extra finite dimension N3 . Using this idea we
have developed an algorithm called the preconditioned GMRESR in [15] which converges faster than
optimal algorithms used in simulations with chiral fermions.In essence the preconditioned GMRESR
follows two levels;

• First level: The preconditioned part. Compute approximate solution for the linear system using
the equivalent of the overlap operator, the truncated overlap operator in 2 + 1 dimensions with an
extra finite N3 dimension using small accuracy. In this case we have used the CGNE (Conjugate
Gradients on Normal Equations) algorithm as an known optimal solver.

• Second level:Find the true residual using the real overlap operator in N3 infinite dimension, and use
this residual to control the residual of the first step in each iteration.These two levels will continue
in cycle still is reached a specific tolerance.

In [15] this algorithm is developed for a single coupling constant of the gauge field in 32x32 lattice
volume. In this paper we test it for larger lattice volume 64x64. For compare purposes, we use also
another optimal inversion algorithm of chiral fermions such as SHUMR (Shifted Unitary Minimal
Residual) [6]. We have carried out numerical simulations for 100 statistically independent gauge field
configurations with three values of coupling constant β = 1.0, β = 1.1 and β = 1.2 in 64x64 lattice
volume using the preconditioned GMRESR.

4 Results

For each coupling constant simulations are performed for different quark masses mq =
[0.5, 0.45, 0.4, 0.35, 0.3, 0.25, 0.2, 0.15, 0.1, 0.05, 0.01]. The same numerical simulations are performed with SHUMR algorithm. We have compared the convergence history of the residual norm of
the preconditioned GMRESR algorithm with the SHUMR algorithm. We have calculated the number
of the Wilson-Dirac operator multiplications till convergence and the residual norm for 100 independent gauge fields configurations. In Figure 1, Figure 2, Figure 3 we present graphical results of the
history of the convergence for each algorithm for three values of coupling constant and for quark mass
0.01.
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Figure 1. The convergence history of the residual norm as the function of the number of Dirac-Wilson multiplications for SHUMR and the preconditioned GMRESR inverting chiral Dirac operator on 64x64 lattice background
U(1) field at coupling constant β = 1.0 and quark mass mq = 0.01(in lattice unit).

Figure 2. The convergence history of the residual norm as the function of the number of Dirac-Wilson multiplications for SHUMR and the preconditioned GMRESR inverting chiral Dirac operator on 64x64 lattice background
U(1) field at coupling constant β = 1.1 and quark mass mq = 0.01(in lattice unit).
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Figure 3. The convergence history of the residual norm as the function of the number of Dirac-Wilson multiplications for SHUMR and the preconditioned GMRESR inverting chiral Dirac operator on 64x64 lattice background
U(1) field at coupling constant β = 1.2 and quark mass mq = 0.01(in lattice unit).

As we can see from graphical results in Figures 1, 2, 3, the preconditioned GMRESR algorithm
converges faster than SHUMR for different coupling constant. From Figure 1 for quark mass 0.01 and
coupling constant 1.0 we can save a factor of 12. From Figure 2 for quark mass 0.01 and coupling
constant 1.1 we can save a factor of 7. From Figure 3 for quark mass 0.01 and coupling constant 1.2
we can save a factor of 7. Also for different coupling regimes the preconditioned GMRESR algorithm
converges faster than SHUMR almost with the same factor.

5 Conclusions
The preconditioned GMRESR algorithm is the most promising inversion algorithm for LQCD simulations with chiral fermions. We first proposed this algorithm in [15]. In this paper we tested it for
different coupling constant on 64x64 lattice volume. It showed that the preconditioned GMRESR converges quickly, 2 to 12 faster than the optimal algorithm SHUMR even for different coupling constant,
which makes the results of this algorithm more stable. This are very promising results to developed
in the future the preconditioned GMRESR algorithm in 4 dimensional QCD, so in SU(3).
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