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Abstract. The pairing correlations in odd-A nuclei are analyzed in the mean field approximation and beyond.
In particular the role of symmetry conservation is investigated. We find that particle number projection after the
variation (PN-PAV) has little effect on the pairing correlations specially in the weak pairing regime. This is in
contrast to the variation after particle number projection (PN-VAP) approach where a strong effect is found. The
situation is specially critical in odd nuclei because the pairing correlations vanish due to the blocking effect and
the Hartree-Fock-Bogoliubov wave function collapses to the Hartree-Fock one. The PN-VAP, however, handles
perfectly the exact blocking providing highly correlated wave functions. The role of the angular momentum
projection is studied only in the PAV approach. We find small changes of the pairing correlation, at least at
small angular momentum. In the calculations we use the Gogny interaction well suited to this kind of studies.

1 Introduction

Pairing correlations play a predominant role in the de-
scription of nuclear phenomena [1]. Basic approaches
like the mean field (MF) only provide a realistic descrip-
tion when the superfluidity is incorporated into the theory.
The success of the BCS approach and the Hartree-Fock-
Bogoliubov (HFB) theory are good examples of it. The
consideration of pairing correlations provides a qualitative
difference in the description of basic properties like odd-
even mass differences, spectra of even-even and odd-even
A nuclei and dynamical masses -e.g. moments of inertia-
to mention a few. The great breakthrough of the BCS was
to consider the symmetry breaking mechanism to include
particle-particle correlations in a product (of quasiparti-
cles) wave function. Another example of the fruitful idea
is the angular momentum. In this case the breaking of the
rotational symmetry allows to describe deformed nuclei by
simple product wave functions.

BCS and HFB theories, however, have some draw-
backs like the pairing collapse in the weak pairing regime
and the non-conservation of the particle number (PN) and
angular momentum (AM) symmetries. To overcome these
problems and at the same time to benefit from the simplic-
ity of product wave functions the symmetry conserving
mean field (SCMF) approach has been developed [2–4].
In this theory use is made of the projectors technique to
obtain eigenstates of the particle number operator and the
angular momentum from symmetry breaking HFB wave
functions [5]. At this point it is important to recall the
two ways to recover a symmetry. They differ in the way
the matrices (U,V) of the Bogoliubov transformation, see
Eq. (1) below, are determined. The simplest way is the
so-called projection after variation (PAV). In this approach
the matrices (U,V) are determined by minimizing the HFB
∗e-mail: j.luis.egido@uam.es

energy and only afterwards the HFB wave function is pro-
jected to calculate the different observables. In the more
demanding variation after projection (VAP), (U,V) are de-
termined by minimizing the projected energy. Obviously
only the latter one provides a selfconsistent determination
of (U,V) compatible with the symmetries of the system.
An inherent failure of the PAV approach is that the pairing
collapse in the weak pairing cases cannot be avoided.

The SCMF wave funtions are the building blocks of
the modern beyond mean field (BMF) approaches recently
developed with the Skyrme, Gogny and relativistic ef-
fective interactions [6–9]. In these theories a basis of
SCMF wave funtions is provided by the generator coor-
dinate method (GCM) using as coordinates the most rel-
evant nuclear degrees of freedom [10–15]. The Hamilto-
nian eigenstates are developed in this basis and the mixing
coefficients determined by the variational principle. These
developments are called symmetry-conserving configura-
tion mixing (SCCM) approaches and have been applied
mostly to even-even nuclei. Attempts to extend these ap-
proaches to odd-even and odd-odd nuclei are underway
[16–18]. This task is not easy because odd nuclei are far
more complicated to deal with. Even at the mean-field
level like in the HFB theories, odd nuclei are numerically
cumbersome and to calculate ground states one must try
several spins, parity, etc. Furthermore, the blocked struc-
ture of the wave function entails the breaking of the time-
reversal symmetry and triaxial calculations must be per-
formed. An important problem not to be overlooked in
SCCM calculations is the fact that the blocked structure
of the wave function favors the quenching of the pairing
correlations. That means, if in some basis states of the
GCM linear combination the pairing collapses, the dynam-
ical correlations introduced by the diagonalization of the
associated Griffins-Hill-Wheeler equation will be wrong.
To investigate this fact in this paper we study the even-odd
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nucleus 27Mg in the SCMF approach using as generator
coordinates the quadrupole deformation parameters (β, γ)
in the PAV and VAP approaches. In the calculations we
use the Gogny interaction [19, 20], which is well suited to
deal with the pairing correlations.

2 Theory

Our starting approach is the HFB theory [5]. As a mean-
field approximation the HFB wave function |φ〉 is a product
of quasi-particles αρ defined by the general Bogoliubov
transformation

α†ρ =
∑
µ

Uµρc
†
µ + Vµρcµ, (1)

where c†µ, cµ are the particle-creation and -annihilation op-
erators in the reference basis, in our case the Harmonic
Oscillator one. U and V are the Bogoliubov matrices to
be determined by the Ritz variational principle. In our
approach we have imposed the simplex, Π1 = P̂e−iπJx ,
which allows to characterize the blocking structure of odd
and even nuclei [2, 21]. The index µ runs over the states
{1, 2, ...,M, 1, 2, ...,M}. The states α†m have simplex +i and
α†m have −i.

The wave function of the ground state of an even-even
nucleus is given by1

|φ〉 =
2M∏
µ=1

αµ|−〉 =
M∏
µ=1

αmαm|−〉, (2)

with |−〉 the particle vacuum. The quasiparticle vacuum
|φ〉 is defined by

αµ|φ〉 = 0, µ = 1, ..., 2M, (3)

and has simplex +1. The quasiparticle excitations

|φ̃〉 = α†ρ1
|φ〉 (4)

correspond to odd-even nuclei. They can be written as
vacuum to the quasiparticle operators α̃ρ,

α̃ρ|φ̃〉 = 0, ρ = 1, ..., 2M. (5)

The 2M operators {α̃†ρ} are obtained from the set {α†µ} by
replacing the creation operator α†ρ1 by the annihilation op-
erator αρ1

, the other 2M − 1 operators remain unchanged.
In this work we are interested in the nucleus 27Mg. We
therefore consider wave functions of the form

|φ̃π〉 = α†ρ1

2M∏
µ=1

αµ|−〉. (6)

with ρ1 a neutron state. Notice that in the running product
of Eq. (6), orbitals with the same parity are occupied pair-
wise, therefore the parity, π, and the simplex of the state
|φ̃π〉 are those of the blocked level α†ρ1 . One can, of course,

1The quasiparticle operators that annihilate trivially the particle vac-
uum are to be omitted from the product.

block a state with positive or negative simplex, but since
we do not break time reversal explicitly both possibilities
are degenerated.

Though the state |φ̃〉 has the right blocking structure,
since the Bogoliubov transformation mixes creator and an-
nihilator operators and states with different angular mo-
menta, |φ̃〉 is neither an eigenstate of the particle number
nor of the angular momentum operators. As with even-
even nuclei, to recover the symmetries one has to project
to the right quantum numbers, see [5]. In the spirit of the
SCMF approach, our ansatz is

|ΨN,I,π
M,σ 〉 =

∑
K

gI
KσPN PI

MK |φ̃π〉, (7)

the parameters gI
Kσ and the matrices {Ũ, Ṽ} of the Bo-

goliubov transformation are determined by the variational
principle

δEN,I,π = δ
〈ΨN,I,π

M |ĤP̂N PI
M |Ψ

N,I,π
M 〉

〈ΨN,I,π
M |P̂N PI

M |Ψ
N,I,π
M 〉

= 0. (8)

This way of solving the SCMF approach is called vari-
ation after projection of the particle number and angu-
lar momentum, PNAM-VAP. Unfortunately this equation
is too complicated to be solved with effective interac-
tions, as in our case, and for large configuration spaces.
There are several ways to approximate the exact solution
of Eq. (8). The simplest way would be to minimize the
HFB energy, i.e., determine (Ũ, Ṽ) and then perform the
projections, i.e. the so-called projection-after-variation
(PAV). This method does not provide a good approxima-
tion. A much better approach is the following: From even-
even nuclei one knows that PN-VAP (that means, solving
Eq. (8) projecting only on the particle number) is feasi-
ble while AM-VAP is very CPU-time consuming. The ap-
proach of solving the PN-VAP variational equation to find
the self-consistent minimum and afterwards to perform an
AM-PAV is not very good because the AMP is not able
to exploit any degree of freedom of the HFB transforma-
tion and self-consistency with respect to the AMP is not
guaranteed. An intermediate way is to perform an approx-
imate AM-VAP approach by solving the variational PN-
VAP equation for a large set of relevant wave functions
as to cover the sensitive degrees of freedom. Afterwards
an AM-PAV to this set of wave functions will determine
the absolute minimum among these states for different an-
gular momenta. We choose the deformation parameters
(β, γ) as the additional degrees of freedom. Notice that
this method guarantees, at least, AM-VAP self-consistency
with respect to these relevant quantities. Therefore, in or-
der to obtain a grid of wave functions we minimize the
PN-VAP constrained energy

E′[φ̃π] =
〈φ̃π|ĤP̂N |φ̃π〉
〈φ̃π|P̂N |φ̃π〉

− 〈φ̃π|λq0 Q̂20 + λq2 Q̂22|φ̃π〉, (9)

with the Lagrange multiplier λq0 and λq2 being determined
by the constraints

〈φ̃π|Q̂20|φ̃π〉 = q0, 〈φ̃π|Q̂22|φ̃π〉 = q2. (10)
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The relation between (β, γ) and (q0, q2) is given by β =√
20π(q2

0 + 2q2
2)/3r2

0A5/3, γ = arctan(
√

2q2/q0) with r0 =

1.2 fm and A the mass number. The minimization of
Eqs. (9-10) is performed with the conjugated-gradient
method [22].

The next step is the simultaneous particle-number and
angular-momentum projection (PNAMP) of each state
|φ̃π(β, γ)〉 that conforms the (β, γ) grid,

|ΨN,I,π
M,σ (β, γ)〉 =

∑
K

gI
KσPN PI

MK |φ̃π(β, γ)〉

=
∑

K

gI
Kσ|IMK, π,N, (β, γ)〉, (11)

where the coefficients gI
Kσ are variational parameters.

They are determined by the energy minimization which
provides a reduced Hill-Wheeler-Griffin [23] equation

∑
K′

(HN,I,π
K,K′ − EN,I,π

σ NN,I,π
K,K′ )gI

K′σ = 0. (12)

where HN,I,π
KK′ and NN,I,π

K,K′ are the Hamiltonian and norm
overlaps defined by

HN,I,π
K,K′ = 〈IMK, π,N, (β, γ)|H|IMK′, π,N, (β, γ)〉(13)

NN,I,π
K,K′ = 〈IMK, π,N, (β, γ)|IMK′, π,N, (β, γ)〉.(14)

The presence of the norm matrix in Eq. (12) is due
to the non-orthogonality of the states |IMK, π,N, (β, γ)〉.
Eq. (12) is solved by standard techniques [5]. Notice that
at each (β, γ) point one can have several eigenvalues EN,I,π

σ

labeled by σ, the lowest solution corresponds to σ = 0.
The solution of Eqs. (12) in the (β, γ) grid for differ-

ent angular momenta and parity provides EN,I,π
σ (β, γ) as a

function of (β, γ), I, π and σ. This energy can be written
as

EN,I,π
σ (β, γ) =

〈ΨN,I,π
M,σ (β, γ)|H|ΨN,I,π

M,σ (β, γ)〉
〈ΨN,I,π

M,σ (β, γ)|ΨN,I,π
M,σ (β, γ)〉

, (15)

which obviously represents the potential energy surface
(PES) of the projected energy in the (β, γ) plane for the
given quantum numbers. This projected PES differs from
the usual mean field PES and is angular momentum (I),
parity (π) and state (σ) dependent. The minimum value
of EN,I,π

σ (β, γ) in the PES provides the energy and the de-
formation parameters (βmin, γmin) of the state characterized
by the quantum numbers (I, π, σ) in this approximation.
Its wave function is given by |ΨN,I,π

M,σ (βmin, γmin)〉. Notice
that by changing the values of I and π we can calculate
the spectrum built by the lowest states of a given spin and
parity.

In the precedent approach to generate the states
|φ̃π(β, γ)〉 we have use the PNVAP approach solving
Eq. (9). In this case the pairing degree of freedom is
treated fully self-consistently with the conservation of the
particle number. This approach is rather time consuming
and simpler approximations are often used in the litera-
ture to produce the states |φ̃π(β, γ)〉. The most popular is
the constrained HFB approximation in which the HFB en-
ergy, given by an expression similar to Eq. (9) but without

the projector P̂N , is minimized. Two additional constraints
on the number of protons and neutrons have to be added
to keep the right number of particles at least on the aver-
age. We will call this approach the HFB approach. Since
the use of the HFB method only affects the wave func-
tions |φ̃π(β, γ)〉 the rest of the procedure, i.e, the solution
of Eqs. 12, is the same in the PNVAP and in the HFB ap-
proach. As mentioned in the Introduction is this paper we
want to elucidate how good the HFB approach is as com-
pared to the PNVAP in the SCMF and in SCCM calcula-
tions.
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Figure 1. Potential energy surfaces in the (β, γ) plane for 27Mg
in several approaches.

3 Results

In the calculations the intrinsic many body wave func-
tions |φ̃(β, γ)〉 are expanded in a Cartesian harmonic os-
cillator basis and the number of spherical shells included
in this basis is Nshells = 6 with an oscillator length of
b = 1.01A1/6. The (β, γ) grid of equilateral triangles
contains 116 points. The angular momentum projection
has been done with the set of integration points in the
Euler angles (Nα = Nβ = Nγ = 32) in the intervals
α ∈ [0, 2π],β ∈ [0, π],γ ∈ [0, 2π]. The number of points
to perform the integral of the particle-number projection
is 11. In the calculations we use the Gogny interaction
[19] with the D1S parameterization [20]. We consider
all exchange terms of the interaction, the Coulomb force
and the two-body correction of the kinetic energy to avoid
problems with the PNP [24]. Concerning the density de-
pendence of the force we adopt the projected density pre-
scription for the PNP and the mixed one for the AMP, for
further details see for example Refs. [8, 11, 25].

As an example we present in Fig. 1 contour plots of the
potential energy surfaces for the nucleus 27Mg calculated
in several approaches. In the PN-VAP approach be means
of Eq. (9) and in the PNVAP+PNAMP case by Eq. (15). In

3
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the HFB case we solve Eq. (9) but without the PN projec-
tor and in HFB+PNAMP case by Eq. (15) using the cor-
responding intrinsic wave functions. The wave functions
used to calculate the HFB surface are neither eigenfunc-
tions of the particle number nor of the angular momen-
tum. Those of the PNVAP conserve the particle number
but not the angular momentum. Finally, the ones of the
HFB+PNAMP and PNVAP+PNAMP conserve both sym-
metries. The angular momentum and parity I = 1/2+ cor-
responds to the ground state of this nucleus (see Ref. ([17])
for a detailed description). The HFB and PNVAP ap-
proaches predict an axially symmetric ground state (β ≈
0.3) though rather soft in γ. The angular momentum pro-
jection shifts the minimum to a triaxial shape and a larger
deformation (β ≈ 0.4). The HFB+PNAMP minimum is
more triaxial (γ = 30o) than the PNVAP+PNAMP one
(γ = 20o) and softer in the oblate direction. To analyze the
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Figure 2. Contour plots of the absolute value of the proton pair-
ing energies in the (β, gamma) plane in several approaches. The
color code is panel dependent.

quality of the HFB approach in the (β, γ) plane we now
study the pairing correlations in the different approaches,
see Ref. [26] for a precise definition in BMF approaches.
In Fig. 2 we show the absolute value of the pairing en-
ergies for protons, in the top panels in the HFB and the
PNVAP approaches. The most striking aspect is that in
the HFB case the pairing correlations vanish or are very
small in large areas of the (β, γ) plane at variance with
the PNVAP approach where the smallest value is 2.5 MeV.
At first glance it may be surprising that, though quantita-
tively very different, the pairing energies in the HFB and
the PNVAP approach look qualitatively similar. This is
however expected, since pairing correlations are primar-
ily determined by the level density and this is fixed by
the (β, γ) deformation parameters. In the lower panels of
Fig. 2 the projected versions are displayed. In the PN-
VAP+PNAMP by comparison with the PNVAP panel we
can observe the effect of angular momentum projection.
Though the PNVAP+PNAMP provides somewhat larger

pairing than the PNVAP in some areas, both plots are very
similar. This result is for I = 1/2+. For larger values of the
angular momentum greater deviations are expected. In the
HFB+PNAMP case where we can learn about the effect of
the PNP after the variation by comparison with the HFB
panel we find that there are only small changes. This is to
be expected since in the HFB case the pairing correlations
are either zero or rather small.
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Figure 3. Same as Fig. 2 for neutrons.

In the neutron channel we anticipate a generalized low-
ering of the pairing correlations due to the blocked neu-
tron. This can be observed in Fig. 3 where the neutron
pairing energies are represented. We find that even in
the PNVAP case the pairing correlations are reduced by
about 30% as compared with the protons. In the HFB
case we find again large areas where the pairing collapse
takes place. We also observe that in this case the qual-
itative resemblance found in the proton channel between
the HFB and the PNVAP pairing correlations is less pro-
nounced. Apparently the VAP treatment is able to change
the blocked structure as compared with the HFB one. We
can appreciate the impact of the blocking effect by look-
ing at the neutron energies in the even-even nucleus 28Mg
shown in Fig 4. Here we find smaller pairing energies in
HFB as compared with the PNVAP approach, but there
is a big difference as compared with 27Mg, namely that
the areas where the pairing collapse takes place are much
smaller.

It is important to notice, by looking at the
HFB+PNAMP panel of Fig. (1), that in large areas and
in particular around the energy minimum the pairing cor-
relations for protons and neutrons are either zero or small,
at variance with the PNVAP+PNAMP approach. This will
have a great impact on the SCCM approaches, mentioned
in the Introduction, used for full spectroscopy [9]. In these
approaches the wave function is given by

|ΨN,I,π
M,σ 〉 =

∑
K,β,γ

gI
Kσ(β, γ)PN PI

MK |φ̃π(β, γ)〉. (16)
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Figure 4. Neutron pairing energies for 28Mg in the HFB and the
PNVAP approches.

That means the previous states |φ̃π(β, γ)〉 are considered
as basis states. The collapse of the pairing correlation for
many (β, γ) values will have a strong impact in SCCM cal-
culations not only locally, as in the SCMF calculations,
but also on the dynamical correlations (i.e. the associated
masses). To gauge this impact we have performed some
calculations in the simpler SCMF approach. Though we
know that in the SCMF theory additional correlations are
missing for a good description of excited states, to inves-
tigate the impact of a proper treatment of the pairing cor-
relations on the spectrum we now solve Eq. (12) for spin
values 1/2, 3/2, 5/2, ... and positive and negative parity in
the HFB+PNAMP and PNVAP+PNAMP cases. The cor-
responding spectrum is plotted in Fig. 5. Though the level
ordering is the same in both approximations we find large
differences in the spacing. In particular we find that the
HFB+PNAMP provides a much more compressed spec-
trum as the PNVAP+PNAMP approach.
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Figure 5. Spectrum of the nucleus 27Mg in the HFB+PNAMP
and the PNVAP+PNAMP.

In conclusion, we have presented a study of the pairing
correlations in odd-A nuclei in the framework of the sym-
metry conserving mean field approximation with the effec-
tive Gogny force. We have analyzed for 27Mg the pairing
correlations in the (β, γ) plane with the striking result that

in the HFB approach they collapse or are very small for
many points of the grid, in contrast to the variation after
projection approach. We illustrate the difference of both
approaches in the case of the excitation spectrum.
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