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Abstract. This paper is interested in solution of two-dimensional aeroelastic problems. Two mathematical
models are compared for a benchmark problem. First, the classical approach of linearized aerodynamical
forces is described to determine the aeroelastic instability and the aeroelastic response in terms of frequency
and damping coefficient. This approach is compared to the coupled fluid-structure model solved with the aid
of finite element method used for approximation of the incompressible Navier-Stokes equations. The finite
element approximations are coupled to the non-linear motion equations of a flexibly supported airfoil. Both
methods are first compared for the case of small displacement, where the linearized approach can be well
adopted. The influence of nonlinearities for the case of post-critical regime is discussed.

1 Introduction

There are many technical or scientific applications in a
wide range of technical disciplines, where the mathemati-
cal modelling of fluid-structure interaction (FSI) problems
is important. Let us mention for instance a wide range of
aeroelastic tools used in aerospace engineering to investi-
gate the aircraft safety, see e.g. [1], aeroelastic stability of
bridges in civil engineering, see e.g. [2], or scientific ap-
plications in biomechanics, e.g. [3] or [4]. The classical
aeroelastic approach based on the asymptotic aeroelastic-
ity is fast, efficient and reliable for thin airfoils, see e.g.
[5], and that is why it is still very popular in the technical
practice.

The aeroelasticians in practice use the linearized meth-
ods to find the solution of aeroelastic problems usually in
terms of the prediction of the aeroelastic instability, see
[6]. The use of linearized aecrodynamics allows to deter-
mine the aeroelastic asymptotic stability in terms of the
critical velocity, damping and frequency graphs, see [1],
[7], or [8]. Although similar approaches are well studied
it needs to be mentioned that the asymptotic stability de-
termines the critical velocity, but does not guarantee the
safety, see [9, 10]. The external excitation can lead to
transient growth and consequently to the structural fail-
ure, although the system is aeroelastically stable. Thus
the use of an alternative accurate aeroelastic simulations
is very attractive because it reduces the development risk,
the number of experiments and the possibile future design
modifications. which could provide additional information
to that one provided from the linearized approach.
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However, the mathematical modelling of FSI problems
in general is much more complicated, because one needs
to consider the viscous possibly turbulent flow which is
moreover in the interaction with the nonlinear behavior of
the elastic structure. Moreover, the time changes of the
flow domain due to the vibrating structure cannot be ne-
glected and the methods applicable on moving domain or
meshes must be employed, see e.g. [11]. Last, the coupled
fluid-structure system for the fluid flow and for the oscil-
lating structure needs to be solved simultaneously using a
coupled strategy at any time instant, which possibly can
create an artificial instability of such a scheme, see e.g.
[12].

In applications the FSI problems are usually solved
with the aid of the so-called partitioned or de-coupled ap-
proach, which approximates the fluid flow and structure
motion by different solvers. The coupling is then en-
forced by using suitable conditions prescribed at the fluid-
structure interface. These approaches can be characterized
further either as strongly coupled scheme (if subiterations
are used to enforce the interface conditions) or as loosely
coupled one. Such aloosely coupled scheme was used e.g.
in [13] for FSI problems tested on a proposed benchmark
problem and the unconditional stability was derived based
on an energy estimate. Nevertheless the loosely coupled
algorithms were observed in many cases to be instable due
to the poor fluid-solid coupling, see [12]. In order to get a
stable scheme either the partitioned approach with relaxed
strongly coupled algorithm or the monolithic approaches
can be used, cf. [14, 15] or [16]. Nevertheless, the high
fidelity aeroelastic models are still very demanding to be
solved and thus its direct use in industry is rather rare, see
[17].

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution
License 4.0 (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Elastically supported airfoil with two degrees of freedom
bending & and pitching « (on the left). Airfoil in undeformed
position showing the elastic axis (EA) and center of gravity (CG)
(on the right).

For the solution of each part in FSI problem a suit-
able numerical method needs to be applied. One of the
most popular methods is the finite element method, but
in its application for numerical simulation of incompress-
ible flow problem one must overcome several sources of
instabilities. Particularly, the possible instability caused
by the incompatibility of the pressure and velocity pairs
of finite elements needs to be taken into account, see e.g.
[18], [19]. Furthermore, the other instability is caused by
the dominating convection terms, see [20]. Let us men-
tion that there is also another not so well-studied instability
source in the Galerkin discretization method which is re-
lated to the possible poor resolution of pressure, see [21],
[22], [23]. For the case of high Reynolds numbers the tur-
bulence effects should be also taken into account using a
wide variate of the mathematical models, see e.g. [24],
[25], [26], [27] or [28] as few examples how to include a
turbulence model in the numerical simulation.

The other thing is that for approximation of FSI prob-
lem the applied numerical method should be able to treat
the moving domain/meshes. The most popular method is
the arbitrary Lagrangian-Eulerian(ALE) method, see [29].
There are several possibilities how to apply the finite ele-
ment method, see [30]. Usually in order to provide higher
order accuracy or stability some additional assumptions on
the ALE are required, see [31], [32]. Particularly the so-
called geometrical conservation law is important, see [33].

In this paper the numerical analysis of an interaction
of the incompressible viscous flow with a vibrating airfoil
is considered, see e.g. [30], [34] or [35]. The attention is
paid to an approximation on moving meshes with the aid
of suitable arbitrary Lagrangian-Eulerian(ALE) method.
For the case of high Reynolds numbers anisotropically re-
fined mesh is used and the choice of the stabilizing param-
eters is discussed. Two finite element pairs are considered
for the numerical approximation and the stabilization pro-
cedure for both of them is presented based on the so-called
residual based stabilization, see e.g. [23]. A benchmark
problem of mutual interaction of the airflow and a flexi-
bly supported airfoil with two degrees of freedom (2DOF)
(the bending and the torsion modes) is considered. The

c

Fig. 2. Elastically supported airfoil with two degrees of freedom
bending £ and pitching @ (on the left). Airfoil in undeformed
position showing the elastic axis (EA) and center of gravity (CG)
(on the right).

problem is solved using a partitioned scheme with strongly
coupled/loosely-coupled scheme. The problem of the so-
lution of the non-linear flow problem per-each time step
is discussed. The paper is organized as follows: first the
mathematical model is presented, then the weak form suit-
able for application of the finite element method is intro-
duced, then the numerical approximation is presented and
the numerical results are shown.

2 Structure vibrations

In this paper an airfoil section that can be vertically dis-
placed by i (downwards positive) and rotated by angle «
(clockwise positive) is considered, see Fig. 1. These two
degrees of freedom A and « are also called the bending
and the pitching, respectively. The nonlinear equations of
motion then read (see [30])

mh+ 8, & cosa —S,d°sine + kyh = =L@), (1)
Sohcosa + Iy + koo = M(1).

where m is the mass of the airfoil, S, is the static moment
around the elastic axis (EA), and I, is the inertia moment
around EA. The parameters kj, and k, denote the stiffness
coefficients. On the right-hand side the aerodynamical lift
force L(¢) and aerodynamical torsional moment M(¢) are
involved.

Under the assumption of small displacements (i.e. @ =
0, sina ~ 0 and cos @ ~ 1) the system of equations can be
linearized as

mh+ S @+ kyh = —L(2), 2)
Soh+ L + koo = M(2).

In order to solve system of ordinary differential equations
(1) or (2) the aerodynamical lift force L(¢) and the aerody-
namical moment M(f) needs to be evaluated for any time
instant . These aerodynamical quantities can be expressed
with the aid of flow quantitiesas pressure p, flow velocity
u, fluid density p and fluid kinematic viscosity v, or using
a suitable aerodynamical model.

The system of equations (2) is also completed by the
prescription of suitable initial conditions at fp = O for
a(to), h(to), &(to) and h(1p).
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3 Aerodynamical model

Two aerodynamical models are considered in this paper.
First, the aerodynamical forces are determined with for the
case of a thin oscillating airfoil with focus on the deter-
mination of the aeroelastic stability of a vibrating airfoil.
Using the asymptotic stability approach only the critical
velocity needs to be determined, which is characterized as
the flow velocity for which the airfoil starts to harmoni-
cally oscillate. This means that the applied aerodynamical
model does not have to describe the aerodynamical forces
in general but only for the case of harmonically vibrating
airfoil.

Second, the aerodynamical forces are evaluated using
the surface integral of the density of the aerodynamical
forces obtained from the flow velocity and pressure. The
flow velocity and pressure are then assumed to be solution
of the incompressible Navier-Stokes equations. The solu-
tion of the Navier-Stokes equations is approximated using
a stabilized finite element method.

3.1 Linearized model.

The first model of the linearized aerodynamics is based on
the assumption of thin airfoil, for which the aerodynami-
cal forces acting on the harmonically oscillating airfoil can
be evaluated. Using the potential function approach, con-
formal transformation and writting the solution in terms
of known analytical solutions, the aerodynamical lift force
and moment can be expressed, [7]. Moreover, these aero-
dynamical forces depend only on the reduced frequency
k = bw/U and the far field velocity U, (see [8]) as

L .
— = b(h—dui + Usa)
b
+ 2UC(k) (h + Usa + d,d)
, 3)
M N ,
w = (dmh - (§ +d,)a — de,a)
2Uq . .
+ = dCh) (h+ Usar + dict).

where x, denotes the distance of the elastic axis from the
leading edge, b = 5 denotes the midchord of the airfoil
(see Fig. 2, d, = xy - 4% is the distance of the elastic axis
from the aerodynamical center, d,, = xy — b is the distance
of the elastic axis from the midchord position, d; = %c —Xf
is the distance of the elastic axis from the 75 % of the
airfoil and C(k) is the Theodorsen function.

3.2 Incompressible Navier-Stokes equations

The flow velocity u and the pressure p needs to be deter-
mined for instance using a flow model. Here, the flow in
the bounded time-dependent domain Q; c R? is governed
by the system of incompressible Navier-Stokes equations

ou
ot

coupled with the continuity equation

p— +pV-@eu)+Vp-V-(2u(Vu+ (Vu)')) = 0, (4)

V-u=0, ©)

£lHz]

Fig. 3. The frequency of vibrating airfoil in dependence on the
far field velocity U, for the first considered aeroelastic prob-
lem. The results obtained by the linearized aerodynamical the-
ory (solid line) and by the finite element method (symbols) are
shown.

damping
|

Fig. 4. The aerodynamical damping in dependence on the
far field velocity U, for the first considered aeroelastic prob-
lem. The results obtained by the linearized aerodynamical the-
ory (solid line) and by the finite element method (symbols) are
shown.

where u = u(x, 1) is the flow velocity, p = p(x,1) is the
pressure, p is the constant fluid density p.,, and u is the
fluid viscosity. In order to treat the flow in time dependent
computational domain the arbitrary Lagrangian Eulerian
method is used, for the sake of brevity the description of
the ALE method is omitted here. The boundary of the
computational domain 9€, consists of mutually disjoint
parts I'; (inlet), I’y (outlet), I'y; (the moving part, vibrating
airfoil). The following boundary conditions are prescribed

a) u=wp only,

b) u=vponIy, (6)

1 B Ju
¢) -pn+-(u-n)u+v— =0, onlyp,
2 on
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where the domain velocity wp is on 'y, equal to the local
boundary velocity, u is the flow velocity, p is the kine-
matic pressure, r denotes the unit outward normal vector
to Q; and @~ = min(a, 0) denotes the negative part of a real
number @. The computations start from the initial condi-
tion u(x, 0) = u°(x) for x € Q.

The aeroelastic lift force and aerodynamical moment
can be also determined using the flow velocity and pres-
sure, i.e. the aerodynamical force read

L=— f O'zjnde, (7)
Tw:
and the aerodynamical moment is given by
M:lf O'[jnjr?"dS, (8)
Tw:
where o;; = p[—péij+v(8xju,~+3xiuj)], = —(xp -
x5, Kt = x; — xPA, [ denotes the considered depth of

the airfoil section, and x*4 = (x4, x5*) is the position of

EA of the airfoil at the time instant ¢.

4 Numerical simulations

Here, two different approaches were used for numeri-
cal simulation using the two aerodynamical models men-
tioned above. First, the model of linearized aerodynamics
is used. In this case however two types of instability needs
to be considered, the static instability called the divergence
type of instability the dynamic type if instability known as
flutter. For the finite element method application we focus
here only on approximation of the fluid flow.

4.1 Linearized aerodynamics
4.1.1 Static instability.

First, we consider the problem of static instability (called
divergence type of instability). To this end we introduce
the non-dimensional lift coefficient ¢; defined as

L
cL=——o,
LT LpUe

where U, denotes the far-field flow velocity, ¢ denotes
the airfoil chord, p denotes the constant fluid density and
[ denotes the depth of the considered airfoil section (the
dimension of the airfoil section in the z-direction). Fur-
thermore, for the thin airfoil the lift coefficient (approxi-
mately) depends on the angle « linearly as

cL = 2n(a - ao),

where a( denotes the angle of attack of zero lift force,
which for the sake of simplicity is asssumed to equal
zero in what follows, i.e. @y = 0. Similarly, the non-
dimensional aerodynamical moment around the aerody-
namical center x4¢ (aerodynamical center is the point of

the airfoil for which the aerodynamical moment is inde-
pendent of the angle of attack «, for subsonic flow it is 1/4
of the airfoil) reads

Mac

CMHC = T 5 A
%pUiczl

The aerodynamical lift force then reads
L = npUZcla

and the aerodynamical moment with respect to the elastic
axis can be expressed as

1
M = EpUiczchac + L(Xf — Xgc).

Assuming the static case (i.e. @ = i = 0 similarly as the
second derivatives) and using the expressions for L and M
in (2) we get the homogenous system of linear equations

knh + npU%cla = 0, 9)
(ke = (3 = xae)mpU2eDar = 2pUR e
whose solution depends on the value
ko —(xp— xm.)ﬂpUi,cl.

If this value is non-zero, there exists a unique solution.
The interesting case is the zero value, which means that
there is no (unique) solution of the system and conse-
quently no static equilibrium exists. This means that the
system is aeroelastically unstable with the divergence type
of instability and the velocity Uy;, for which it occurs is
called the divergence type of instability. This velocity can

be expressed as
Udiv = ko
div = (xf — Xae)mpcl’

4.1.2 Flutter determinant and pk-method

Using the linearization (3) in the linearized system of
equations (1) leads to the system of two nonlinear equa-
tions with two parameters, the reduced frequency k and
the far field velocity Us. Based on this nonlinear system
the critical flutter velocity can be determined and using the
so-called p — k method the vibration frequency and damp-
ing for a given flow velocity U can be computed.

4.2 Finite element method for flow problem

In order to discretize the problem (4) in time, the equidis-
tant partition 0 = 7y < t; < --- < T, tp = kAt of the
time interval [0, T] is considered with the constant time
step At > 0. The time derivative in (4) is approximated by
the second order backward difference formula

Ou 3wt - 4wt +u!
ot li=ny ™ 2At '
The time discretized problem is than spatially discretized

by the finite element method. To this end the approxima-
tions u* and p* are sought in the finite element spaces W,

(10)
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and @y, respectively. In the practical computations these
spaces are defined with the aid an admissible triangulation
T of Q and the well known Taylor-Hood finite element is
used.

The discrete formulation contains the Galerkin terms
defined for any U = (u, p) and V = (¢, q) by

3
aU,V) = (TZ; tu- Vu,¢)
Q

(=p1+vVu,Vo)o + (V- u,q)a, (11)
4y — un—l
2 %)
The stabilization terms containing the SUPG/PSPG stabi-
lization are defined by

+

Jv)

LUV) = Zékx
KeT),

(3—” — vau+ - Vu+ Vp, (- Vg + Vq)
201 p ¥ ¥a)g
4un_un—l
V) = o2 w-V)p+Vq) .
F(V) K;Ik( @ Vet V),

and the stabilization term for div-div stabilization reads
PU, V) = Yker, Tk(V - u, V - @) with the choice of ok
and 7g according to [30]. This approach was previously
numerically verified on a number of benchmark problems,
see [30], and also it satisfy the optimal error estimates and
thus it should be more precise compared e.g. to the classi-
cal finite volume methods.

Then the non-linear stabilized discrete problem at a
time instant ¢ = "*! reads: Find p™*! = p, ™! = u,
U = (u, p) € W;, X O, such that u satisfies approximately
the conditions (6 a-b) and

a(UV)+ LU V)+PWU V)= f(V)+F(V), (12)

holds for all V = (¢, ¢) € X;,X Q). The solution of the non-
linear problem is realized by the Oseen linearization. The
nonlinear problem (12) is then coupled with the system (1)
and solved simultaneously.

0.3
02
01t |

017
02t
03l

0.4 ‘ ‘ ‘ ‘
1 0 0.2 0.4 0.6 0.8 1

SHbeNvioan

0 0.2 0.4 0.6 0.8

Fig. 5. Aeroelastic response in terms /A(¢) (on the left) and a(7)
(on the right) for U = 40m/s in dependence on the value of the
initial displacement of a/(0).

5 Numerical results

In this paper two aeroelastic problems were considered,
see [30] and [7]. The first one is an example of the di-
vergence type of instability and with the further increase
of the far field velocity the flutter type of instability oc-
curs. The numerical approximation of such an example

=
5

A onNn s o g
— e

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

o

Fig. 6. Aeroelastic response in terms A(#) (on the left) and a(¢)
(on the right) for U = 40m/s in dependence on the value of the
initial displacement of @/(0).

can be a little bit difficult particularly for the post-critical
velocities, where the behaviour of the aeroelastic is non-
linear and for instance its behaviour can be dependent on
the initial displacement. The second example is the clas-
sical flutter type of instability, where the instability occurs
due to the coupling between the two modes of bending and
torsion.

5.1 Divergence type of instability case

A model problem originally studied in [30] is considered
here. In this case the airfoil NACA 0012 was considered
in interaction with incompressible fluid with the constant
densityp = 1.225kg/m’, the fluid kinematic viscosity v =
u/p = 1.5 x 1073 m?s, the airfoil chord ¢ = 0.3 m, the
airfoil airfoil mass m = 1.7324 kg (related to the depth 1
m), the airfoil inertia moment /, = 0.0097458 kg m?, the
airfoil static moment S, = —0.015592 kg m, the bending
stiffness was k;, = 2102.2 N/ m and the torsional stiffness
k, = 73.912 N m / rad. The elastic axis was located at
40 percent of the airfoil chord measured from the leading
edge of the airfoil, x; = 0.4c = 0.12m and the center
of gravity of the airfoil was located at 37 percent of the
airfoil, i.e. x.; = 0.37c.

The flutter velocity was determined approximately as
42.5m/s, whereas the system becomes unstable due to
divergence type of instability at lower far field velocity
Us = 37.7m/s. The linearized approach prediction (re-
alized with the aid of MATLAB/Octave script) in terms
of aerodynamical damping and vibrations frequency is
shown in Fig. 3 in terms of frequency and in Fig. 4 in
terms of damping. In the graphs the flutter velocity 42.5
can be identified from the graph as the lowest positive ve-
locity with the zero damping coefficient. Further, the fi-
nite element method was applied on the same aeroelas-
tic problem and the similar results in terms of frequency
and damping was obtained for the sub-critical far field ve-
locities in the range 5 - 35 m/s, see Fig. 4. However,
with the increase of the far field velocity a difference can
be observed namely in the damping coefficient. This is
particularly due to the fact, that the applied numerical ap-
proach is able to capture the divergence type of instability,
which is not captured by the linearized approach. This
also corresponds well with the results for the post-critical
velocity U, = 40 m/s and different initial displacement
a(0) = 0.03,0.3, 3 and 6 degrees. The aeroelastic response
shown in Figs. 5, 6 have the typical divergence type of



EPJ Web of Conferences 180, 02104 (2018)
EFM 2017

https://doi.org/10.1051/epjcont/201818002104

instability behaviour, which especially for the initial dis-
placement of 6 degrees start to resemble rather the flutter
type of instability. The flutter velocity determined by the
linearized approach is however determined approximately
as 42.5 m/s, see Fig. 3-4. This decrease of the flutter veloc-
ity due to the high initial displacement can not be captured
by the linearized approach, but it well agrees with the real
physical phenomena.

5.2 Flutter instability case

For the second considered case the airfoil NACA 0012
was considered in interaction with incompressible fluid
with the constant densityp = 1.225kg/m’, the fluid kine-
matic viscosity v = u/p = 1.5 x 107> m?s, the airfoil
chord ¢ = 0.254 m, the airfoil airfoil mass m = 4.7174 kg,
the airfoil inertia moment I, = 0.029522 kg m?, the air-
foil static moment S, = 0.14978 kg m, the bending stiff-
ness was k; = 14741 N / m and the torsional stiffness
k, = 121.30 N m / rad. The elastic axis was located at
42.5 percent of the airfoil chord measured from the lead-
ing edge of the airfoil, x; = 0.425¢ = 0.10795 m and sim-
ilarly the center of gravity of the airfoil was located at 55
percent of the airfoil, i.e. x.; = 0.55¢ = 0.13970 m.

The aeroelastic system was investigated using the flut-
ter determinant and the flutter velocity was determined
as U, = 27.387m/s with the flutter frequency f =
9.3181 Hz. The application of the p — k method lead to the
determined flutter velocity U,,; = 27.8 m/s with the found
flutter frequency f = 9.4 Hz, which agrees well with the
flutter determinant method. Let us also mention that for
this case the divergence critical velocity is much higher
(Ugiv = 52.8 m/s) then the flutter velocity as the position
of the elastic is before the centre of gravity.

The finite element method was applied for solution of
this aeroealstic system for the prescribed far field veloci-
ties Uy = 5,10, 15,20,22,24,26 and 28 m/s. Results are
shown in Figures 9-16. The aeroelastic response agrees
well for lower flow velocities 5 — 20 m/s both in the fre-
quency and also the increase of the aerodynamicl damping
can be clearly observed, check Figures 9, 10, 11, 12.

6 Conclusion

This paper described two possible strategies of solution
of an classical aeroelastic problem. The first on based
on the classical approach of linearized aerodynamics was
susccessfully applied for solution of two aeroelastic prob-
lems from references. Its results were also compared to
the other method described in this paper, which is the fi-
nite element approximations of the FSI problem. Both ap-
proaches were found to be very similar in terms of the pre-
dicted frequency and damping for sub-critical velocities.
However for far field velocities close to the critical one it
was found that the latter approach based on the finite ele-
ment method can be influenced by the nonlinearities pre-
sented in the system as large displacements, high initial
displacement etc.
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Fig. 7. The frequency of vibrating airfoil in dependence on the
far field velocity U, for the second considered aeroelastic prob-
lem. The results obtained by the linearized aerodynamical the-
ory (solid line) and by the finite element method (symbols) are
shown.
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Fig. 8. The aerodynamic damping in dependence on the far field
velocity U, for the second considered aeroelastic problem. The
results obtained by the linearized aerodynamical theory (solid
line) and by the finite element method (symbols) are shown.
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Fig. 9. Aeroelastic response for the seconde considered case in
terms of 4 and « in time domain for far field velocity U, = 5 m/s
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Fig. 10. Aeroelastic response for the seconde considered case in
terms of / and « in time domain for far field velocity U, = 10

m/s

Ug=15m/s Ug=15m/s
4 3
3r 2
27 1
£ 1 =
E g o
= 0 El
Rl -
21 2
-3 -3 .
0 0.5 1 15 2 25 3

tls] tls]

Fig. 11. Aeroelastic response for the seconde considered case in
terms of 4 and « in time domain for far field velocity U, = 15
m/s
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Fig. 12. Aeroelastic response for the seconde considered case in
terms of / and « in time domain for far field velocity U, = 20
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Fig. 13. Aeroelastic response for the seconde considered case in
terms of /# and « in time domain for far field velocity U, = 22
m/s
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Fig. 14. Aeroelastic response for the seconde considered case in
terms of & and a in time domain for far field velocity U, = 24
m/s
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Fig. 15. Aeroelastic response for the seconde considered case in
terms of & and a in time domain for far field velocity U, = 26
m/s
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Fig. 16. Aeroelastic response for the seconde considered case in
terms of / and « in time domain for far field velocity U, = 28
m/s
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