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Abstract. This research has been carried out in collaboration with R. Kolevatov, S.
Mironov, V. Rubakov and N. Sukhov. We study the approach suggested by Deffayet
et al. for obtaining a derivative part of the quadratic action for scalar perturbations in the
cubic Horndeski theory. We analyse the validity of the approach and generalize it for the
complete Horndeski theory. We explicitly check that the generalized method gives the
correct result.

1 Introduction and summary
The theory of generalized Galileons (or, equivalently, Horndeski theory) has acquired significant interest lately due to the search for healthy ways of violating the null energy condition (NEC). Generalized
Galileons are scalar fields whose Lagrangian involves second derivatives, but the corresponding equations of motion are still second-order and, thus, are free of Ostrogradsky instabilities [1] (for a review
see, e.g., Ref.[2]).
The most general Lagrangian for the Horndeski theory reads (mostly negative signature):
L = L3 + L4 + L5 ,
where
L3 = F(π, X) + K(π, X)π,



2

;µν



L4 = −G4 (π, X)R + 2G4X (π, X) (π) − π;µν π ,


1
L5 = G5 (π, X)Gµν π;µν + G5X (π)3 − 3ππ;µν π;µν + 2π;µν π;µρ π;ρν .
3

(1a)
(1b)
(1c)

Here π is the Galileon field, X = gµν ∇µ π∇ν π, π,µ = ∂µ π, π;µν = ν µ π, π = gµν ν µ π, G4X =
∂G4 /∂X, etc.
Horndeski theories provide means for constructing the unconventional cosmological solutions,
such as bouncing Universe and Genesis for instance, which are alternative or complementary to the
inflationary scenario. There are numerous sound explicit examples of these solutions, constructed
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within the Horndeski theory [3–10]. The central issue, however, is stability of the obtained solutions,
i.e. the absence of different kinds of instabilities (ghosts, gradient instabilities, etc.).
Instabilities, if any, develop at the level of small perturbations about the background solution. In
this paper we study generalized Galileons in a spatially flat cosmological setting and consider only
the scalar sector of perturbations, since tensor perturbations’ analysis appear to be less contrived.
Moreover, we focus on high momenta and frequency modes (as these are the most harmful ones),
which means that in all linearized equations we keep only the terms that are the highest order in
derivatives. In what follows we adopt the following parametrization for perturbed quantities:
h00 = 2α,

h0i = −∂i β,

hi j = −a2 · 2ζδi j ,

π → π0 (t) + χ,

(2)

where hµν are metric perturbations about a spatially flat FLRW background, while χ is the Galileon
perturbation.
The first step for carrying out the stability analysis is to obtain the quadratic action for perturbations. We discuss two possible approaches, which amount to a specific gauge choice in the scalar
sector of perturbations.
The first option is to choose the unitary gauge (i.e. the Galileon perturbation vanishes, χ = 0),
plug the chosen parametrization (2) into the action and expand it to the second order. Upon integrating
out α and β, which turn out to be the non-dynamical degrees of freedom, one obtains the quadratic
action for the only scalar degree of freedom left, namely ζ. This approach was adopted independently
in Refs. [13, 14] and later generalized to the complete Horndeski theory in Ref. [15]. In what follows,
we refer to this approach as KYY for brevity.
Another way to obtain the quadratic action for a cubic Galileon theory was suggested in Ref. [13]
(the DPSV approach). This is a bottom up approach, meaning that one reconstructs the quadratic
action from the linearized equations of motion. It was noted that, even though the Galileon field
equation contains the second derivatives of both metric and Galileon, it is possible to eliminate the
second derivatives of metric by making use of Einstein equations. Indeed, the procedure went through
for a cubic Galileon theory at a fully non-linear level. Upon linearizing the Galileon equation with the
second derivatives of metric having been removed, one can restore the derivative part of the quadratic
action with a single degree of freedom, which is χ in this case. Let us note that one drops the first
and zeroth derivatives of both metric and Galileon field in the resulting linearized Galileon equation,
having in mind that high momentum modes are of interest only.
Both methods are designed to obtain the derivative part of the quadratic action for scalar perturbations, but the relation between them is not entirely obvious. While the KYY approach chooses the
gauge explicitly, the DPSV method seems not to fix one at all. However, this is not entirely so if one
looks close enough.
The tricky aspect of the DPSV approach is the fact that in linearized equations of motion one
drops all zeroth and first derivatives of metric perturbations, including lapse and shift perturbations (α
and ∂i β). But the analysis of a full quadratic action shows that this might be incorrect. The constraint
equations for α and ∂i β have the following form:
α = a1 ζ̇ + a2 χ̇ + . . . ,
→
−2
→
−
→
−
∇ β = a3 ∇ 2 ζ + a4 ∇ 2 χ + . . . ,

(3a)
(3b)

where dots denote the terms, which are lower in derivatives, and the coefficients ai stand for combinations of Lagrangian functions and their derivatives. Equations (3) are the variation of a complete
quadratic action with respect to β and α respectively (we have dropped the common Laplace operator
in eq. (3a)). According to the constraint equations (3) h00 ∝ α should be treated as a first-derivative
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→
−
object and gi j ∂i h0 j ∝ ∇ 2 β should be considered a second-derivative quantity. Hence, the terms like α̇
→
−
and ∇ 2 β should be taken into account, although naively they seem to be first order in derivatives and
are supposed to be omitted in the trick.
The most essential observation is that due to gauge invariance of the complete quadratic action
and corresponding equations of motion, there are relations between the coefficients ai:
a2 = −a4 .

a1 = −a3 ,

(4)

These equalities hold in the most general Horneski theory and imply the relation between the lapse
and shift perturbations, which are valid to the leading order in derivatives (i.e. while only the terms
with higher derivatives are kept in the constraints (3)):
α = −β̇.

(5)

The relation (5) enables one to choose the comoving gauge β = 0, and automatically obtain α = 0
→
−
(i.e., the gauge turns out to be synchronous as well). Thus, dropping α̇ and ∇β within the DPSV
approach is, in fact, legitimate in Horndeski theory and corresponds to a specific gauge choice. A
detailed study of the issue may be found in Ref.[16].
While the KYY method is quite straightforward and widely used for the stability anlysis [17], the
DPSV approach simplifies calculations in some cases [18] and may be used as a cross-check of the
results obtained in the unitary gauge. Moreover, the DPSV trick was shown to be effective in the study
of a wormhole stability [19–21]. These are the reasons for studying the DPSV method in detail.
In this paper we focus on the question whether the DPSV approach works in the most general
Horndeski theory (1). We show that unlike the original case, where the trick went through for the
unperturbed equations, in complete Horndeski theory the approach works for linearized equations
only. The trick also requires a specific choice of both background geometry and background Galileon
field. We find that for a spatially flat FLRW background geometry and a homogeneous background
Galileon field the generalized DPSV approach gives the correct derivative part of the quadratic action
for the scalar degree of freedom. The result for the restored action agrees with the one obtained in the
unitary gauge in Ref. [15] modulo an overall factor.
We carry out the generalized DPSV method in detail in the following section.

2 DPSV trick in the most general Horndeski theory
Let us consider the DPSV trick in the most general Horndeski theory with the Lagrangian given in (1).
The Galileon field equation and Einstein equations have the following form, respectively:






(2)
(3)µνλρ
R Ω(1) + Π(1) + Rµν Ω(2)
+ Π(3)µνλρ
µν + Πµν + Rµνλρ Ω
(6)
+ 2Rρµ Rνρ ∇µ π∇ν πG5X − Rµν R ∇µ π∇ν πG5X + 2Rρσ Rµρνσ ∇µ π∇ν πG5X + · · · = 0,








ρ
(4)
(5)
(6)
(7)
(7)
R Ω(4)
+ Π(5) + Rρµ Ω(6)
µν + Πµν + Rµν Ω
ρν + Πρν + Rν Ωρµ + Πρµ




(8)
(9)ρσ
+Rρσ Ω(8)
+ Π(9)ρσ + Rµρσλ Π(10)ρσλ
ν
µνρσ + Πµνρσ + Rµρνσ Ω

+Rνρσλ Π(11)ρσλ
+ Rρσλκ Π(12)ρσλκ
+ · · · = 0,
µ
µν

(7)

where dots denote the terms, which do not involve the second derivatives of metric, but do involve second derivatives of the Galileon. In order to avoid bulky equations, we have introduced the objects Ω(i)
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and Π(i) , which denote the combinations of Lagrangian functions F, K, G4 , G5 and their derivatives.
The explicit expressions of Ω(i) and Π(i) may be found in Ref. [22].
In full analogy with the original L3 case, the Galileon field equation (6) contains the second derivatives of both metric and Galileon field. The DPSV approach makes use of the Einstein equations (7)
in order to get rid of the second derivatives of metric perturbations, so that there is only one scalar
degree of freedom left (with second derivatives) in the resulting Galileon equation. It is easy to see,
that in eqs. (6) and (7) all the second derivatives of metric got contracted into gravitational tensors. In
what follows, we assume that the Ricci tensor and scalar are transformed into the Riemann tensor in
both eqs. (6) and (7), which simplifies our argument.
There is a difference in comparison with the L3 case, however. While L3 admitted the trick at
the level of unperturbed equations, i.e. one could eliminate the second derivatives of metric in the
fully non-linear Galileon equation by using Einstein equations, this is not the case in the most general
Horndeski theory. Moreover, upon linearization, eqs. (7) are not enough to get rid of the second
derivatives of metric perturbations in the linearized version of eq. (6) in a general background. In
other words, without making any assumptions about the background, the second derivative terms
in the linearized expression of eq. (6) are not a linear combination of the second derivative terms
in the linearized eq.(7). It was checked explicitly by calculating the rank of a relevant matrix with
background quantities like ∇µ π, ∇µ ∇ν π taking random numerical values. Thus, the DPSV trick does
not work in the general Horndeski theory in the same way as it used to in the L3 case.
However, if one assumes that the background geometry is of a flat FLRW type and the background
Galileon field is a homogeneous one, i.e. π = π(t), the trick becomes feasible in the most general
Horndeski theory. The only non-zero derivatives of a homogeneous background Galileon are π̇, π̈
and ∇i ∇ j π = gi j π̇H, which in turn reduce the number of surviving components of the perturbed
i j mn {1}
Riemann tensor. These are gi j R{1}
i0 j0 and g g Rim jn (here and below superscript {1} denotes linearized
quantities).
Under the assumptions made about the background, the linearized Galileon equation reduces to 1

2
3
gi j R{1}
i0 j0 · −2G 4π + 8G 4X H π̇ − 2 · (2G 4πX − KX )π̇ + 16G 4XX H π̇ − 4G 5π H π̇

+6G5X H 2 π̇2 + 4G5XX H 2 π̇4 − 4G5πX H π̇3 + gi j gmn R{1}
im jn · [−G 4π + 2G 4X H π̇
(8)
2
3
+2G4X π̈ + 2π̇ (G4πX + 2G4XX π̈) + G5πX H π̇ − G5π H π̇ − G5π π̈ + 2G5X H π̇π̈

ä
1
+G5X π̇2 − G5πX π̇2 π̈ + +2G5XX H π̇3 π̈ − G5ππ π̇2 + Z = 0,
a
2
where Z denotes the terms, which do not contain the second derivatives metric perturbations (we omit
the first and zeroth order derivatives of both metric and Galileon perturbations in full analogy with
the original trick). Following the DPSV procedure, we need to express the non-zero components of
i j {1}
the linearized Riemann tensor gi j gmn R{1}
im jn and g Ri0 j0 in (8) through the Galileon perturbations. The
{1}

of the
same components of the Riemann tensor arise in the 00 − component and trace Gµν gµν
linearized Einstein equations:


1 2
i j mn {1}
2
g g Rim jn · 2G4X π̇ − G4 − π̇ (G5π − 2G5X H π̇) + Y00 = 0,
(9a)
2


2
2
(G5π − 2G5X H π̇)
gi j R{1}
(9b)
i0 j0 4(2G 4X π̇ − G 4 ) − 2π̇


i j mn {1}
2
2
µν
+g g Rim jn 2(G4X π̇ − G4 ) + G5X π̇ (H π̇ + π̈) + g Yµν = 0,
1 In

what follows Latin indices take values 1, 2, 3.
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where Y00 and gµν Yµν again involve the second derivatives of the Galileon perturbation, but not metric
perturbations.
As was explained above, the subtlety with the lapse and shift perturbations can be safely ignored,
since in the general Horndeski case a comoving gauge is automatically the synchronous one. Hence,
→
−
we impose this gauge from the very beginning and safely drop both α̇ and ∇β.
In order to obtain the equation that is free of the second derivatives of metric perturbations, we
i j {1}
make use of eqs. (9a) and (9b) and express the structures gi j gmn R{1}
im jn and g Ri0 j0 in terms of the
Galileon perturbation. Upon substituting them into eq. (8) we obtain the following equation:


 

1
Y00 2G4X π̇2 − 2G4 + G5X π̇2 (H π̇ + π̈) − gµν Yµν 2G4X π̇2 − G4 − π̇2 (G5π − 2G5X H π̇)
2

2
3
× −2G4π + 8G4X H π̇ − 2 · (2G4πX − KX )π̇ + 16G4XX H π̇ − 4G5π H π̇ + 6G5X H 2 π̇2



+4G5XX H 2 π̇4 − 4G5πX H π̇3 − Y00 4G4X π̇2 − 2G4 − π̇2 (G5π − 2G5X H π̇)
(10)

× −2G4π + 4G4X H π̇ + 4G4X π̈ + 4π̇2 (G4πX + 2G4XX π̈) + 2G5πX H π̇3 − 2G5π H π̇ − 2G5π π̈

ä
+4G5X H π̇π̈ + 2G5X π̇2 − 2G5πX π̇2 π̈ + 4G5XX H π̇3 π̈ − G5ππ π̇2
a

2
2
+ Z 4G4X π̇ − 2G4 − π̇2 (G5π − 2G5X H π̇) = 0.

Let us recall that Y00 , Yµν and Z do not contain the second derivatives of metric perturbations and,
hence, the only scalar degree of freedom left in the linearized equation (10) is χ.
The final step is to reconstruct the quadratic action from the obtained equation (10) for χ. Taking
eq. (10) as a result of variation with respect to χ of a quadratic action, one may reconstruct the latter:
(2)
S gal

=




→
− 2 

(
∇χ) 
2
dt d x a Ãχ̇ − B̃ 2  ,
a
3

3

(11)

where coefficients Ã and B̃ have the following form
Ã =

ΣGT + 3Θ2
,
GT π̇2

B̃ =





Θ2
1 d aGT 2
−
F
,
T
Θ
GT 2 π̇2 a dt

and
GT = 2G4 − 4G4X π̇2 + G5π π̇2 − 2HG5X π̇3 ,

FT = 2G4 − 2G5X π̇2 π̈ − G5π π̇2 ,

Θ = −KX π̇3 + 2G4 H − 8HG4X π̇2 − 8HG4XX π̇4 + G4π π̇ + 2G4πX π̇3 −
− 5H 2G5X π̇3 − 2H 2G5XX π̇5 + 3HG5π π̇2 + 2HG5πX π̇4 ,

Σ = F X π̇2 + 2F XX π̇4 + 12HKX π̇3 + 6HKXX π̇5 − Kπ π̇2 − KπX π̇4 −
− 6H 2G4 + 42H 2G4X π̇2 + 96H 2G4XX π̇4 + 24H 2G4XXX π̇6 −

− 6HG4π π̇ − 30HG4πX π̇3 − 12HG4πXX π̇5 + 30H 3G5X π̇3 +

+ 26H 3G5XX π̇5 + 4H 3G5XXX π̇7 − 18H 2G5π π̇2 − 27H 2G5πX π̇4 −
− 6H 2G5πXX π̇6 .

5

(12)
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Note that the procedure above enables us to reconstruct only the derivative part of the quadratic action,
since we have dropped the zeroth and first derivatives of both χ and metric perturbations. The coefficients Θ, Σ, GT and FT coincide with the expressions given in Ref. [15]. Modulo an overall positive
factor Θ−2 GT 2 π̇2 in the integrand, the action (11) coincide with that found in Ref. [15] in the unitary
gauge. This shows that modulo field redefinition, the DPSV approach leads to the correct quadratic
action at the derivative level for the only scalar degree of freedom. This completes the analysis of the
DPSV approach in the most general Horndeski theory.
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