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Abstract. In this talk, we review the method we proposed to use the Friedrichs-like model
combined with QPC model to include the hadron interaction corrections to the spectrum
predicted by the quark model, in particular the Godfrey-Isgur model. This method is then
used on the first excited P-wave charmonium states, and X(3862), X(3872), and X(3930)
state could be simultaneously produced with a quite good accuracy. The X(3872) state is
shown to be a bound state with a large DD̄∗ continuum component. At the same time, the
hc (2P) state is perdicted at about 3902 MeV with a pole width of about 54 MeV.

1 Introduction
Recent years have seen more and more exotic hadron states which can not be satisfactorily described
by the naïve quark model. In general, for states below the open-flavor threshold, the mass spectra predicted using the quark model, such as the Godfrey-Isgur(GI) model [3], agree well with the
experimental results. However, above or near the open-flavor threshold, general discrepancies between the quark-model predictions and the experimental results appear and there are also new states
which can not be incorporated in the quark model. Some typical examples are the first excited Pwave charmonium states, i.e. n2s+1 L J = 23 P2 , 23 P1 , 23 P0 , and 21 P1 charmonium states. The mass
of the well-accepted χc2 (2P) state, also known as X(3930), discovered by the Belle Collaboration in
γγ → DD̄[1], is about 50 MeV lower than the prediction in the quark potential model [2–4]. The
properties of the other P-wave states have not been firmly determined yet. The famous X(3872), first
observed in the B± → K ± J/ψπ+ π− by the Belle Collaboration in 2003 [5], just locates around the
DD̄∗ threshold. Although its quantum number is confirmed to be 1++ [6, 7], the same as the χc1 (2P),
the pure charmonium interpretation has been deemed as “improbable” for its unexpected mass, width
and the isospin violation. In fact, Törnqvist proposed the existence of a DD̄∗ molecular state with
J PC = 1++ near DD̄∗ threshold about ten years before X(3872) was discovered [8]. However, the pure
molecular state explanation also encounters diﬃculties in understanding its prompt production[9] and
radiative decays[10, 11]. So the nature of the X(3872) is still obscure up to now. Another puzzling
state X(3915) used to be assigned to χc0 (2P), but this assignment was also doubted. The mass splitting between the χc2 (2P) and the X(3915) is too small compared to the 1P correspondence. It was
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discovered in the X(3915) → J/ψω decay modes which is OZI suppressed but lack of the evidence in
the OZI allowed X(3915) → DD̄ mode [12, 13]. These are unexpected from theoretical point of view.
The J PC = 0++ assignment to X(3915) is based on the analysis of the angular distribution data from
BABAR Collaboration [14] with a very low statistics. In Ref.[15], the angular distribution of X(3915)
to the final leptonic and pionic states was reanalyzed without the helicity-2 dominance assumption and
the results also support the possibility of assigning it to a 2++ state, which means that it might be the
same tensor state as the X(3930). Very recently, the Belle Collaboration announced a new candidate
+242
for the χc0 (2P), X(3862), with a mass 3862+66
−45 MeV and width 201−149 MeV [16]. There is another
2P state hc (2P) with J PC = 1+− which is expected by the quark model but has not been discovered in
the experiments yet. For more detailed discussions on these puzzles, the readers are referred to some
recent reviews for example refs. [17–19].
One of the reasons why the quark model such as the GI model [3] can not describe the states
above the open-flavor well is the neglect of the interactions between the hadrons. These interactions
will in general introduce the momentum dependent corrections to the hadron propagators and hence
will modify the spectrum. For hadrons below the open-flavor threshold, the modifications play the
role of renormalization of mass and may roughly be absorbed into the constants in the original quark
potential model. However, for hadrons above the open-flavor threshold, the energy dependence of the
self-energy function can not be neglected. In this work, we will adopt a solvable extended Friedrichs
model [20–22] combined with the Quark Pair Creation (QPC) model to incorporate this eﬀect into the
hadron spectra above the open-flavor threshold and use it to study the 2P charmonium-like states as
an application. Our method uses the eigenvalues and wave functions for mesons in the GI model [3]
as input to the Friedrichs model and QPC model, the latter of which is used to describe the interaction
between the hadrons. Thus, this method can be viewed as a kind of correction to GI’s relativized
quark model. Applying this method on the 2P charmonium-like states, we found that the first excited
2++ , 1++ , and 0++ charmonium states could be reproduced with good accuracy in a one parameter
calculation, and the mass and the width of 1+− state are also obtained as a prediction.
These results are helpful in resolving the long-standing puzzle of identifying the observed first
excited P-wave state, and also shed more light on the interpretation of the enigmatic X(3872) state.
Furthermore, this method provides a general way to incorporate the hadron interaction corrections to
the spectra predicted by the quark model, and can be used in evaluating the other mass spectra above
the open-flavor threshold and reconciling the gaps between the quark potential model predictions and
the experimental results.

2 Friedrichs-like model
In this section, we review some basic facts of the Friedrichs model [23] and some of its generalizations
developed in [20–22]. The simplest version of the Friedrichs model considers the interaction between
a discrete state |0⟩ and a continuum state |ω⟩. The the full Hamiltonian H is separated into a free part
and an interaction part as
H = H0 + V.

(1)

H0 is the free Hamiltonian
H0 = ω0 |0⟩⟨0| +

∫

∞

ω|ω⟩⟨ω|dω

(2)

ωth

where the eigenvalues for the free Hamiltonian are ω0 for the discrete state, and ω for the continuum
eigenstate satisfying ω ∈ [ωth , ∞), ωth being the threshsold for the continuum states. These states are
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normalized as
⟨0|0⟩ = 1, ⟨ω|ω′ ⟩ = δ(ω − ω′ ), ⟨0|ω⟩ = ⟨ω|0⟩ = 0.
The interaction part can be expressed as
∫ ∞
[ f (ω)|ω⟩⟨0| + f ∗ (ω)|0⟩⟨ω|]dω,
V=λ

(3)

(4)

ωth

where f (ω) function denotes the coupling form factor between the discrete state and the continuum
state, and λ denotes the coupling strength. The eigenvalue problem for the full Hamiltonian can be
exactly solved and the solutions include a continuum spectrum and a discrete spectrum. The final
eigenstates of the continuum spectrum with eigenvalue E > ωth can be expressed as
∫ ∞
]
f (E) [
f (ω)
|Ψ± (E)⟩ =|E⟩ + λ ±
|ω0 ⟩ + λ
|ω⟩ ,
(5)
dω
η (E)
E − ω ± iϵ
0
where

η± (x) =x − ω0 − λ2

∫

0

∞

f (ω) f ∗ (ω)
dω
x − ω ± iϵ

(6)

and are normalized as ⟨Ψ± (E)|Ψ± (E ′ )⟩ = δ(E − E ′ ). The subscript ± denotes the in-states (+) and
outstates (−), respectively. The S -matrix can also be obtained as
(
)
λ f (E) f ∗ (E)
S (E, E ′ ) = δ(E − E ′ ) 1 − 2πi
.
(7)
η+ (E)
The η± function can be analytically continued to the complex plane to be one complex function η(z)
for z ∈ C with its boundary η(x ± iϵ) = η± (x) for x ∈ R. Since there is only one threshold for the
continuum, there is only one cut for this function, and η(z) will be defined on a two-sheeted Riemann
surface. The zero points for the η(z) = 0 will be the poles for the S -matrix. As expected, by directly
solving the eigenvalue problem, the zero points of η(z) or the pole positions for the S -matrix will
be the eigenvalues for the full Hamiltonian and represent the generalized discrete spectrum for the
Hamiltonian. Depending on the position of the solution, diﬀerent kinds of the discrete generalized
eigenstates can be found:
1. Bound state.
The solution to η(z) = 0 on the first sheet real axis and below ωth represents a bound state. The
wave function solution is expressed as
∫ ∞
)
(
f (ω)
|zB ⟩ = NB |0⟩ + λ
|ω⟩dω ,
(8)
ωth z B − ω

This solution has a finite norm and can be normalized as ⟨zB |zB ⟩ = 1 when NB = (η′ (zB ))−1/2 =
(
∫
2 )−1/2
1 + λ2 dω (z| fB(ω)|
is chosen. Thus this is a well-defined state vector in the Hilbert space.
−ω)2
Then, it is easy to define the so-called “elementariness” Z and “compositeness” X,
∫
| f (ω)|2
2
2 2
Z =NB , X = λ NB dω
.
(9)
(zB − ω)2
The physical meaning for the elementariness is the probability of finding the original discrete
state in the bound state and the compositeness is the probability for finding the original continuum states in the bound state.
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2. Virtual state.
If the solution lies on the real axis below the threshold on the second sheet, it represents a virtual
state. The wave function can also be expressed as
∫ ∞
(
)
f (ω)
|z±V ⟩ = NV |0⟩ + λ
|ω⟩dω ,
(10)
±
ωth zV − ω

where the superscript ± denotes the two kinds of integration contours which are continued from
the upper side (+) or the lower side (−) of cut on the first sheet to the second sheet, enclosing
the virtual state pole position. Unlike the bound state, virtual state does not have a well-defined
norm as the usual states in the Hilbert space. Thus, the compositeness and elementariness
for the virtual state can not be mathematically rigorously defined. However, we can define a
(
∫
2 )−1/2
.
normalization such that ⟨z−V |z+V ⟩ = 1, by choosing NV = (η′+ (zV ))−1/2 = 1 + λ2 dω [z| f+(ω)|
−ω]2
V

3. Resonant state.

If there is a solution on the second sheet complex plane there must be another mirror image with
respect to the real axis because of the real analyticity of η function. This pair of poles represent
a resonance since it is unstable due to the finite imaginary part of the energy eigenvalue. The
pole position is related to the mass M and width Γ as z = M − i Γ2 . The wave functions for the
two poles can be expressed as
∫ ∞
(
)
f (ω)
|zR ⟩ = NR |0⟩ + λ
dω
|ω⟩ ,
[zR − ω]+
ω
∫ th∞
(
)
f ∗ (ω)
|z∗R ⟩ = NR∗ |0⟩ + λ
dω ∗
|ω⟩ ,
[zR − ω]−
ωth

(11)

where zR is on the lower half plane and z∗R is its complex conjugate. The [· · · ]± means the
analytical continuations of the integration from upper or lower edge of the first sheet cut [20].
Similar to the virtual states, the wave functions for the resonance can not be normalized as
usual, and thus are not the normal state vector in the Hilbert space. However we can also choose
)−1/2
(
∫
(ω)|2
NR = (η′+ (zR ))−1/2 = 1 + λ2 dω [(z|Rf −ω)
to normalize the state as ⟨z∗R |zR ⟩ = 1. Notice
2
+]
that the normalization NR will be complex in general. If one also defines the elemetariness and
compositeness as in Eq. (9), they will become complex and thus may not have well-defined
physical meaning. However, some definitions proposed in the literature [24, 25] might be able
to approximately describe these physical quantities.
These discrete spectrum solutions may or may not be generated from the orignal discrete state. If the
state is generated from the bare discrete state, it will move back to the bare state if one decreases the
coupling to zero. The discrete states can also be dynamically generated from the singularities of the
form factor. If we tune the coupling to zero, the positions of this kind of states may move towards
the singularity of the form factor on the unphysical sheets, no matter the singularity is located at finite
position or at infinity[20, 21]. From above solutions, we see that only the bound states can have
well-defined norms as usual state vectors in the Hilbert space, while virtual states and resonances are
not the usual states in the Hilbert space. To describe these two kinds of states, the rigged-Hilbertspace (RHS) formulation of the quantum mechanics was developed by Bohm and Gadella [26, 27].
The discrete resonant state and virtual states are generalized eigenstate for the full Hamiltonian. In
particular, the resonant state is also called Gamow state and the virtual state is also called antibound
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state. These states are described using the space of the anti-linear continuous functionals (Ω× ) of a
kernel space (Ω) of the original Hilbert space (H), and the three spaces construct the Gel’fand triplet
Ω ⊂ H ⊂ Ω× [26]. By summing up the perturbation series, I. Prigogine and his collaborators also
obtained similar solutions [28].
In above discussions, the continuum states are labeled only by the energy quantum number which
seems to be unrelated to the states in the three dimensional space. In fact, after partial-wave decomposition of the three dimensional states, the similar model for the three dimensional states is reduced
to a Friedrichs-like model [22]. Consider the continuum momentum eigenstate |⃗p, S , S z ⟩, with a total
spin S and z-component S z , where ±⃗p are the center of mass (c.m.) momenta for the two particles
which compose the continuum state. The discrete state denoted by |0, JM⟩ also has a spin quantum
number J and the magnetic quantum number M. In the nonrelativistic theory, the free Hamiltonian in
the c.m. system can be expressed as
∑
∑∫
d3 p ω|⃗p; S S z ⟩⟨⃗p; S S z | ,
|0; JM⟩⟨0; JM| +
(12)
H0 = M0
M

Sz

2

p
is the energy of the continuum state in
where M0 is the bare mass of the discrete state and ω = Mth + 2µ
the c.m. frame, Mth being the threshold energy of the two-particle states and µ being the reduced mass
in the c.m. frame. The continuum state can be decomposed into the angular momentum eigenstates,
∑
JM
|⃗p; S S z ⟩ =
iL YLML ∗ ( p̂)C LM
|p; JM; LS ⟩ ,
(13)
L ,S S z
JM,LML

JM
where C LM
is the Clebsch-Gordan coeﬃcient. After this partial-wave decomposition, this free
L ,S S z
Hamiltonian can be expressed in the angular momentum representation as
∑
∑∫
p2 dp ω|p; jm; LS ⟩⟨p; jm; LS | ,
|0; JM⟩⟨0; JM| +
(14)
H0 =M0
M

j,m;L

With the rotational symmetry of the interaction between the discrete state and the continuum, the
matrix elements of the potential can be expressed as
∑
JM
iL f˜L (p2 )C LM
Y ML ∗ ( p̂) .
(15)
⟨0; JM|V|⃗p; S S z ⟩ =
L ,S S z L
LML

The interaction term of the Hamiltonian can then be expressed as
∑∫
d3 p|0; JM⟩⟨0; JM|V|⃗p; S S z ⟩⟨⃗p; S S z | + h.c.
H01 =
S z ,M

=

∑∫
L,M

µpdω f˜L (p2 )|0; JM⟩⟨p; JM; LS | + h.c.

(16)

Since we consider only fixed total angular momentum quantum numbers JM and fixed S , by redefin√
√
ing |0⟩ = |0; JM⟩, |ω, L⟩ = µp|p; JM; LS ⟩ and f (ω) = µp f˜(ω), the total Hamiltonian for fixed
JM can be recast into
∑∫
∑∫
(17)
H =M0 |0⟩⟨0| +
dω ω|ω, L⟩⟨ω, L| +
dω fL (ω)|0⟩⟨ω, L| + h.c.
L

L
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This is just similar to the original Friedrichs model but with more continua, and the similar exact
solution can be obtained.
We can make more generalizations by adding more discrete states and more continuum states, and
the interactions between continuum states can also be introduced. The most general Hamiltonian with
D discrete states, |i⟩ (i = 1, . . . , D), and C continuum states, |ω j , j⟩ ( j = 1, . . . , C), can be expressed as
H=

D
∑
i=1

+

Mi |0; i⟩⟨0; i| +

∑∫
i2 ,i1

+

Mi1 ,th

C ∫
D ∑
∑
i=1 j=1

dω′

M j,th

C ∫
∑

∫

i=1

Mi2 ,th

∞
Mi,th

dωi ωi |ωi ; i⟩⟨ωi ; i|

dω gi2 ,i1 (ω′ , ω)|ω′ ; i2 ⟩⟨ω; i1 | + h.c.

dω fi, j (ω)|0; i⟩⟨ω; j| + h.c.

(18)
(19)
(20)

where fi, j (ω) is the form factor describing the interaction between the ith descrete state and the jth
continuum state, and gi j discribes the interaction between the ith continuum and the jth continuum.
For general interations gi j , the model is not solvable, but if gi j (ω′ , ω) = vi j fi (ω′ ) f j (ω) and fi j =
ui j f j (ω), where ui j and vi j are constant, the model can also be exactly solved. See Ref. [22] for
details. In the following, we will consider the case where there is only one discrete state coupled with
several continuum states and no interactions between the continuum states. The solutions diﬀer from
the ones previously described by simply adding more similar continuum integrals in Eqs. (5), (6), (8),
(10), (11 ). Since there could be more than one threshold for the continuum state, each new threshold
will double the number of the Riemann sheets and the poles on the original Riemann sheets will also
be copied to the new sheets and be renormalized diﬀerently. So, one bare state could correspond
to more than one poles on diﬀerent sheets and will be renormalized diﬀerently becoming so-called
shadow poles [29]. But only the ones near the physical region could have observable eﬀects. For more
detailed discussion, the readers are referred to Ref. [22].
We will restrict our study on the properties of mesons. The next problem is to determine the
interaction between the discrete meson state and the continuum states which are composed of two
mesons. We will use the QPC model [30] to model this kind of interaction. In this model, the meson
coupling A → BC can be defined as the transition matrix element
⟨BC|T |A⟩ = δ3 (P⃗f − P⃗i )MABC

where the transition operator T in the QPC model is defined as
∫
∑
p⃗3 − p⃗4 34 34 34 †
T = −3γ
)χ1−m ϕ0 ω0 b3 ( p⃗3 )d4† ( p⃗4 ),
⟨1m1 − m|00⟩ d3 p⃗3 d3 p⃗4 δ3 ( p⃗3 + p⃗4 )Y1m (
2
m

(21)

(22)

describing a quark-antiquark pair generated by the b†3 and d4† creation operators from the vacuum. χ34
1−m
m
and ω34
0 are the spin wave function and the color wave function, respectively. Y1 is the solid Harmonic
function. γ parameterizes the production strength of the quark-antiquark pair. The√definition of the
meson state here is a little diﬀerent from the one in Ref. [31] by omitting the factor 2E to ensure the
correct normalizations,
∫
∑
12 12
⃗ =
⟨LML S MS |JM⟩ d3 p ψnLML (⃗p) χ12
|A(n, 2S +1 L J,M )(P)⟩
S MS ϕ ω
ML ,MS

�� (
× ��q1

) ( m2
)⟩
m1 ⃗
⃗ − ⃗p .
P + ⃗p q̄2
P
m1 + m 2
m1 + m 2
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χ12 is the spin wavefunction. ϕ12 is the isospin wave function. ω12 is the color wave function. p1 (p2 )
⃗ = ⃗p1 + ⃗p2 is the momentum of
and m1 (m2 ) are the momentum and mass of the quark (anti-quark). P
m2 ⃗p1 −m1 ⃗p2
the center of mass, and ⃗p = m1 +m2 is the relative momentum. ψnLML is the spatial wave function
for the meson, n being the radial quantum number.
By the standard derivation one can obtain the amplitude MABC defined by Eq. (21) and the partialwave amplitude MS L (P(ω)) as in Ref. [30]. Then the form factor fS L which describes the interaction
between |A⟩ and |BC⟩ in the Friedrichs model can be obtained as
√
(23)
fS L (ω) = µP(ω)MS L (P(ω)),

√
C (ω−M B −MC )
is the c.m. momentum, MB and MC being the masses of meson B
where P(ω) = 2MB MM
B +MC
and C respectively.
The wave funtions describing the meson states in the QPC model will be given by the GI model [3].
The GI model partially relativizes the linear confinement, Coulomb-type, and color-hyperfine interactions, and provides very successful predictions to the mass spectra of the conventional meson states
composed of u, d, s, c, and b quarks, but its predictions with regard to the states above the open-flavor
thresholds are not as good as those below. These discrepancies might arise from the neglect of the
coupling between these “bare" meson states and their decay channels as they mentioned [3]. In our
scheme, the GI’s Hamiltonian which provides the discrete bare hadron eigenstates can be eﬀectively
viewed as the free Hamiltonian in the Friedrichs model, and the interactions between the bare states
of H0 and the continuum states is modeled by the QPC model and thus will provide the corrections to
the mass spectra. Since the OZI-allowed channel will be more strongly coupled to the bare states than
the OZI-suppressed channel, the pole shift is dominantly caused by these OZI-allowed channels. So,
we include only the OZI-allowed channels in our analysis.

3 First excited P-wave charmonium states
After all the theoretical preparation, we will use our method in the analysis of the spectrum of P-wave
charmonium states. There are four diﬀerent channels with diﬀerent quantum numbers, 21 P1 , 23 P0,1,2 .
The coupled channels are chosen up to D∗ D̄∗ in these four cases. The χc2 (2P) state can couple to DD̄,
DD̄∗ , and D∗ D̄∗ in both S and D-wave. For the χc1 (2P) and hc (2P) states, the coupled channels are
DD̄∗ , and D∗ D̄∗ . In the case of the χc0 (2P) state, the coupled channels are DD̄, and D∗ D̄∗ . To describe
these interactions using the QPC model, we need the wave functions for the bare charmonium states
and the charmed mesons. Using the parameters given in the GI model [3], we first reproduced GI’s
results by approximating the wave function of the P-wave charmonium states and the charmed mesons
with 30 Harmonic Oscillator wave function basis. Using these wave functions as input in the QPC
model, one could then obtain the coupling form factor in the Friedrichs model. The only parameter
of the QPC model is γ, which represents the quark pair production strength from the vacuum. In the
literature, various values of γ are chosen in diﬀerent situations, and a typical value is chosen as 6.9
[4, 32]. However, since the wave functions used here are diﬀerent from theirs, there is no need to
choose the same value as there. We choose it to be a value around 4 such that all the observed P-wave
first excited charmonium state spectrum can be reproduced well simultaneously in our scheme [33].
As stated in the previous section, the generalized eigenvalues of the full Hamiltonian can be solved
by finding the zero points of the η(z) function on the complex energy plane, which are also the poles
of the scattering amplitude. These eigenevalues give the pole masses and pole widths for the states.
Since in experiments, the mass distribution is ususally fitted by Breit-Wigner parametrization, we also
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calculate the Breit-Wigner mass which is determined by solving [34, 35]
∑ ∫ ∞ ∑S L | f n (ω)|2
SL
P
dω = 0,
MBW − ω0 −
M
−ω
BW
ω
th,n
n

(24)

∫
on the real axis where P means principal value integration, and the Breit-Wigner partial width of
the n-th open channel is expressed as
∑
ΓnBW = 2π
| fSnL (MBW )|2 ,
(25)
S ,L

∑

with the total width given by Γtot = n ΓnBW . The numerical results of the extracted pole positions and
the corresponding Breit-Wigner parameters are shown in Table 1.
Table 1. Comparison of the experimental masses and the total widths (in MeV) [36] with our results.

n2s+1 L J
23 P2
23 P1
23 P0
21 P1

Mexpt
3927.2 ± 2.6
3942 ± 9
3871.69 ± 0.17
3862+66
−45

Γexpt
24 ± 6
37+27
−17
< 1.2
201+242
−149

MBW
3920

ΓBW
10

3871
3878
3895

0
11
37

pole
3920-4i
3934-40i
3871-0i
3878-5i
3902-27i

GI
3979
3953
3917
3956

For the 23 P2 channel, DD̄ and DD̄∗ thresholds are open for the χc2 (2P). The mass is shifted from
the GI’s value 3979 MeV down to around 3920 MeV, about 7 MeV below the observed value. Its
width is about 10 MeV, a little smaller than the experimental one. The branching ratio between DD̄
and DD̄∗ estimated using Eq. (25) is 2.4 which demonstrates that DD̄ is its dominant decay product.
This is as expected since the coupling to DD̄∗ is through D-wave interaction, while the coupling to
DD̄ is through S wave. Though its decay rate to DD̄∗ is relatively small, X(3930) may still have a
small contribution to the DD̄∗ mass distribution, which might be detected in the experiments.
In the 23 P1 channel, the bare state is shifted down from GI’s value 3953 MeV to about 3934
MeV with a fairly large width. Meanwhile, another bound state pole emerges just below the threshold
around 3871 MeV, which is consistent with the X(3872) found in the experiment. So, it is natural to
assign this bound state pole to the X(3872). If the coupling strength γ is tuned a little smaller, this
bound-state pole will move across the DD̄∗ threshold to the second sheet and becomes a virtual state
pole. So, we may not exclude the possibility of a virtual state nature [37]. This state is dynamically
generated from the form factor, thus from the interaction between the discrete state and the continuum
in the s channel, which is an evidence of the molecular origin of the X(3872). This picture is a little
diﬀerent from the pion exchange picture [8] which is a t-channel process. The higher state generated
from GI’s bare χc1 (2P) state is rather broad indicating its strong coupling with DD̄∗ . It might be
related to the X(3940) state.
One of the advantage of using the Friedrichs model is that we can find the wave function for the
bound state and the compositeness and elementariness are well-defined in this case as shown in Eq.(9).
Since X(3872) in our results is a bound state, we can estimate the compositeness and elementariness
for it. It is easy to find that the relative ratio of finding cc̄ and DD̄∗ in the state is about 1 : 3.1 ∼ 1 : 9.3
if we tune the γ parameter such that the X(3872) locates within 3871.0 ∼ 3871.7MeV, indicating
the dominance of the continuum part in this state, which also demonstrates its molecule dominant
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nature [8, 38–40]. That this ratio is sensitive to the position of the X(3872) is because that it is very
close to the threshold and thus will aﬀect the integral a lot.
In the 23 P0 channel, our result shows that the χc0 (2P) state is shifted from GI’s prediction 3917
MeV to about 3878 MeV but has a very narrow width, about 11 MeV. Recently, by analysing the
e+ e− → J/ψDD̄ data, Belle collaboration accounced a new χc0 (2P) candidate with a mass 3862+66
−45
MeV and a width of a large uncertainty, 201+242
−149 MeV [16], which consists with our result. In our
calculation, we find that the coupling of the χc0 (2P) to the DD̄ is unexpectedly small from the QPC
model using GI’s wavefunctions, which causes its width to be rather small. This narrow width is
roughly only the bin size of the present announced data and the statistics of the data in this region may
not be enough. So, more data with higher resolution are needed to determine whether there is a narrow
signal in this region. An interesting observation is that there seems to be a small excess at the vicinity
of about 3860 MeV in the γγ → DD̄ experiment of both Belle [1] and BABAR Collaboration [41] as
shown in Fig. 1. Especially in BABAR’s data, the small structure extends to a dip around 3880MeV.

θ

Figure 1. The mass distribution of γγ → DD̄ from BABAR [41] and Belle [1]. The data of Belle is the one for
| cos θ∗ | < 0.5. The two dashed lines are set at m(DD̄) = 3850 MeV and 3875 MeV.

The hc (2P) state is predicted at around 3902 MeV with a narrow width about 54 MeV. As we have
mentioned, χc2 (2P), χc1 (2P), hc (2P) are very close to each other and all couple to the DD̄∗ channel,
which has no definite C-parity. This means that the enhancement above the DD∗ threshold contains all
the contributions from these states. To detect the hc (2P) signal, one needs to look for it in a channel
with a definite negative C-parity such as ηc γ or J/ψπ0 in this energy region. However, the neutral
X(3900) can also decay to J/ψπ0 . So, it is diﬃcult to distinguish these two states in J/ψπ0 . In fact, it
is really impossible to achieve this from the low statistics data for ψ(4160) → π0 π0 J/ψ from BES [42].
If X(3900) is believed to be of molecular nature, it may not be easy to decay to ηc γ. Thus, ηc γ may be
a good channel to look for hc (2P).

4 Conclusion
In this talk, we first reviewed a general method to introduce the hadronic interaction corrections to the
spectra predicted by the quark model, in particular, the well-accepted GI’s relativized quark model,
using the Friedrichs-like model combined with the QPC model. Then we use this scheme on the
excited P-wave charmonium-like states, and found that the experimental observed states could be simultaneously reproduced. In this scheme, the X(3872) state is a dynamically generated bound state
by the coupling between the bare χc1 (2P) state and continuum states. The compositeness and elementariness can also be obtained and it is found that the continuum component are dominant, which
indicates its molecular nature. But the χc1 (2P) becomes a resonance at about 3934 MeV with a width
of about 80. The χc0 (2P) is found to be an unexpectedly narrow one and the mass is consistent with
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the recently announced χc0 (2P) candidate by Belle. We also predict that the mass of the unobserved
hc (2P) is at about 3902 MeV and its pole width is about 54 MeV.
Since we have obtained the wave function of the X(3872) in terms of bare discrete states and
bare continuum states, more properties of X(3872) can be studied based on this information. In
a subsequent work [43], we studied the isospin breaking eﬀect of the X(3872) based on the same
scheme, and find that the result is consistent with the experimental data.
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