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Abstract. Electric field control of magnetic structures, particularly topological defects in magnetoelectric
materials, draws a great attention, which has led to experimental success in creation and manipulation of single
magnetic defects, such as skyrmions and domain walls. In this work we explore a scenario of electric field
creation of another type of topological defects – magnetic vortices and antivortices. Because of interaction
of magnetic and electric subsystems each magnetic vortex (antivortex) in magnetoelectric materials possesses
quantized magnetic charge, responsible for interaction between vortices, and electric charge that couples them
to electric field. This property of magnetic vortices makes possible their creation by electric fields. We show
that the electric field, created by a cantilever tip, produces a “magnetic atom” with a localized spot of ordered
vortices (“nucleus” of the atom) surrounded by antivortices (“electronic shells”). We analytically find the
vortex density distribution profile and temperature dependence of polarizability of this structure and confirm it
numerically by Monte Carlo simulation.

1 Introduction

Electric field control of magnetization and magnetic topo-
logical defects is very promising for creation of new types
of magnetic memory devices. Magnetoelectric materials,
such as type-II multiferroics [1] are particularly appealing
for this purpose. The use of domain walls and other topo-
logical defects in multiferroics [2] for magnetic storage are
very promising since they provide a mechanism of very
dense packing of information, while topological nature
protects information from loss under the influence of ex-
ternal perturbations such as heating or mechanical action.
Among the bright examples of such topological defects are
skyrmion lattices [3], as well as individual skyrmions ob-
served in magnetoelectric materials [4], magnetic vortices
[5, 6], and domain walls [7, 8].

In this paper we report our recent results [9]. We con-
sider theoretically a phenomenological model developed
by Mostovoy [10] for a type-II multiferroics and apply it to
a thin-film material with easy-plane symmetry. We show
both analytically and numerically that in this case a strong
enough locally concentrated electric field may cause for-
mation of a “magnetic atom” that consists of a vortex “nu-
cleus” surrounded by antivortex “shells”. This idea allows
us to propose an experimental realization for 2D Coulomb
plasma in a trap and make predictions about its electric
polarizability.

2 The model

In order to describe a layered material with coupled mag-
netic and electric subsystems we use the following phe-
nomenological model [9]. We write the total free energy
�e-mail: karpov.petr@gmail.com

density as a sum of parts arising from electric polarization,
magnetization, and magnetoelectric coupling [10]:

w =
P2

2χe
− EP − E2

8π
− γP((M∇)M −M(∇M))+

+
α

2

[
((∂M/∂x)2 + (∂M/∂y)2

]
. (1)

We assume that M is the primary order parameter, which
can induce P. Thus we can find polarization by minimiz-
ing (1) with respect to P:

P = γχe((M∇)M −M(∇M)) + χeE. (2)

Because of the thin-film geometry of the sample, magne-
tization tends to be parallel to the film plane, otherwise
the demagnetizing field energy would greatly increase;
also, material can possess an easy-plane type of symme-
try. Hence we restrict the magnetization to lie in the plane

M(r) = M0 (cos φ(r), sin φ(r), 0) . (3)

Using the angle φ, the polarization can be written as

P = γχeM2
0

(
−∂yφ, ∂xφ, 0

)
+ χeE. (4)

Substituting (3) and (4) into (1), we find that the electric,
magnetic, and magnetoelectric parts of the energy com-
bine to
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1
2
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2M4
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)
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2
χeE2. (5)

The expression for energy W =
∫
wdV is similar to that

of the XY model: WXY =
1
2ρs
∫

(∇φ)2dS with an effec-
tive spin-wave stiffness ρs = (αM2

0 − χeγ
2M4

0)h, where h
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is the film thickness. The magnetoelectric coupling just
renormalizes the spin stiffness of the XY model. For typ-
ical values of parameters [9], αM2

0 is greater than χeγ
2M4

0
by several orders of magnitude; therefore, ρs remains al-
most unchanged by magnetoelectric interaction and we
use ρs ≈ αM2

0h. Despite this, some interesting features
appear. It is known that in the XY and related models the
magnetic vortices play the crucial role [11]. Vortex placed
at the origin has the form φ = k arctan yx+φ0,where k is the
winding number of the vortex. Because of magnetoelectric
interaction (2), magnetic vortex acquires an electric charge
kqe [10], where

qe = 2πγχeM2
0h. (6)

Neglecting small electrostatic interaction of vortices we
consider only their magnetic interaction with 2D Coulomb
potential W = ±2q2

m ln(r/a) [11], where a is the short-
distance cut-off of order the lattice spacing and qm is the
“magnetic charge”:

q2
m = πρs ≈ αM2

0h. (7)

Here and further we put for simplicity vorticities to be
k = ±1, since vortices with higher winding numbers are
energetically unstable.

The magnetic energy of a neutral system of N vortices
and N antivortices with distances ri j between i-th and j-th
(anti-) vortex cores and vorticities ki = ±1 is [12]

Wm = −2q2
m

2N∑
i< j

kik j ln
ri j

a
. (8)

3 Vortex - antivortex pairs creation by
electric field

In this section we explore the basic idea of the paper, that
a strong non-uniform electric field can break the “mag-
netic vacuum” of magnetoelectric material via creation of
vortex-antivortex pairs. Fig.1 shows the typical geometry

Figure 1. Geometry of the system. Sample is a disk with radius
R and thickness h. Above its center at the height H the tip of the
cantilever with a negative charge −Qtip is placed.

of the experiment that we keep in mind (which was pro-
posed in Refs. [6, 13]). An electric field is produced by
the tip of a cantilever with a fixed point charge −Qtip < 0.

Because of the magnetoelectric interaction, strong enough
electric field can create magnetic vortices. Here we work
in the limit of low temperatures, where there are no ther-
mally activated vortex-antivortex (VA) pairs.

The electric potential produced by the tip is

ϕ(r) = −
Qtip√

r2 + H2
(9)

where H is the distance from the tip to the sample, and r
is the polar radius. We assume that the sample is thin: its
thickness h � H, so we neglect the variation of the electric
field in the transverse to the film direction inside the film.

Now we want to find the critical value of the electric
field that creates the first vortex-antivortex pair at T = 0 in
a sample of big enough size to accommodate the pair as a
whole. Estimates for the case of small samples were made
in [13].

Let the electric field produces one VA pair with the
vortex situated at the center of the disk and antivortex at
the distance r from its center (for big samples r � R).
The energy of the pair as a function of r consists of the
magnetic energy (8) of the VA interaction and the magne-
toelectric part due to electric charge (6) and electrostatic
potential (9):

W = 2q2
m ln

r
a
+ Qtipqe

(
1

√
r2 + H2

− 1
H

)
. (10)

Minimizing the energy with respect to the distance be-
tween the vortex and the antivortex r we obtain the fol-
lowing optimal distance:

r ≈
Qtipqe

2q2
m
. (11)

Note that for in the small sample case r > R the antivor-
tex leaves the sample and only vortex remains (which was
analyzed in [13]). Substituting (11) into (10) we find the
critical charge Qcrit

tip , above which the first VA pair forms:

Qcrit
tip =

2q2
mH

qe
ln

H
a
. (12)

We also define the critical voltage of the tip as voltage pro-
duced at the nearest to the tip point of the sample:

ϕcrit
0 =

Qcrit
tip

H
=

2q2
m

qe
ln

H
a

(13)

Higher values of tip voltages can lead to systems with sev-
eral vortex-antivortex pairs. Estimates for the prototypic
type-I multiferroic BiFeO3 give ϕcrit

0 � 20 V× ln(H/a) and
for type-II multiferroic TbMnO3: ϕcrit

0 � 0.3 V × ln(H/a)
(see [9] for the details).

4 Vortex distribution in continuous
approximation

In this section we construct an analytical theory for vor-
tex distribution in the continuous approximation. It proves
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4 Vortex distribution in continuous
approximation

In this section we construct an analytical theory for vor-
tex distribution in the continuous approximation. It proves

that even such a crude approximation captures many ef-
fects and allows us to find the vortex distribution profile
and the number of vortices for given Qtip.

The number of vortices in the system is not fixed, but
is rather determined by the condition of the energy mini-
mum. Here we calculate self-consistently the number of
vortices N created by the tip. We work in the continuoum
limit [which means that at least N � 1, so Qtip � Qcrit

tip ;
see (12)]. Let nv(r) and na(r) be concentrations of vortices
and antivortices, respectively; and n(r) = nv(r) − na(r).

Consider a ring from r to r + dr. In the ground state
there is a balance between the electric and magnetic inter-
actions. The magnetic interaction pushes vortices outside
while the external electric force pulls them inside the ring
(and vice versa for antivortices). From (9) external electric
force acting on a given area element with electric charge
qedN = qendS is

Fel = qedN
dϕ
dr
= QtipqendS

r
(r2 + H2)3/2 . (14)

From (8) the magnetic force between two equal charges
magnetic qm is 2q2

m/r. We can now calculate the magnetic
force acting at the considered area element dS with mag-
netic charge dqm = qmndS . Applying Gauss’s theorem to
magnetic charges we get the magnetic force:

Fmagn =
2dqmqinside

m

r
, (15)

where qinside
m = qm

∫
n(r)d2r = 2πqm

∫ r
0 n(r)rdr is a net

magnetic charge inside the ring. Equating (14) and (15)
we obtain the vortex distribution density profile:

n(r) =
Qtipqe

4πq2
m

2H2 − r2

(r2 + H2)5/2 (16)

Fig.2 shows plot for rn(r), which is proportional to the
number of vortices at distance r. Vortices are concentrated
inside a small circle of radius r0 = H

√
2, antivortices are

smeared over the sample outside r0 with their density de-
caying as rn(r) ∼ −1/r2.

Figure 2. Schematic plot for rn(r) vs r; n(r) is given by (16).

From (16) we get the total topological charge of vortices
and antivortices inside a circle of radius r:

N(r) = 2π
∫ r

0
n(r)rdr =

Qtipqe

2q2
m

r2

(r2 + H2)3/2 (17)

Now we can calculate the total number of vortices. Border
between vortices and antivortices lies at r0 = H

√
2, so

N =
1

33/2

Qtipqe/H
q2

m
. (18)

5 Numerical simulation

We modeled a system of pointlike vortices and antivor-
tices, which interact between themselves (with the mag-
netic energy (8)) and with the external electric field created
by the cantilever’s tip (the electrostatic potential is given
by (9)). The system shows a “glassy” behavior; i.e., there
are many local minima that are close to the global one. In
order to find a state corresponding to such a local energy
minimum we performed simulated annealing using the
Monte Carlo (MC) method. Three types of MC steps were
used: movement of a vortex or an antivortex, creation of
the VA pair, and destruction of the VA pair. We cooled the
system from high temperatures Tstart � q2

m > TBKT � q2
m/2

(which allowed the system to find the optimal number of
vortices) down to as low as Tstop = 10−6q2

m, depending on
the numerical experiment.

5.1 Number of vortices and the critical field

Figure 3. Configuration of a vortex-antivortex system for
Qtipqe/H = 23q2

m at T = 0.001q2
m. Vortex (filled circles) and

antivortex cores (open circles) are shown; arrows show magneti-
zation. Coordinates are given in the units of lattice spacing a.

(a) (b)
Figure 4. Configuration of vortex-antivortex system for
Qtipqe/H = 240q2

m at T = 10−6q2
m. Vortex (filled circles) and

antivortex cores (open circles) are shown. (a) Antivortex subsys-
tem; vortex “nucleus” is not resolved. (b) Vortex subsystem.

As we described in Secs.3 and 4, the charged tip pro-
duces magnetic patterns (“magnetic atoms”) in the sys-
tem. Fig.3 shows a typical low-temperature distribution
of magnetization in the system for moderate values of tip
voltages, for which N = 3 vortices and 3 antivortices are
created.

Fig.4 shows a typical low-temperature configuration of
the system for higher values of the tip’s voltage. Vortices
and antivortices are arranged in a highly regular structure
that is reminiscent of the structure of an atom: negatively
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Figure 5. Plot for N vs Qtip. The inset shows zoom of the plot
for range Qtip = 0 ÷ 24Hq2

m/qe, from which Qcrit
tip ≈ 9Hq2

m/qe.

charged antivortex outer concentric circular “shells” sur-
round the positive vortex “nucleus”. Fig.4b depicts only
this vortex “nucleus” of the “atom”.

Fig.5 shows N(Qtip) dependence for the ground states
of the system with varying Qtip. The inset shows zoom
for small Qtip: step-like dependence is due to the fact that
the number of vortices is always integer. For higher Qtip

the dependence is step-like as well, but the steps are not re-
solved, and only linear monotonous part of the dependence
can be seen. Analytical result (18) and the numerical mod-
eling are in a good agreement.

5.2 Polarizability of big samples

Here we numerically find the temperature dependence of
the polarizability for big samples. We performed cooling
at a fixed value of electric field E, and then independently
repeated this for different values of E. Fig.6 shows the
temperature dependence of the polarizability in log-log co-
ordinates, which in the limit of small β (= 1/T ) is fitted by
lnα ≈ 0.74 ln(βq2

m)+ const. This dependence is consistent
with our theoretical estimate α ∼ 1/T 1−η, with η ≈ 0.26.

Figure 6. lnα vs ln(βq2
m) plot (for Qtipqe/H = 200q2

m, N =
36). Symbols show data with their standard deviation; solid line
shows fitting. Slope of the dashed inclined line is 0.74 ± 0.07.

6 Conclusions

Interaction of magnetic and electric subsystems in mag-
netoelectric materials makes possible the creation of mag-
netic structures by external electric field. In this paper we
have presented analytical and numerical analysis of such
quasi-2D materials, where “atom”-like patterns of mag-
netic vortices and antivortices are produced by a strong
electric field, and studied the structure and electric polar-
izability of these magnetic “atoms”.

When the cantilever’s electric field exceeds some criti-
cal value, the first vortex-antivortex pair forms. Increasing
electric field produces more and more vortices and antivor-
tices. We found analytically and numerically the critical
voltage required to create the first vortex-antivortex pair,
and found the dependence of the number of vortex pairs
on the applied voltage. We have shown that a “magnetic
atom” forms: a “nucleus” consists of vortices arranged in
a lattice-like structure with a short-range order; it is sur-
rounded by antivortices forming outer concentric circular
“shells”. We obtained the vortex density profile in a con-
tinuous approximation.

In the type-II multiferroic-like materials studied here,
vortices carry a positive and antivortices a negative electric
charge; therefore an additional weak in-plane electric field
pulls them in opposite directions, thus creating a polariza-
tion. In this work we have studied the temperature depen-
dence of electric polarizability of such “magnetic atoms”.
By Monte Carlo simulation we deduced that polarizability
α behaves at low temperatures like 1/T 1−η, with η ≈ 0.26.
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