
The proton size puzzle: experiment vs theory.

A. E. Dorokhov1,∗, A. P. Martynenko2,∗∗, F. A. Martynenko2,∗∗∗, and A. E. Radzhabov3,4,∗∗∗∗

1Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia
2Samara University, 443086, Samara, Russia
3Matrosov Institute for System Dynamics and Control Theory SB RAS, 664033, Irkutsk, Russia
4Institute of Modern Physics of Chinese Academy of Sciences, 730000, Lanzhou, China

Abstract.
Current status of the proton size puzzle from experimental and theoretical points
of view is briefly discussed. The interest to these studies is primarily related to
experiments conducted by the CREMA collaboration (Charge Radius Experi-
ments with Muonic Atoms) with muonic hydrogen and deuterium by methods
of laser spectroscopy. As a result a more accurate value of the proton charge
radius was found to be rp = 0.84184(67) fm, which is different from the value
recommended by CODATA for 7σ.
In the second part we discuss recent calculations of the contribution of light
pseudoscalar (PS) and axial-vector (AV) mesons to the interaction operator of a
muon and a proton in muonic hydrogen atom, with the coupling of mesons to
the muon being via two-photon intermediate state. Numerical estimates of the
contributions to the hyperfine structure of the spectrum of the S and P levels are
presented. It is shown that such contribution to the hyperfine splitting in muonic
hydrogen is rather important for a comparison with precise experimental data.

1 Proton radius puzzle

Precise investigation of the Lamb shift (LS) and hyperfine structure (HFS) of light muonic
atoms is a fundamental problem for testing the Standard model (SM), in particular the quan-
tum electrodynamics calculations, establishing the exact values of SM parameters, such as
the Rydberg constant, detailed study of the proton structure, and searching for effects of
new physics. Recently, the CREMA (Charge Radius Experiments with Muonic Atoms) Col-
laboration from PSI by using the laser spectroscopy method measured with unprecedented
accuracy the transition frequencies between the 2P and 2S states in muonic hydrogen (µp)
[1–3]
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From these two transition measurements, both the Lamb shift ∆ELS and the 2S-HFS ∆EHFS

was determined independently with the result [2]

∆Eexp
LS
(
2P1/2 − 2S1/2

)
= 202.3706(23) meV, (3)

∆Eexp
HFS

(
2SF=1

1/2 − 2SF=0
1/2

)
= 22.8089(51) meV. (4)

From theory side these quantities calculated in the frame work of bound-state QED are ex-
pressed in terms of the charge r2

E and Zemach rZ radii of the proton as [3]

∆Eth
LS = 206.0668(25) − 5.2275(10) r2

E meV, (5)
∆Eth

HFS = 22.9843(30) − 0.1621(10) rZ meV, (6)

where the charge RMS radius rE is defined via the normalized proton charge distribution ρE
and the Zemach radius is correlated with the proton magnetic moment distribution ρM as

r2
E =

∫
d3rr2ρE (r) , rZ =

∫
d3r
∫

d3r′r′ρE (r) ρM
(
r − r′

)
. (7)

The first term on the right side of (5) accounts for radiative, relativistic, and recoil effects,
while the first term on the right side of (6) is the Fermi energy arising from the interaction
between the muon and the proton magnetic moment and different corrections to it. It is also
important, that like for the problem of the anomalous magnetic moments of leptons [4, 5], the
coefficients in front of the radius terms in (5), (6) are much stronger enhanced for the muonic
system relative to the electronic system, and thus much more sensitive in extraction of the
radii parameters from the experimental data.

The comparison of (5),(6) with (3),(4) provides [2, 3]

rCREMA
E = 0.84087(39) fm, rCREMA

Z = 1.082(37) fm. (8)

This should be compared with the values recommended by CODATA [7] and based on the
electron-proton scattering and electronic hydrogen spectroscopy

rCODATA
E = 0.8751(61) fm. (9)

Thus we see two basic results of the laser spectroscopy experiment for µp. First, from
the µp spectroscopy the value of rE is determined with precision 10 times higher than from
electronic data. Second, and more striking, that there is the large discrepancy between rCREMA

E
and rCODATA

E at the level of 5.6 σ (or the muonic hydrogen value is 4% smaller than the
CODATA value). This is so-called the proton size puzzle. Later on, the similar problem was
detected for the deuteron radius [6].

At present, several experimental groups plan to measure HFS of various muonic atoms
with more high precision [8–10]. This will make it possible to better understand the existing
"puzzle" of the proton charge radius, to check the Standard Model with greater accuracy and,
possibly, to reveal the source of previously unaccounted interactions between the particles
forming the bound state in QED.

More recent study [11] of the (2S −4P) transition in the electronic hydrogen atom yielded
a new value of the proton charge radius, rp = 0.8327(87) fm, which is quite consistent with
the CREMA data. But new measurement of the transition frequency (1S−3S ) transition in the
electronic hydrogen atom [12] gave the value of the proton charge radius, rp = 0.877(13) fm,
which completely agrees with the CODATA value. One of the ways of overcoming the con-
troversial situation arises from a deeper theoretical analysis of the fine and hyperfine structure
of muonic atom spectrum, with the verification of previously calculated contributions and the
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more accurate construction of the particle interaction operator in quantum field theory, the
calculation of new corrections whose value for muonic atoms can increase substantially in
comparison with electronic atoms. The expected results will allow to get also a new very
important information about the forces which are responsible for the structure of atoms.

2 Light meson exchange contributions to HFS of µp
From the theory side it is urgently needed to study the possible effects of exchanges between
muon and proton which can contribute to HFS of µp. Some of such effects was considered
in recent papers [13–18]. Below, we discuss the effects of exchanges between muon and
proton which can contribute to HFS of µp coming from the light pseudoscalar (PS) and
axial-vector (AV) meson exchanges between muon and proton induced by meson coupling to
muon through two photons (see Fig. 1Left).

The leading contribution to HFS of µp is coming from one-photon exchange and has the
following form [19–21]:

∆Vh f s
B =

8παµp

3mµmp
(SpSµ)δ(r) −

αµp(1 + aµ)
mµmpr3

[
(SpSµ) − 3(Spn)(Spn)

]
(10)

+
αµp

mµmpr3

[
1 +

mµ
mp
−

mµ
2mpµp

]
(LSp)

where mµ, Sµ and mp, Sp are masses and spins of muon and proton, correspondingly, µp is the
proton magnetic moment. The potential (10) gives the main contribution of order α4 to the
HFS of muonic atom. Precise calculation of the HFS of the spectrum, which is necessary for
comparison with modern experimental data, requires the consideration of various corrections
accounting for the vacuum polarization, nuclear structure and recoil, and relativistic effects
[19, 22–26].

We calculate further the contribution to HFS coming from the pion 1 and axial-vector
f1(1285), a1(1260) and f1(1420) meson exchanges shown in Fig. 1(Left). The effective ver-
tices of the interaction of the PS and AV mesons and virtual photons can be expressed in
terms of the transition form factors as follows:

Vµν(k1, k2) = iεµναβk1αk2β
α

πFπ
Fπ0γ∗γ∗(k2

1, k
2
2), (11)

T µνα(k1, k2) = 8πiαεµνατ(kτ1k2
2 − kτ2k2

1)F(0)
AVγ∗γ∗ (k

2
1, k

2
2), (12)

where k1, k2 are four-momenta of virtual photons. For small values of the relative momenta
of particles in the initial and final states and small value of transfer momentum t between
muon and proton, one has k2 ≈ −k1, k2

1 ≈ k2
2 ≈ k2.

The final result for the HFS potential is equal to

∆Vh f s
PS (t) =

α2

6π2

gp

mpFπ

t2

t2 + m2
π

A(t2), (13)

∆Vh f s
AV (t) = −

32α2gAVPPFAVγγ(0, 0)

3π2(t2 + M2
A)

I(
mµ
ΛA

). (14)

where

A(t2) =
2
π2t2

∫
id4k[t2k2 − (tk)2]

k2(k − t)2(k2 − 2mµk0)
FPS γ∗γ∗ (k2, k2), (15)

I(
mµ
ΛA

) =
∫ id4k(2k2 + k2

0)
k2(k2 − 2mµk0)

FAVγ∗γ∗(k2, k2). (16)

1The contribution of the η and η′ mesons is negligible [13]
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Figure 1. (Left) Muon-proton interaction induced by mesonic exchange; (Right) The contribution of
scalar σ-meson exchange to the Lamb shift of (2P-2S) in meV as function of parameter Aσ in GeV−2.

The integralA in (15) is well studied in connection to the problem of interpretation [27, 28] of
the KTeV (FermiLab) data on the pion decay into e+e− pair. In order to fix the transition form
factors in the most model independent way we used corresponding data from CLEO [29] and
L3 [30–32] collaborations for the PS and AV mesons transition form factors, respectively (see
for details [13, 14]. We would like to point out, that one can expect the important contribution
of the AV exchange to spin dependent part of muon-proton interaction because the exchange
particle has the spin one. Furthermore, it is also well known that in the channel with quantum
number 1++ axial anomaly effects can play an important role and, in particularly, these effects
might be considered as a cornerstone to solve so-called "proton spin crisis" [33, 34]. The other
phenomenological input, the meson-nucleon couplings, were determined by using the Regge
approach analysis of the deep-inelastic scattering, f1 and a1 trajectories contributing to the
polarization of quarks in the nucleon [35, 36].

Calculating the matrix elements with wave functions of 1S , 2S and 2P1/2 states, we obtain
the corresponding contributions to the HFS spectrum

∆Eh f s
π (1S ) =

µ3α5gA

6F2
ππ

3

{
A(0)

4W(1 + W
mπ

)

mπ(1 + 2W
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)2
− 1
π

∫ ∞
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s
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s2

(1 +
√

s
2W )2



}
,
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}
,

∆Eh f s
AV (1S ) =

32α5µ3gAVPPF(0)
AVγ∗γ∗ (0, 0, 0)

3M2
Aπ

3
(
1 + 2W

MA

)2 I
(

mµ
ΛA

)
, (19)

∆Eh f s
AV (2S ) =

2α5µ3gAVPPF(0)
AVγ∗γ∗(0, 0, 0)

(
2 + W2

M2
A

)

3M2
Aπ

3
(
1 + W

MA

)4 I
(

mµ
ΛA

)
, (20)

where W = mrα and mr is reduced mass.
In Table 1 our results for contribution of the pion and AV mesons exchanges to HFS are

presented. For the case of 2S state the total contribution from pion and AV meson exchanges
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Table 1. Pion and axial-vector mesons exchanges contribution to HFS of muonic hydrogen.

mesons IG(JPC) ΛA F(0)
AVγ∗γ∗(0, 0) ∆Eh f s(1S ) ∆Eh f s(2S )

in MeV in GeV−2 in meV in meV
f1(1285) 0+(1++) 1040 0.266 −0.0093 ± 0.0033 −0.0012 ± 0.0004
a1(1260) 1−(1++) 1040 0.591 −0.0437 ± 0.0175 −0.0055 ± 0.0022
f1(1420) 0+(1++) 926 0.193 −0.0013 ± 0.0008 −0.0002 ± 0.0001
π0 1−(0−+) 776 −0.0017 ± 0.0001 −0.0002 ± 0.00002

Sum −0.0560 ± 0.0178 −0.0071 ± 0.0024

is equal to (-0.0071) meV, which is quite important to obtain the total value of HFS with high
precision.

We extend our calculation of muon-proton interaction to the case of scalar mesons. There
are several scalar mesons with the mass near 1 GeV, which can contribute to the effective
muon-proton interaction: σ(550), f0(980), a0(980), f0(1370). The general parameterization
of scalar meson - two photon vertex function is the following:

T µνS (p, k1, k2) = e2
{
A(p2, k2

1, k
2
2)(gµν(k1 · k2) − kν1kµ2)+ (21)

B(p2, k2
1, k

2
2)(kµ2k2

1 − kµ1(k1 · k2))(kν1k2
2 − kν2(k1 · k2))

}
.

The muon-proton interaction amplitude via the meson exchange has the form:

iM = −α
2gs

π2

∫
d4k

k4(k2 − 2m1k0)
A(t2, k2, k2)(gµν(k1 · k2) − kν1kµ2)× (22)

[ū(q1)γµ( p̂1 − k̂ + m1)γνu(p1)][v̄(p2)v(q2)]
1

t2 + M2
s
,

where gs is the coupling constant of scalar meson with the proton. We set further in the
numerator t = 0. This leads to the cancelation of the term with the function B(p2, k2

1, k
2
2).

Using again projection operator on muon-proton states with spin S=0, S=1 we can construct
the interaction operator for these states.

Our analysis shows that there is no contribution of the scalar mesons to HFS in the lead-
ing order in α. At the same time there are shifts of the levels 2S, 2P as whole which are
determined by the equations:

∆ELs
σ (2S ) = −α

5µ3gsm1Aσ
384πM2

s

(2 + W2

M2
S
)

(1 + W
MS

)4

[
−63+180 ln 2+4a2

1(−20+33 ln 2)−12(15+11a2
1) ln a1

]
,

(23)

∆ELs
σ (2P) =

α5µ3gsm1Aσ
144πM2

s

(3 + 8 W
Ms
+ 7W2

2M2
s
)

(1 + W
Ms

)4
(24)

[
−9 + 36 ln 2 + 2a2

1(−7 + 12 ln 2) − 12(3 + 2a2
1) ln a1

]
,

where a1 = 2mµ/Λ, and the parameterization of function A(t2, k2, k2) for scalar mesons cho-
sen in the same form as for pseudoscalar and axial-vector mesons (monopole form for vari-
ables k1 and k2):

A(t2, k2, k2) = Aσ
Λ4

(Λ2 − k2)2 . (25)
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Coupling constant Aσ can be related with the decay width Γσ→γγ [41, 42]. Two expressions
(23), (24) give contributions which are different in sign just as in the case of pseudoscalar
meson. Preliminary numerical estimate of the contribution of σ-meson to the Lamb shift
(2P-2S) is shown in Fig. 1(Right). It was obtained taking the values of parameters for σ-
meson from [43].

3 Conclusion

A new important contributions to the muon-nucleon interaction are found. It comes from
pion and AV mesons exchanges induced by anomalous meson-two photon vertices. The con-
tribution of this exchange to the HFS of µp is calculated in framework of the quasipotential
method in QED and the use of the technique of projection operators on the states of two
particles with a definite spin. It is shown that this contribution is rather large and should be
taken into account for the interpretation of the new data on HFS in this atom. More recently,
we studied [18] the contribution of some two-photon interactions to the muon and proton
interaction potential and into the fine and hyperfine structure of the energy spectrum for P
states.

As has been mentioned the CREMA Collaboration measured two transition frequencies
in muonic hydrogen for the 2S triplet state (2PF=2

3/2 − 2S F=1
1/2 ) and for 2S singlet state (2PF=1

3/2 −
2S F=0

1/2 ) [2]. From these measurements it is possible to extract the value of HFS for 2S level.
Obtained value (4) allows to get the value of the Zemach radius (8) with accuracy 3.4 % with
help of relation (6). This is in the agreement with another numerical values rZ = 1.086(12) fm
[37], rZ = 1.045(4) fm [38], rZ = 1.047(16) fm [39], rZ = 1.037(16) fm [40] obtained from
electron-proton scattering and from H and muonium spectroscopy. We should emphasize
that the changing of the theoretical value of HFS on 0.001 meV leads to the changing of the
Zemach radius on 0.006 fm. Therefore, our contribution coming from the pion and AV meson
exchanges leads to the new value of this radius

rZ = 1.040(37) fm, (26)

which is smaller in the comparison with most listed results but still agree with them within
errorbars.

The work is supported by Russian Science Foundation (grant No. RSF 18-12-00128) and
Russian Foundation for Basic Research (grant No. 18-32-00023) (F.A.M.).
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