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Abstract. We investigate the structure of quantum corrections in N = 1 supersymmetric theories using the higher covariant derivative method for regularization. In particular, we discuss the non-renormalization theorem for the
triple gauge-ghost vertices and its connection with the exact NSVZ β-function.
Namely, using the finiteness of the triple gauge-ghost vertices we rewrite the
NSVZ equation in a form of a relation between the β-function and the anomalous dimensions of the quantum gauge superfield, of the Faddeev–Popov ghosts,
and of the matter superfields. We argue that it is this form that follows from the
perturbative calculations, and give a simple prescription how to construct the
NSVZ scheme in the non-Abelian case. These statements are confirmed by an
explicit calculation of the three-loop contributions to the β-function containing
Yukawa couplings. Moreover, we calculate the two-loop anomalous dimension
of the ghost superfields and demonstrate that for doing this calculation it is very
important that the quantum gauge superfield is renormalized non-linearly.

1 Introduction
Investigating of N = 1 supersymmetric gauge theories is very interesting for both phenomenology and theory. Really, these theories are the main building blocks for constructing
supersymmetric extensions of the Standard Model. Due to N = 1 supersymmetry it is possible to solve some problems of the Standard Model. Namely, running of the gauge coupling
constants in the supersymmetric case agrees with the predictions of Grand Unified Theories.
The proton life time is essentially increased. There are no quadratically divergent quantum
corrections to the Higgs mass.
From the theoretical point of view the famous feature of supersymmetric theories is cancellation of some ultraviolet divergences. In particular, for N = 1 D = 4 supersymmetric
theories the following non-renormalization theorems exist:
1. There are no divergent quantum corrections to the superpotential [1].
2. The β-function of N = 1 gauge theories is related to the anomalous dimension of
the matter superfields by the so-called Novikov, Shifman, Vainshtein, and Zakharov (NSVZ)
β-function [2–5],1
∗ e-mail: stepan@m9com.ru
1 For
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α2 3C2 − T (R) + C(R)i j γ j i (α, λ)/r

,
(1)
2π(1 − C2 α/2π)
where r is the dimension of the gauge group, and the other constants are defined by the
equations
β(α, λ) = −

tr (T A T B ) ≡ T (R) δAB ;

(T A )i k (T A )k j ≡ C(R)i j ;

f ACD f BCD ≡ C2 δAB .

(2)

3. The three-point vertices with two lines of the Faddeev–Popov ghosts and one line of
the quantum gauge superfield are finite in all orders [7].
The NSVZ β-function (obtained from general arguments) was compared with the results
of calculations in the lowest orders (up to the four-loop approximation) made with the dimensional reduction [8] in the minimal subtraction scheme (which in this case is called the
DR-scheme) in Refs. [9–12]. The result coincided with the NSVZ β-function only in the oneand two-loop approximations. In the higher loops it is necessary to make a special tuning of
the coupling constant [10, 11, 13], which is equivalent to changing the subtraction scheme.
Note that the NSVZ relation is scheme-dependent. The general equations which describe its
scheme-dependence have been derived in Refs. [14, 15]. The possibility to restore the NSVZ
relation by changing the subtraction scheme is non-trivial [10] and confirms the correctness
of the NSVZ equation. However, it raises a problem, how to construct the renormalization
prescription which produces the NSVZ result in all orders. At present, in the case of using
the dimensional reduction such a prescription has not yet been found.
However, if the theory is regularized by the Slavnov higher covariant derivative method
[16–18] in a supersymmetric version [19, 20], the problem can be solved in a natural and
beautiful way. In the Abelian case the NSVZ relation is obtained in all orders with the higher
derivative regularization for the renormalization group functions (RGFs) defined in terms of
the bare coupling constant independently of the renormalization prescription [21, 22]. For
scheme-dependent RGFs (standardly) defined in terms of the renormalized coupling constant
the NSVZ subtraction scheme is obtained with the higher derivative regularization supplemented by the minimal subtraction of logarithms [15, 23, 24]. Such a renormalization prescription we will call HD+MSL [25–27].2 In this paper we will explain, how these results
can be generalized to the non-Abelian case and describe some peculiarities of calculating
quantum corrections in N = 1 supersymmetric gauge theories.

2 Non-Abelian N = 1 supersymmetric gauge theories: action,
regularization, and quantization
In the N = 1 superspace the massless non-Abelian N = 1 supersymmetric Yang–Mills
(SYM) theory with matter is described by the action
S =

1
Re tr
2e20



d 4 x d 2 θ W a Wa +

1
4



1

d4 x d4 θ φ∗i (e2F (V) )i j φ j +

6

λi0jk




d4 x d2 θ φi φ j φk +c.c. ,

(3)
where the chiral matter superfields φi belong to a representation R of the gauge group, and
m jk
A j
A i
the Yukawa couplings λ0 satisfy the condition λi0jm (T A )m k + λimk
0 (T )m + λ0 (T )m = 0.
2 The HD+MSL prescription was proved to produce the NSVZ-like schemes for the Adler D-function in N = 1
SQCD [28, 29] and for the anomalous dimension of the photino mass in softly broken N = 1 SQED [30, 31].
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Usually, writing this action one sets F (V) = V, but below we will see that for calculating
quantum corrections the function F (V) is very important. In
 this case the supersymmetric

gauge superfield strength is defined by the equation Wa ≡ D̄2 e−2F (V) Da e2F (V) /8.
The explicitly gauge invariant effective action is constructed with the help of the back+
ground field method, which is introduced by the substitution e2F (V) → eΩ e2F (V) eΩ . Then the
+
background superfield V is given by the expression e2V = eΩ eΩ .
We will regularize the considered theory by the Slavnov higher covariant derivative
method. For this purpose we add to the action the higher derivative term



  ∇¯ 2 ∇2 
eΩ Wa e−Ω
d4 x d2 θ eΩ W a e−Ω R −
−1
2
Ad j
16Λ

  ∇¯ 2 ∇2 

1
+
d4 x d4 θ φ+ eΩ e2F (V) F −
+
− 1 eΩ φ.
2
4
16Λ

SΛ =

1
Re tr
2e20

(4)

where the regulators R and F have a rapid growth at infinity. The gauge fixing term also
contains the higher derivative regulator K,

 ∇
¯ 2 ∇2 
1
¯ 2 V.
∇
tr
d4 x d4 θ ∇2 V K −
(5)
S gf = −
2
16Λ2 Ad j
16ξ0 e0
In this case the action for the Faddeev–Popov ghosts has the form

S FP =

1
2





 A 
∂F −1 (V)
+
+ A

eΩ c̄e−Ω + e−Ω c̄+ eΩ
B
 (V)
V=F
∂V


 +
  F (V)  
B
F (V)
−Ω + Ω+
Ω −Ω
.
×
e c e
+
e ce
1 − e2F (V) Ad j
1 − e−2F (V) Ad j

d4 x d4 θ

(6)

Also it is necessary to introduce the Nielsen–Kallosh ghosts.
Note that the quantum gauge superfield V is renormalized nonlinearly [32–34]. Parameters describing this nonlinear renormalization are included into the function F (V). In our
notation the renormalization constants are defined by the equations
i
j
k
V = ZV Zα−1/2 VR + nonlinear terms;
λi jk = λmnp
0 (Zλ )m (Zλ )n (Zλ ) p ;

Zξ
1
Zα
1
;
c̄c = Zc Zα−1 c̄R cR ;
=
= ;
φi = ( Zφ )i j (φR ) j ,
α0
α
ξ0
ξ

where it is possible to choose (Zλ )i j = ( Zφ )i j ; Zξ = ZV−2 .

(7)

3 Finiteness of triple gauge-ghost vertices, new form of the NSVZ
relation, and the NSVZ scheme in the non-Abelian case
According to Ref. [7] the three-point vertices with two ghost legs and a single leg of
the quantum gauge superfield are finite in all orders. In the general ξ-gauge this statement
has first been noted in the one-loop calculation of Ref. [35].3 In the superfield formulation of

3 Earlier, a similar statement was known only in the Landau gauge ξ → 0 for the usual (non-sypersymmetric)
Yang–Mills theory [36] and for the N = 1 SYM in the Wess–Zumino gauge (also in the case ξ → 0) [37].
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N = 1 supersymmetric gauge theories there are 4 such vertices, c̄ Vc, c̄+ Vc, c̄ Vc+ , and c̄+ Vc+
which have the same renormalization constant Zα−1/2 Zc ZV . Therefore, the above statement can
be rewritten as
d
(8)
(Z −1/2 Zc ZV ) = 0.
d ln Λ α
where ZV describes the renormalization of the quantum gauge superfield in the linear approximation, see Eq. (7). Note that the Green functions of the structure c̄ V n c are divergent for
n  1. The explicit expressions for the Green functions with n = 0 and n = 1 in the one-loop
approximation can be found in Refs. [35] and [7], respectively. The former Green function is
divergent, while the letter ones are finite.
Using the non-renormalization theorem for the triple gauge-ghost vertices the NSVZ
equation can be presented in a different form. Writing this equation we will define RGFs
in terms of the bare couplings by the equations
d ln(Zφ )i j (α, λ, Λ/µ)
dα0
;
(γφ )i j (α0 , λ0 ) ≡ −
;
d ln Λ
d ln Λ
d ln ZV (α, λ, Λ/µ)
d ln Zc (α, λ, Λ/µ)
γV (α0 , λ0 ) ≡ −
;
γc (α0 , λ0 ) ≡ −
,
d ln Λ
d ln Λ

β(α0 , λ0 ) ≡

(9)

where the differentiation is made at fixed values of renormalized parameters. These RGFs are
scheme independent at a fixed regularization [23], but depend on a regularization. For N = 1
SQED with N f flavors regularized by higher derivatives they satisfy the NSVZ relation in all
orders [21, 22]. For these RGFs the NSVZ β-function can equivalently be rewritten in the
form
3C2 − T (R) + C(R)i j γφ ) j i (α0 , λ0 )/r C2 β(α0 , λ0 )
β(α0 , λ0 )
=
−
.
+
·
2π
2π
α0
α20

(10)

Using the finiteness of the triple gauge-ghost vertices the β-function in the right hand side
can be presented as

β(α0 , λ0 ) =



d ln Zα 
dα0 (α, λ, Λ/µ) 
α,λ=const = −α0
α,λ=const = 2α0 γc (α0 , λ0 )+γV (α0 , λ0 ) ,
d ln Λ
d ln Λ

(11)

where γc and γV are the anomalous dimensions of the Faddeev–Popov ghosts and of the
quantum gauge superfield, respectively. Substituting this expression into the right hand side
of the NSVZ relation we obtain

β(α0 , λ0 )
1
3C2 −T (R)−2C2 γc (α0 , λ0 )−2C2 γV (α0 , λ0 )+C(R)i j (γφ ) j i (α0 , λ0 )/r . (12)
=−
2
2π
α0

From this form of the NSVZ β-function we see that the matter superfields and ghosts similarly
contribute to the right hand side.
The graphical interpretation of Eq. (12) is similar to the Abelian case considered in
[38, 39]. Namely, if we start with a supergraph without external lines, then the contribution
to the left hand side comes from diagrams obtained by attaching two external legs of the background gauge superfield. The corresponding contributions to the anomalous dimensions of
the quantum superfields are obtained by cutting internal lines in the original graph. The new
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form of the NSVZ relation establishes a correspondence between these n-loop contribution
to the β-function and (n − 1)-loop contributions to the anomalous dimensions. The equality
takes place due to factorization of loop integrals giving the β-function into integrals of total
[40, 41] and even double total derivatives [38, 42].
Because the NSVZ relation in the form (12) has the same graphical interpretation as in
the Abelian case, it is reasonable to suggest that as in the Abelian case it is obtained with
the higher covariant derivative regularization for RGFs defined in terms of the bare couplings
independently of the renormalization prescription. This proposal has been confirmed by explicit calculations of the terms containing the Yukawa couplings in the three-loop β-function
and in the two-loop anomalous dimensions of the quantum superfields [43, 44]. For the other
terms it has been verified in the previous order [45]. However, RGFs defined in terms of the
renormalized couplings by the equations
d ln(Zφ )i j (α0 , λ0 , Λ/µ)
dα

β(α, λ) ≡
;
(
γφ )i j (α, λ) ≡
;
d ln µ
d ln µ
d ln ZV (α0 , λ0 , Λ/µ)
d ln Zc (α0 , λ0 , Λ/µ)


;
γc (α, λ) ≡
,
γV (α, λ) ≡
d ln µ
d ln µ

(13)

where the differentiation is made at fixed values of bare parameters, are scheme and regularization dependent and satisfy the NSVZ relation only for a special renormalization prescription. To construct this (NSVZ) scheme, we note that, similarly to the N = 1 SQED case
considered in [23, 24], for the non-Abelian theories both definitions of RGFs give the same
functions, if the boundary conditions
Zα (α, λ, x0 ) = 1;

(Zφ )i j (α, λ, x0 ) = δi j ;

Zc (α, λ, x0 ) = 1

(14)

are imposed on the renormalization constants, where x0 is a certain fixed value of ln Λ/µ.
(We also assume that ZV = Zα1/2 Zc−1 .) For x0 = 0 this implies that only powers of ln Λ/µ
are included into the renormalization constants, so that the corresponding renormalization
prescription is very similar to the minimal subtraction scheme. That is why we will call it
HD+MSL, i.e. Higher Derivatives + Minimal Subtractions of Logarithms. If RGFs defined
in terms of the bare couplings satisfy Eq. (12) with the higher covariant derivative regularization, then HD+MSL=NSVZ.

4 Three-loop verification for terms containing the Yukawa couplings
The above results have been verified in the three-loop approximation for terms containing
the Yukawa couplings [43, 44]. For the higher derivative regulators F(x) = 1 + xn ; R(x) =
1 + xm RGFs defined in terms of the renormalized couplings are



β(α, λ)
1
1
α
1 ∗ jmn
i
3C
C(R)
=
−
−
T
(R)
−
λimn λ + 3 λ∗imn λ jmnC2
2
j
2
2
2π
2πr
α
4π
8π




1
α
α ∗ jmn
1
+ 3 λ∗imn λ jmlC(R)l n b2 − g11
+ 3 λlmn λ C(R)i l b2 − g11 − 1 −
2
n
4π
2π
1
1
1 
1 ∗ jab ∗ cde 
1 ∗ kab ∗ jcd
λ λ λkcd λ
+ 1+
− 4 λiac λ λbde λ b2 − g12 +
+
2
n  8π
2
16π4 iab


× g12 − b2 + O(α2 λ2 , αλ4 , λ6 ) + terms without the Yukawa couplings;

5
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α
1
α
(
γφ )i j (α, λ) = − C(R)i j + 2 λ∗imn λ jmn + 3 λ∗lmn λ jmnC(R)i l g12 − g11
π
4π
4π

1 
α ∗ jml
1 
1 ∗ jab
1
1
+ 3 λimn λ C(R)l n g12 − g11 + 1 +
−
− 1−
λ λ
2
n
2
n
2π
16π4 iac
λ∗bde λcde + O(α2 , αλ4 , λ6 );

α
α

γV (α, λ) = −
3C2 − T (R) −
λ∗ λimnC(R)i j + O(α2 , αλ4 ),
4π
16π3 r jmn

(16)
(17)

where b2 , g11 , and g12 are finite constants which define the subtraction scheme in the considered approximation. We see that for general values of these parameters the NSVZ relation


β(α, λ)
1
3C2 − T (R) − 2C2
γc (α, λ) − 2C2
γV (α, λ) + C(R)i j (
=−
γφ ) j i (α, λ)/r
2
2π
α

(18)

is not satisfied. However, in the HD+MSL scheme obtained by imposing the conditions
(14) with x0 = 0 all these constants vanish, g11 = 0; g12 = 0; b2 = 0 and Eq. (18) is
valid. Thus, in the considered approximation for terms containing the Yukawa couplings
HD + MSL = NSVZ.

5 Two-loop anomalous dimension of the Faddeev–Popov ghosts
The calculations made in [43, 44] allow to verify the terms in Eqs. (12) and (18)
which contain anomalous dimensions of the quantum gauge superfield and of the matter
superfield. At present, the term containing the ghost anomalous dimension 
γc in Eq. (18)
has been verified only for the two-loop β-function and the one-loop anomalous dimension
[45]. However, a nontrivial check can be obtain only by comparing the two-loop ghost
anomalous dimension and the three-loop β-function, because only stating from this approximation the scheme dependence becomes essential. The two-loop anomalous dimension of the Faddeev–Popov ghosts has been calculated in [46]. Making this calculation
it is very important to take into account that the quantum gauge superfield is renormalized in a non-linear way [32, 33]. Explicit calculations (for gauge superfield four-point
Green function) have been made in [47, 48], where it has been demonstrated that the nonlinear terms really appear. In the lowest order it is necessary to take into account nonlinear terms inside the function F A (V) = V A + e20 y0 G ABCD V B V C V D + . . ., where G ABCD =


f AKL f BLM f CMN f DNK + permutations of B, C, and D /6. According to Refs. [47, 48]

Λ
α 
(19)
(2 + 3ξ) ln + k1 + . . .
90π
µ
This equation should be taken into account together with the one-loop renormalization of the
coupling constant and of the gauge parameter. Then the Faddeev–Popov ghost anomalous
dimension defined in terms of the bare couplings for the higher derivative regulators R(x) =
K(x) = 1 + xm ; F(x) = 1 + xn is given by the scheme-independent expression [46]
y0 = y +


α0C2 (ξ0 − 1) 5α0 y0C22 (ξ0 − 1) α20C22  2
ξ0 − 1
−
−
2
6π
4π
24π
 α20C2 T (R) 

α20C22 
ln a + 1 + . . . ,
− 2 ln aϕ + 1 +
4π
12π2
γc (α0 , λ0 , ξ0 , y0 ) =

6

(20)
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where a ≡ M/Λ; aϕ ≡ Mϕ /Λ are ratios of the Pauli–Villars masses to the parameter Λ. Note
that writing Eq. (20) we keep the one-loop y-dependence, but omit the dependence on other
nonlinearity parameters in the two-loop terms.
The result for the anomalous dimension defined in terms of the renormalized couplings,

αC2 (ξ − 1) 5αyC22 (ξ − 1) α2C22 
−
−
+
1
+
6h
−
b
ln
a
ϕ
1
11
6π
4π
4π2
2 2
2
 α2C22 



α C2 2
α C2 T (R)
+
ln a + 1 + 6h1 − b12 −
ξ −1 +
4x1 − (ξ − 1)k1 + . . . , (21)
2
2
2
12π
24π
72π


γc (α, λ, ξ, y) =

includes some finite constants and is, therefore, scheme-dependent. However, it can be easily
verified that in the HD+MSL scheme (for which b11 = b12 = 0, h1 = 0, k1 = 0, x1 = 0) it
coincides with γc after a formal substitution α → α0 ; ξ → ξ0 ; y → y0 .

Conclusion
In the non-Abelian case the perturbative calculations in the lowest orders produce the new
form of the NSVZ equation which relates the β-function to the anomalous dimensions of the
quantum gauge superfield, of the Faddeev–Popov ghosts, and of the chiral matter superfields.
This new form of the NSVZ relation can be obtained from the usual one with the help of the
non-renormalization theorem for the triple ghost-gauge vertices and has the same graphical
interpretation as in the Abelian case. In the case of using the higher covariant derivative
regularization the new form of the NSVZ relation seems to be valid for RGFs defined in
terms of the bare couplings independently of a renormalization prescription. Consequently,
the NSVZ scheme for RGFs defined in terms of the renormalized couplings is produced by
the HD+MSL prescription. This statement has been verified in the three-loop approximation
for terms containing the Yukawa couplings. It is important that in this approximation the
scheme dependence of RGFs becomes essential. However, to make a similar check for the
other terms, it is necessary to take into account that for supersymmetric theories in higher
orders the quantum gauge superfield is renormalized nonlinearly.
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