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Abstract.
Non-Abelian flux tubes (strings) are well studied in N = 2 supersymmetric
QCD in (3+1) dimensions. In addition to translational zero modes they have
also orientational moduli associated with rotations of their fluxes inside a non-
Abelian group. The dynamics of the orientational moduli is described by the
two dimensional CP(N − 1) model living on the world sheet of the non-Abelian
string. In this paper we consider a deformation of N = 2 supersymmetric
QCD with the U(N) gauge group and Nf = N quark flavors with a mass term
µ of the adjoint matter. In the limit of large µ the theory flows to an N = 1
supersymmetric QCD. We study the solution for the non-Abelian string in this
limit and derive an effective theory on the string world sheet. The bosonic sector
of this theory is still given by the CP(N−1) model. We study also the fermionic
sector of the world sheet theory. Upon the deformation the non-Abelian string
is no longer BPS and we show that the fermionic superorientational zero modes
are all lifted. This leaves us with the pure bosonic CP(N−1) model on the string
world sheet in the limit of N = 1 QCD. We discuss what happens to confined
monopoles at large µ.

1 Introduction

The mechanism of confinement based on a monopole condensation [2] was shown to work
[3, 4] in the monopole vacua ofN = 2 supersymmetric QCD. This confinement is essentially
Abelian [5–8]. Searchers for non-Abelian generalization of Seiberg-Witten scenario lead to
the discovery of non-Abelian strings [9–12], see also [13–16] for a review. These BPS non-
Abelian vortices are formed in N = 2 SU(N)×U(1) QCD when the theory is in the Higgs
phase for quarks, and monopoles are confined. Apart from the translational zero modes
of the usual ANO string, the non-Abelian vortex has also orientational moduli associated
with rotations of their fluxes inside the non-Abelian SU(N) group. Internal dynamics of the
orientational moduli is governed by the CP(N − 1) model living on the string world sheet.
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In the recent years there has been some progress in studies of non-Abelian vortices in
N = 1 gauge theories. This can be done by introducing a so-called µ-deformation which is
a mass term for the adjoint matter. When µ goes to infinity, the N = 2 QCD flows to N = 1
QCD. This setup for N = 2 supersymmetric QCD with U(N) gauge group and Nf = N
flavors of massless quarks was considered in [17–22]. Quark condensation is triggered by the
Fayet-Iliopoulos (FI) D-term. It was found that the vortices remain BPS saturated, but the
fermionic orientational moduli change. The world-sheet theory becomes heteroticN = (0, 2)
CP(N − 1) model.

Here we study a more natural setup. We consider the µ-deformation of N = 2 QCD
without a FI term in a quark vacuum. Squark condensate is determined by

√
µm, were m

is a quark mass. In the large µ limit the theory flows to N = 1 QCD in the quark vacuum.
Non-Abelian strings cease to be BPS saturated and both bosonic and fermionic profile of the
string are modified. We study solutions for the non-Abelian string profile functions in the
large µ limit and derive the effective theory on the string world sheet.

We show that the fermionic sector of the world-sheet theory decouples, while the bosonic
part is still given by the CP(N − 1) model. In the limit of equal quark masses the confined
monopoles survive [1] and seen as kinks of the world-sheet theory [11, 12].

We further consider the case with “extra” quark flavors, Nf > N. In this case non-Abelian
“ semilocal” strings are formed in N = 2 QCD. They have additional (Nf − N) size moduli.
We find that after switching on the µ deformation these size moduli develop a potential. This
potential forces the size of a semilocal string to shrink and it transforms into a local string.

2 Theoretical setup

We start by describing the field content of the four-dimensionalN = 2 supersymmetric QCD
with the gauge group SU(N)×U(1). The matter consists of Nf = N + Ñ flavors of quark
hypermultiplets in the fundamental representation with squarks qkA and q̃Ak two-component
Weyl fermions ψkA and ψ̃Ak. Here, A = 1, ..,Nf is the flavor index and k = 1, ..,N is the
color index. We use the same notation for the quark superfields and their scalar components.
The vector multiplets consist of U(1) gauge field Aµ and SU(N) gauge field Aa

µ, complex
scalar fields a and aa in the adjoint representation of the color group, and their Weyl fermion
superpartners (λ1

α, λ
2
α) and (λ1a

α , λ2a
α ). Index a runs from 1 to N2 − 1, and the spinorial index

α = 1, 2.
Superpotential of the N = 2 SQCD is

WN=2 =
√

2
{
q̃AAU(1)qA + q̃AAaT aqA

}
+ mA q̃AqA , (2.1)

The µ deformation considered in this paper is given by the superpotential

WN=1 =
√

2N µ1

(
AU(1)

)2
+
µ2

2
(Aa)2 . (2.2)

It breaks N = 2 supersymmetry down to N = 1 .
In the special case when

µ ≡ µ2 = µ1

√
2
N
, (2.3)

superpotential (2.2) becomes a single trace operator

WN=1 = µTr(Φ2) (2.4)
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where we defined a scalar adjoint matrix as

Φ =
1
2

aU(1) + T a aa. (2.5)

We will consider bulk QCD in the limit of large µ1 and µ2, when the adjoint matter
decouples and the theory becomesN = 1 QCD. Integrating out the adjoint matter in a sum of
superpotentials (2.1) and (2.2) we get a quark superpotential of our µ-deformed bulk theory

W(q, q̃) = − 1
2µ2

[
(q̃AqB)(q̃BqA) − α

N
(q̃AqA)2

]
+ m(q̃AqA) , (2.6)

where we assume for simplicity that quarks have equal masses m and

α = 1 −
√

N
2
µ2

µ1
. (2.7)

In the case of single trace deformation (2.3) α = 0.
The bosonic action of the theory is

S bos =

∫
d4x


1
2g2

2

Tr
(
FSU(N)
µν

)2
+

1
4g2

1

(
FU(1)
µν

)2
+ (2.8)

∣∣∣∇µqA
∣∣∣2 +

∣∣∣∣∇µq̃A
∣∣∣∣
2
+ V(qA, q̃A)

 .

Here ∇µ is a covariant derivative

∇µ = ∂µ −
i
2

AU(1)
µ − i Aa

µT
a , (2.9)

while the scalar potential V(qA, q̃A) is a sum of the D-term and F-term potentials,

V(qA, q̃A) = VD(qA, q̃A) + VF(qA, q̃A). (2.10)

The D-term potential reads

VD =
g2

2

2

(
q̄AT aqA − q̃AT a ¯̃qA

)2
+
g2

1

8

(
|qA|2 − |q̃A|2

)2
, (2.11)

while the F term potential is determined by the superpotential (2.6).
In this paper we will consider the vacuum where the maximal possible number of quark

flavors equal to N condense (the so called r = N vacuum, where r is the number of condensed
squark flavors at weak coupling, see [24] for a review). In this vacuum squark VEVs are given
by

〈qkA〉 = 〈̃qkA〉 =
√
ξ

2


1 0 ...

... ... ...

... 0 1

 (2.12)

where we wrote down the squark field as an N × N matrix in color and flavor indices, and the
parameter ξ is defined as

ξ = 2 µm (2.13)

for the single trace deformation (2.3).
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To get an N = 1 theory we need to sent µ → ∞. Note however that if the quark masses
remain fixed, the parameters ξ ∼ µm also go to infinity, and our quark vacuum becomes a
run-away vacuum (all the r vacua with the non-zero r become run-away vacua). In this case
N = 1 QCD is a theory with only N vacua which originate from N monopole vacua (r = 0
vacua) of N = 2 QCD.

Here we defineN = 1 QCD in a different way, namely, together with the limit µ→ ∞ we
simultaneously make the quark masses small so that the product µm (and the quark VEVs)
are fixed,

µ→ ∞, m→ 0, µm = fixed. (2.14)

This way we keep track of all the r vacua present in N = 2 QCD. In this paper we will study
non-Abelian strings particularly in the r = N quark vacuum (2.12) assuming the limit of large
µ when the bulk theory flows to the generalized N = 1 QCD defined above.

So as to keep our bulk theory at weak coupling we assume that the squark VEVs are large
as compared with the scale ΛN=1 of the SU(N) sector of N = 1 QCD. Namely, we assume
that √

µm � ΛN=1. (2.15)

Due to the squark condensation (2.12) both (local) gauge and (global) flavor symmetries
get broken. The diagonal global SU(N) survives, however,

U(N)gauge × SU(N)flavor → SU(N)C+F . (2.16)

A color-flavor locking takes place in the vacuum. This fact leads to an emergence of non-
Abelian strings, see [15] for a review.

Let us briefly summarize a perturbative spectrum of our bulk theory in the large µ limit
for the case of equal quark masses, cf. [15]. The U(N) gauge group is completely Higgsed
and the masses of the gauge bosons are

mS U(N)
G = g2

√
|ξ| (2.17)

for the SU(N) gauge bosons and

mU(1)
G = g1

√
N
2

√
|ξ| (2.18)

for the U(1) one. Below we also assume that the gauge boson masses are of the same order,

mU(1)
G ∼ mS U(N)

G ≡ mG (2.19)

Extracting a quark mass matrix from potential (2.10) we find that out of 4N2 real degrees
of freedom of the qkA and q̃kA squarks N2 phases are eaten by the Higgs mechanism, (N2 − 1)
real squarks have mass (2.17), while one real squark has mass (2.18). These squarks are scalar
superpartners of the SU(N) and U(1) gauge bosons in massive vectorN = 1 supermultiplets,
respectively.

Other 2N2 squarks become much lighter in the large µ limit. The masses of 2(N2 − 1) of
them forming the adjoint representation of the global color-flavor SUC+F(N) (2.16) are given
by

mS U(N)
L =

∣∣∣∣∣
ξ

µ2

∣∣∣∣∣ , (2.20)
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while two real SUC+F(N) color-flavor singlets have mass

mU(1)
L =

√
N
2

∣∣∣∣∣
ξ

µ1

∣∣∣∣∣ , (2.21)

If µ2 and µ1 are of the same order (more exactly, we assume below that α = const, see
(2.7)), then

mU(1)
L ∼ mS U(N)

L ≡ mL ∼ m � mG. (2.22)

Below we will heavily use this mass hierarchy of the perturbative spectrum.
In particular, in the limit (2.14) mL → 0, and 2N2 squarks become massless. This reflects

the presence of the Higgs branch which develops in this limit. The presence of massless
scalars developing VEVs makes the string solution ill-defined [25, 26]. Below we use the
µ-deformed N = 2 QCD at large µ as an infra-red (IR) regularization of N = 1 QCD. At
large but finite µ the Higgs branch present inN = 1 QCD is lifted and the IR divergences are
regularized, cf. [27].

3 Non-Abelian strings

3.1 Bosonic sector

In this section we present the solution for the non-Abelian vortex in the Nf = Nc case.
First consider a stationary string along the x3 axis. The solution is derived using the ansatz
[10, 11, 15]:

√
2 qkA =

√
2 q̃

kA
≡ ϕ = φ2 + nn

(
φ1 − φ2

)

=
1
N
(
φ1 + (N − 1)φ2

)
+
(
φ1 − φ2

) nn − 1/N
 ,

ASU(N)
i = εi j

x j

r2 fW (r)
nn − 1/N

 ,

AU(1)
i =

2
N
εi j

x j

r2 f (r) ,

(3.1)

where the index i runs over the transverse coordinates 1, 2. Here we introduced profile func-
tions φ1(r) and φ2(r) for scalar quarks and f (r) and fW (r) for gauge bosons, and r is the polar
radius in the x1, x2 plane. Orientational modes of the non-Abelian string are parametrized by
the complex vector nl, l = 1, ...,N, satisfying

nl · nl = 1 . (3.2)

These modes arise due to a possibility to rotate a particular string solution (say, with nl = δl1)
with respect to the unbroken color-flavor global group SU(N)C+F , see (2.16).

Boundary conditions for the gauge and scalar profile functions are

φ1(0) = 0, φ2(0) � 0, φ1(∞) =
√
ξ, φ2(∞) =

√
ξ, (3.3)

fW (0) = 1, f (0) = 1, fW (∞) = 0, f (∞) = 0.
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We solve equations of motion for our theory (2.8) using the above ansatz, see [1] for the
details. The result is as follows. String solution consists of a gauge field core of the radius
Rg ∼ (1/mG) ln(mG/mL), logarithmic tail 1/mG � r � 1/mL and exponential fall-off at larger
r. Inside the core the profile functions are approximately constants (φ1 ∼ 0, f ∼ 1), while at
the logarithmic tail we have

φ1 ≈
√
ξ


1 −

ln
1

rmL

ln
mG

mL


,

φ2 ≈
√
ξ ,

f ≈ fW ≈ 0 .

(3.4)

At the large r � 1/mL fields exponentially approach their VEVs.

Calculating the energy on this configuration we arrive at the tension of the string

T =
2π|ξ|

ln
mG

mL

+ · · · , (3.5)

where corrections are suppressed by powers of large logarithm log mG/mL. The leading term
here comes from quark kinetic energy ((φ′1)2) integrated over intermediate region. Note, that
the logarithmic suppression of the string tension is not specific for non-Abelian strings. Sim-
ilar expression was found for the ANO string on a Higgs branch [26, 27]. The formula (3.5)
should be contrasted with the exact result TBPS = 2πξ for the BPS case (see, for example,
[15]).

3.2 Fermionic sector

As was mentioned before, fermionic sector is essentially trivial. When the µ parameter is
switched on, supersymmetry is broken in the orientational sector, and all the orientational
modes are lifted. For small µ this can be derived by solving the Dirac equations in perturba-
tion theory. It turns out that there is no zero mode, and the lowest mode has a mass

mor = −

µ2g
2
2

∞∫

0

dy
f 2
N(y)φ2

1(y)

yφ2
2(y)

1 − 2

∞∫

0

dy
f 2
N(y)φ2

1(y)

yφ2
2(y)

. (3.6)

In the orientational sector N = 1 supersymmetry survives which allows to generate the
supertranslational modes from the bosonic fields. However the world sheet theory is trivial
and therefore does not affect the string dynamics.
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4 World sheet theory

4.1 Kinetic term

Each particular solution (3.1) (say with nl = δl1) breaks the SU(N)C+F group down to SU(N−
1)×U(1), and therefore the nP span the moduli space

SU(N)C+F

SU(N − 1) × U(1)
= CP(N − 1). (4.1)

To derive a world sheet theory we promote translational and orientational moduli to
slowly varying functions of the world sheet coordinates t = x0, z = x3. Namely, we will
have translational moduli xi

0(t, z) (position of the string in the (x1, x2) plane, i = 1, 2) and ori-
entational moduli nP(t, z), P = 1, ...,N. They then become two-dimensional fields [10, 11],
see [15] for a review. Translational sector is free and sterile, so we will study only the dynam-
ics of the orientational modes. The gauge field acquires longitudinal components [10, 11, 28]

ASU(N)
k = −i

[
∂kn · n̄ − n · ∂kn̄ − 2n · n̄(n̄ ∂kn)

]
ρ(r) , k = 0, 3 , (4.2)

where ρ is a profile function to be determined.
Substituting (3.1) and (4.2) into (2.8) we get CP(N − 1) model

S (1+1) = 2β
∫

dt dz
{
(∂k n̄ ∂k n) + (n̄ ∂k n)2

}
, (4.3)

with the coupling constant β given by [1]

β ≈ c
2π
g2

2

m2
G

m2
L

1
ln2 mG

mL

∼ |µ||m|
1

ln2 g2 |µ|
|m|

. (4.4)

This equation is in fact valid at a scale of the UV cutoff mG ∼
√
ξ of the world sheet

theory. Then the running coupling constant of the CP(N − 1) model is given by

4πβ(
√
ξ) = N ln

√
ξ

ΛCP
, (4.5)

where the scale ΛCP

ΛCP ≈
√
ξ exp

−const
|µ|
|m|

1

ln2 g2 |µ|
|m|

. (4.6)

This relation should be contrasted with N = 2 QCD string, for which the scale ΛCP was
equal to scale ΛN=2 of the bulk QCD [15]. In the present case ΛCP is exponentially small, so
the world sheet theory is weekly coupled in a wide region of energies� ΛCP.

4.2 World sheet potential

In the case when the quark masses entering the Lagrangian (2.8) are non-identical, a potential
on nP is generated. In the simplest case when all masses are real, this potential is given by [1]

V1+1 ≈
4π|µ|
ln mG

mL

N∑
P=1

mP|nP|2 . (4.7)
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The potential (4.7) has only one minimum and one maximum at generic ∆mAB. Other (N −2)
extreme points are saddle points. All these extreme points are located at

nA = δAA0 , A0 = 1, ...,N, (4.8)

and associated with the ZN strings. A value of the potential at a given extreme point coincides
with the tension of the A0-th ZN string,

V1+1(nA = δAA0 ) = TA0 , A0 = 1, ...,N. (4.9)

Absolute minimum (the unique vacuum) of (4.7) corresponds to the ZN string associated with
winding of a squark with the smallest mass.

4.3 Semilocal strings in the N = 1 limit

In the case with “extra” quark flavors, Nf > Nc, the non-Abelian string of N = 2 QCD
becomes semilocal and develops so-called size moduli ρK , K = Nc + 1, ..,Nf [23]. Consider
the case when Ñ = Nf − Nc = 1. The string in this case is BPS saturated, its tension given by

Tsemilocal = 2πξ. (4.10)

The world sheet theory for this string was derived in [23]:

S 2d
S US Y =

∫
d2x
{
|∂k(ρnP)|2 ln

L
|ρ| +

4π
g2

[
|∂knP|2 + (nP∂knP)2

]}
, (4.11)

where L is an IR cutoff.
Now consider µ deformation of our theory. We find that the string is no longer BPS.

The scalar which develop VEV has smaller mass then the mass of the gauge boson. This
corresponds to a type I superconductivity. The size ρ is no longer a modulus cf. [32]. It
develops a potential ∼ 1/|ρ|2 in (4.11) which forces the semilocal string to shrink and become
a local string.

5 Physics of confined monopoles

Above we discussed non-Abelian strings inN = 2 supersymmetric QCD deformed by a large
mass term for the adjoint matter. In the limit of large µ this theory flows to N = 1 SQCD.
The main question is, what happens to the confined monopoles as we pass on to the N = 1
QCD? In order to answer this question we derived and analyzed the effective theory on the
string world sheet. It turns out that this theory is bosonic CP(N − 1) model (4.3) with shallow
potential (4.7) generated by small quark mass differences. The fermionic superpartners of
the bosonic orientational moduli nl present in the N = 2 limit become heavy at large µ and
decouple.

Since our four-dimensional theory is in the Higgs phase for squarks, ’t Hooft-Polyakov
monopoles present in the theory in the N = 2 limit of small µ are confined by non-Abelian
strings and serve as junctions of two distinct strings [11, 12, 29]. In the effective world sheet
theory on the non-Abelian string they are seen as kinks interpolating between different vacua
of CP(N − 1) model, see [15] for a review.
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In the large µ limit adjoint fields decouple. Therefore we could expect quasiclassically
that the confined monopoles disappear in this limit. This indeed happen for non-equal quark
masses. If quark mass differences are non-zero, a potential (4.7) is generated. It does not
have multiple local minima, therefore kinks (confined monopoles of the bulk theory) become
unstable and disappear.

However, in the equal quark mass case, the analysis of the quantum world sheet theory
shows that confined monopoles do survive. The monopoles are represented by kinks in the
effective CP(N − 1) model on the non-Abelian string. The CP(N − 1) model is at strong
coupling. It was solved by Witten [30] in the large N approximation. It was shown that kinks
in this model are in a confinement phase. In terms more suitable for application to monopole
physics of the bulk theory this can be understood as follows, see also [15] for a more detail
review.

The vacuum structure of the CP(N−1) model was studied in [31]. It was shown that there
is a unique vacuum. There are, however, of order N quasi-vacua, which become stable in the
limit N → ∞ , since an energy split between the neighboring quasi-vacua is O(1/N). Thus,
one can imagine a kink interpolating between the true vacuum and the first quasi-vacuum
and the anti-kink returning to the true vacuum. Linear confining potential between kink and
anti-kink is associated with excited quasi-vacuum.

This two dimensional confinement of kinks was interpreted in terms of strings and
monopoles of the bulk theory in [28]. The fine structure of vacua in CP(N − 1) model on
the non-Abelian string means that N elementary strings are split by quantum effects and have
slightly different tensions. The difference between the tensions of ”neighboring” strings is
proportional to Λ2

CP, see (4.6). Therefore monopoles, in addition to the four dimensional
confinement (which ensures that they are attached to the string), acquire two-dimensional
confinement along the string. Monopole and antimonopole connected by a string with larger
tension form a mesonic bound state.
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