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Abstract. T-duality chain starting from the NS5-brane is known to generate
exotic backgrounds. These have been described as a DFT background whose
orientation in the doubled space defines specific 10-dimensional solutions. The
focus of this letter is at isometries of the corresponding background, their rela-
tion to the NS five-brane charge and the section constraint of DFT. This letter is
based on the talk presented by the author at the conference QUARKS’18.

1 Branes and U-duality

Analysis of dynamics of open string ends leads to the conclusion that spectrum of string the-
ory contains Dp-branes in addition to the fundamental string F1 with tension proportional
to g−1

s while for the string one has TF1 ∼ g0
s [1]. On the supergravity side these mani-

fest themselves as black-brane solutions sourcing non-trivial flux of Ramond-Ramond fields
F(p+1) = dC(p) [2]. At the moment it is understood that spectrum of extended objects of string
theory is infinitely rich and contains objects with T ∼ g−a

s with a not bound from above [3, 4].
However, only a subset of this infinite spectrum can be realized as branes of co-dimension up
to zero in 10 dimensions (see e.g. [5, 6]).

To start with one considers the magnetic dual of the fundamental string, the NS5-brane,
which interacts with the 6-form potential B(6) and has tension TNS 5 ∼ g−2

s . Compactifying
the full 10D theory on a T7 and wrapping all the world-volume directions of the NS5-brane
one ends up with a state of the 3D half-maximal supergravity whose mass is proportional to

M[50
2] ∼ R1R2R3R4R5

g2
s l6s

. (1)

Here the notations in brackets descent from classification of massive states of the half-
maximal supergravity bc

n, where b and c stand for the number of radii on which the mass
depends linearly and quadratically respectively, and n denotes the power of gs in the denom-
inator [3, 4].

A state acquires non-zero c when T-duality on directions absent in the mass formula
is performed. For NS5-brane this corresponds to T-dualising along transverse directions,
and leads to the Kaluza-Klein monopole (KK5) at the first step. And to non-geometric Q-
and R-branes when T-dualising further [4, 7, 8]. Fascinating is that while the NS5-brane
magneticaly interacts with the 2-form gauge field B(2) via the 3-form flux Habc, the KK-
monopole magnetically interacts with gravitons via the geometric flux fab

c. For this reason
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KK5 can be understood as the magnetic dual of the graviton in the same sense as the NS5-
brane is the magnetic dual of F1. The corresponding 3D state 51

2 will have the mass

M[51
2] ∼

R1R2R3R4R5R2
6

g2
s l8s

, (2)

where Ri denote radii of the compactified dimensions and the radius squared corresponds to
the Taub-NUT direction (the special circle). Performing T-duality further one recovers the
following chain

state 50
2 ←→ 51

2 ←→ 52
2 ←→ 53

2 ←→ 54
2

brane NS 5 ←→ KK5 ←→ Q ←→ R ←→ R′

flux Habc ←→ fab
c ←→ Qa

bc ←→ Rabc ←→ Rabc.

(3)

Here one faces an issue raised and resolved in [9], which is tightly related to double field
theory techniques. To start with one notices, that to perform T-duality in a transverse direction
a background has to be smeared in this direction to provide an isometry. After dualisation
this becomes a special Taub-NUT-like direction, and the total number of such directions is
given by the number c. Hence, the issue is that due to the different number of isometries of
the NS5-brane background and the KK5 monopole the latter does not have infinite throat.
To cure this, one considers world-volume instanton corrections, which localize the smeared
NS5-brane back into the full brane background. Special transverse isometry directions were
shown to get localized in the corresponding dual space [10–12].

This has the most transparent explanation from the point of view of Double Field Theory
(DFT), where the space-time is doubled to allow independent right-moving and left-moving
harmonics on closed string [13, 14]. The mass spectrum is then encoded in terms of the
so-called generalized metric

HMN =

[
Gmn − Bm

kBkn Bn
q

Bm
p Gpq

]
, (4)

where Gmn and Bmn is the 10D space-time metric and the Kalb-Ramond 2-form field [15].
The doubled space is parametrized by coordinates XM = (xm, x̃m), which unify the normal
and dual coordinates.

Using this representation in [16, 17] it has been shown that the backgrounds sourced by
the branes from the chain (3) are all different faces of a single object, the DFT monopole,
which differ by isometry directions. In [18] this setup for isometries has been used to con-
struct a single effective action for the DFT monopole. In this text we focus on the isometry
directions, the corresponding Killing vectors and relation between these and the section con-
straint of DFT.

2 Symmetries of NS five-branes

The NS5-brane background has six isometry directions which correspond to world-volume
of the brane. T-duality along these isometries does not change the background. To arrive at
the KK5 monopole one has to smear the NS5 brane along one of the transverse directions to
generate an isometry and T-dualize along it. After dualization this isometry corresponds to
the Taub-NUT direction. Hence, the number of isometries for the Kaluza-Klein monopole
differs from that for the NS5-brane. To perform the conventional T-duality further one must
increase the number of isometries to arrive finally at the space-filling configuration of the
R’-brane, the 54

2-state.
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In [10] taking into account world-sheet instanton corrections was shown to localize the
smeared NS5-brane back to the original one, and localize the KK5-monopole in the direction
z̃ dual to the special isometry direction. In [11, 12] the same has been shown for the 52

2-
brane, whose background acquires dependence on two dual coordinates. Hence, one naturally
arrives at description of brane backgrounds in terms of doubled geometry [16, 17, 19]. This
suggests to always consider the full localized branes and to count isometries in the doubled
transverse space. Since T-duality along the world-volume directions does not change the
brane and hence is trivial, these direction are not doubled.

Knowing which isometries a brane has in the full doubled space appears to be crucial
for identification of the object. Indeed, consider the NS5-brane background which depends
on coordinates {x6, x7, x8, x9} and does not depend on the corresponding duals {x̃6, x̃7, x̃8, x̃9},
thus having four isometries. For the localized KK5-monopole with the Taub-NUT direction
along x9 one finds dependence on {x6, x7, x8, x̃9}, while the rest four directions are again
isometries. Continuously replacing coordinates by their duals one moves along the T-duality
chain (3) and obtains exotic configurations.

In [18] the notion of isometry encoded in a set of (constant) generalized vectors kM
a ,

labelled by a = 1, 2, 3, 4, was employed to construct a single effective action for the T-duality
orbit (3). This approach suggests to understand the representatives of the orbit as different
orientations of a single object. Directions singled out by the vectors kM

a will correspond
to isometry directions of the corresponding background, in addition these define the brane
charge. Let us focus on this in more details.

The NS-NS part of the effective action for the orbit takes the following form

S NS
DBI =

∫
d6ξe−2d

√
det hab ×

√
− det

[
gµν∂αXµ∂βXν +HMN D̂αY MD̂βYN

]
, (5)

where the integration is performed along the 5+1-dimensional world-volume, gµν and HMN

are the metric and the generalized metric, hab = ka
Mkb

NHMN is the auxiliary matrix, and Xµ

and Y M are the world-volume scalar fields. Upon coupling to the DFT action the former will
correspond to coordinates along the world-volume and the latter – to the doubled transverse
coordinates. To make use of the information about isometries the fields Y M(ξ) enter via the
projected derivatives defined as

D̂Y M = dY M − habka
Mkb

NHNKdYK . (6)

Such defined projector removes half of the fields Y M(ξ) from the effective action upon a
choice of the explicit form of the vectors kM

a . To do so these are taken to satisfy the following
constraints

ηMNka
Mkb

N = 0,

εabcdka
Mkb

Nkc
Kkd

L = QMNKL � 0.
(7)

The first line is the analogue of the section constraint of DFT and ensures that no more than
half of the total set of vectors kM

a is non-zero. In principle kM
a = 0 also satisfies the first line,

but that leads to keeping all the fields Y M(ξ) in the action and thus to breaking of the DFT’s
section constraint. To avoid this the second line above has been introduced, which tells that
the brane should have non-vanishing charge QMNKL, and ensures that no less than half of the
vectors should be non-zero. Together, these constraints keep exactly half non-zero vectors,
which correspond to precisely four isometry directions of the background.

Using such defined charge, interaction of the DFT-monopole with gauge fields can be
written in a (linearized) T-duality covariant form

S lin
WZ =

∫
d6ξ QMNKLD(6)MNKL =

∫
d6ξ εabcdka

Mkb
Nkc

Kkd
LD(6)MNKL. (8)
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Here D(6)MNKL is the 6-form gauge potential containing gauge fields interacting with the
branes of (3) (see [6, 20] for more details on that). To see explicitly how solutions of the
constraint (7) reproduce the expected results for different branes one simply lists all possible
solutions and splits them into sets not related by a GL(4) rotation. Let us start with the NS5
brane which corresponds to

kM
a = (0a

m; k̃am), (9)

where m = 6, 7, 8, 9 label the transverse directions. The (linear part of the) Wess-Zumino
action then becomes

S lin,NS 5
WZ =

∫
d6ξ εabcdk̃amk̃bnk̃ckk̃dlD(6)

mnkl = det[k̃am]
∫

d6ξD(6)
mnklεmnkl

= µNS 5

∫
d6ξB(6),

(10)

where we introduce the magnetic dual of the Kalb-Ramond field B(6) and charge of the NS5-
brane µNS 5 as

µNS 5Bµ1...µ6 dXµ1 ∧ · · · ∧ dXµ6 = det[k̃am]D(6)
mnklεmnkl. (11)

Hence, one concludes that the 5-brane invariant object oriented such as to have four isometries
along dual directions reproduces the conventional NS5-brane. And the same is true for the
full DBI action as shown in [18].

To switch to the (localized) Kaluza-Klein monopole one replaces one of the co-vectors
k̃am by a vector km

a to get
kM

1 = (km
1 ; 01m),

kâ
M = (0â

m, k̃âm),
(12)

where â = 2, 3, 4. Note that due to the first line of (7), which should be true for all a and b,
k̃âm and k1

m cannot have non-zero components for the same value of m. Taking all this into
account one writes for the WZ term

S lin,KK5
WZ =

∫
d6ξ ε1âb̂ĉk1

mk̃ânk̃b̂kk̃ĉlD(6)m
nkl =

∫
d6ξ ε1âb̂ĉk1

mk̃ânk̃b̂kk̃ĉlε
nklpD(6)m,p

= det[(k, k̃)]
∫

d6ξD(6)m,m = µKK5

∫
d6ξ ιk1 A(7,1),

(13)

where in the second line we used the fact that p must be equal to m and defined a 4×4 matrix

(k, k̃) :=
[

km
1

k̃âm

]
. (14)

The mixed symmetry gauge potential A(7,1) is defined via its components as Aµ1...µ7,ν where ν
must be equal to one of µ’s. Taking Hodge star of its field strength one recovers the geometric
flux fµνρ. This potential enters the Wess-Zumino action above via interior product with the
vector km

1

µKK5 ιk1 A(7,1) = µKK5 Aµ1...µ6m,mdXµ1 ∧ · · · ∧ dXµ6 = det[(k, k̃)] D(6)m,m, (no sum). (15)

The repeated index m is there in order to keep the GL(4) covariance of all expressions. For
applications it is more convenient to switch to the adapted basis where only k1

1 � 0. In this
case the non-vanishing components of the mixed-symmetry potential are Aµ1...µ61,1.

In the conventional supergravity picture the repeated index of the potential A(7,1) always
corresponds to
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• the Taub-NUT direction;

• the quadratic radius in the mass of the corresponding state (2).

Combining the above information one concludes that the repeated index, the Taub-NUT di-
rection and the quadratic radius in the mass formula all correspond to having isometry in the
conventional space and hence localization in the dual space.

Continuing the above procedure for other representatives of the orbit (3) one recovers the
following mixed-symmetry potentials for the branes 52

2, 5
3
2 and 54

2

52
2 : ιk1 ιk2 B(8,2) ∼ D(6)mn

pqεpqmn,

53
2 : ιk1 ιk2 ιk3 B(9,3) ∼ D(6)mnk

pεpmnk,

54
2 : ιk1 ιk2 ιk3 ιk4 B(10,4) ∼ D(6)mnkl εmnkl,

(16)

where sum is assumed only over repeated upper-lower indices.
As the final note for this section it is worth mentioning that the (6 + 4) split of the coor-

dinates is not necessary to construct the full T-duality covariant action, although convenient.
Instead, one considers the full (10+10)-dimensional doubled space and considers ten vectors
kM

a , now a = 1..., 10 and M = 1, .., 20. The full Wess-Zumino term can be written in analogy
by making use of a 0-form DMNKL and a charge QM1...M10 constructed out of the ten vectors
kM

a . The world-volume necessarily becomes 6-dimensional. Next one notices that changing
6 out of 10 vectors does not changes anything in the action and goes back to its split-form to
keep only relevant information.

3 Orientation and section constraint

Consistency of algebra of symmetries of DFT requires the so-called section constraint which
says that all fields of the theory should depend only on half of the total set of coordinates.
Similar feature appeared in the previous section to consistently define effective action for the
NS five-brane T-duality orbit. Indeed, the vectors kM

a are always such that the derivatives D̂α
project out half of the world-volume scalar fields Y M(ξ). Although the doubled coordinates
XM and the scalar fields Y M(ξ) are related by coupling of the effective action and the field
theoretical action, the constraints are of different nature. In this section we provide a detailed
discussion of the relation.

Let us first note, that without reference to DFT the effective action S DBI + S WZ does not
contain information about section constraint. This is just a six-dimensional theory formu-
lated in terms of 20 scalar fields Y M(ξ), which contains projections. Apparently, at this stage
choosing different solutions to the constraint (7) for the vectors kM

a does not change the result.
The projected forms of the action for these different choices are related simply by redefini-
tions Ym(ξ) ↔ Ym(ξ) for a given m. This has an interesting consequence of invariance of the
corresponding Rui-Takayanagi entropy for (the field theoretical limit of) Little String Theory
[21]. This is simply a reflection of T-duality invariance of the effective action.

Things start to get changed when one refers to backgrounds, for which coupling to the
DFT action is required. This can be organized as follows

S f ull =

=

∫
d6x
∫

d8XLDFT [HMN , d] +
∫

d6ξLbrane[Y M]

=

∫
d6x
∫

d8X
[
LDFT

[HMN , d
]
+

∫
d6ξLbrane

[
∂αY M]δ(6)(xµ − Xµ(ξ))δ(8)

(
XM − Y M(ξ)

)]
,

(17)
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where we are using the split-form of DFT with xµ being the external coordinates. The first
Dirac-delta stands for alignment of the branes’ world-volume coordinates along the external
(non-doubled) space, while the second takes care of the choice of the representative of the
T-duality orbit. Next, one must agree on which subset of the coordinates XM = (xm, x̃m) is
geometric and which is dual, i.e. which of these are used to measure distances in the usual
space-time. It is convenient to set xm to be the geometric coordinates.

Now, let us start with a solution of (7) corresponding to, say, the NS5-brane, which reads

kM
a = (0, k̃am). (18)

Calculating the projected derivatives explicitly one obtains

D̂αYm = ∂αYm, D̂αYm = Bmn∂αYn, (19)

i.e. the fields Ym(ξ) are completely dropped from the action. Since the source term does not
contain dynamical field Ym(ξ) it is natural to expect that the resulting background will not
depend on the corresponding coordinates x̃m. Additionally, gauge fixing the fields Xµ(ξ) =
δ
µ
αξ
α and Ym(xα) = 0 (on the brane) one obtains

S NS 5
f ull =

∫
d6x
∫

d4xm
[
Vol(0,4)LDFT

[HMN , d
]
+Lbrane

[
∂µYm]δ(4)

(
xm
)]
, (20)

which produces a solution localized in four transverse directions xm. The volume Vol(0,4) of
the dual space appeared from integration over x̃m, and appears to be a common prefactor for
the DFT Lagrangian. Checking the explicit form of the Lagrangian Lbrane for the projection
in question one ensures that this solution is indeed the NS5-brane background (see [18] for
detailed derivation).

Note, that of crucial importance for obtaining the NS5-brane background from the so-
lution (18) was the convention about geometric and dual coordinates. To demonstrate this,
consider the case of the Kaluza-Klein monopole, for which one has

kM
1 = (km

1 ; 0), kM
â = (0; 0, kâm). (21)

After all gauge fixings and integrations the corresponding full effective action in adapted
coordinates becomes

S KK5
f ull =

∫
d6x
∫

dx̃1d3xi
[
Vol(1,3)LDFT

[HMN , d
]
+Lbrane

[
∂µYi, ∂µỸ1

]
δ
(
x̃1

)
δ(3)
(
xi
)]
. (22)

Now the projected derivatives leave only the fields {Ỹ1(ξ), Yi(ξ)} with i = 2, 3, 4 and the
corresponding coordinate x1 gets integrated, since the background does not depend on it as
for the conventional Kaluza-Klein monopole. The new feature coming from DFT here is
dependence on x̃1 reflected by the localization δ

(
x̃1

)
. Again, writing the Lagrangian Lbrane

explicitly one convinces oneself that this is indeed the action for the KK monopole.
The subtle and very important point here is, that the only difference between (22) and

(20) is the convention about x1 and x̃1. For background fields this reflects in the fact that for
the natural convention with x1 being geometric we understandH11 = g11 + B1mg

mnBn1, while
for the opposite convention, when x1 is non-geometric this will be H11 = g

11. Apparently,
these two are related by T-duality along x1 as it should be for KK5 and NS5.

To conclude let us list the sets of constraints and their meaning in this context

• section condition: ensures closure of the DFT algebra, works only inside LDFT , i.e. for
target space fields;
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• the constraint (7): removes half of the world-volume scalar fields from the effective action,
needed to keep world-volume supersymmetry.

In addition, given the section constraint is satisfied and target space fields depend only on
half of the coordinates, one has to agree which half of the full set of coordinates are geomet-
ric. Going through these steps allows to uniquely identify a brane background from the full
effective action of [18].
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