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Functional Approach for the Description of Vacuum Influ-
ence on Electron States

Alexander Biryukov'-* and Mark Shleenkov':**

'Samara University

Abstract. In the path integral approach we describe evolution of interacting
electromagnetic and fermionic fields by the use of density matrix formalism.
The equation for density matrix and transitions probability for fermionic field is
obtained as average of electromagnetic field influence functional. We obtain a
formula for electromagnetic field influence functional calculating for its various
initial and final state. We derive electromagnetic field influence functional when
its initial and final states are vacuum. We represent the equations of the move-
ment for the fermionic field and expression for energy of an electron taking into
account influence of a vacuum of the electromagnetic field.

1 Introduction

At the present time the development of non-perturbative methods of non-linear dynamics de-
scription is actual for quantum systems interacting with strong electromagnetic field [1-5].
One of these methods is Feynman-Vernon influence functional approach in the path inte-
gral formalism [6]. This method development was presented in many papers [7-9]. In the
Feynman-Vernon influence functional approach the main point is its calculation for the model
of investigated system. In this paper we calculate Feynman-Vernon influence functional of
quantum electromagnetic field vacuum on fermionic field. He does possible to write down
the quasiclassical equation of the movement for the fermionny field taking into account inter-
action him with a vacuum of the electromagnetic field. The offered equation allows to define
expression for energy of interaction of an electron with a vacuum.

2 Description of quantum transitions of the system in the
holomorphic representation by the method of functional
integration

The QED Lagrangian for a spin-1/2 field interacting with the electromagnetic field is given
by

— 1
Lpun(x) = gy 0y — mp(x) - 7 FwOF (x) = ju()A*(x) ey
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where y* are Dirac matrices, ¥(x) is a bispinor field of spin-1/2 particles (e.g. elec-
tron—positron field), A,(x) is electromagnetic four-potential;

Fuv(x) = apAp(x) - 6VA;1(-X) 2)
is the electromagnetic field tensor,

Ju(x) = ey (x)y(x) A3

is four-current. We use natural units system ¢ = 7 = 1 in formulas (1)—(3) and further.
By the use of the second quantization formalism we present fields as field operators

U(x, 1), Y(X, 1), }ﬂ (x, 1), A*(x, 1) where x and ¢ describe coordinate of 3D space and time mo-
ment. Here we introduce the creation and annihilation operators:

1

A _ tkx AT —tkx
Af(x, 1) = k;ﬂ —\/Tw:(b) (e”akﬂe +&a e ) 4)
. 1
U(x,1) = ———— (bpottr(p)e?* + & ug(—p)e™), (5
2 v )
= S e (Bt (P + eyt (—p)e™). (©6)

bzt vl

JuX) = JuX, by bl s o ), Tk D) =
f Jux,De™dx, jo(k,1) = f Jux, e ™dx, (7)

where &I{ , and &, ; are creation and annihilation operators of photon with wave vector k and
polarization (the eigenvalue of the z-component of the photon spin) 4 = %1, S”/{ is unitary

4-vector of polarization and &}"&,, = —1; b, and by are creation and annihilation operators

po
of electron with wave vector p and polarization o = i%; Cpo and Gy are creation and anni-
hilation operators of positron with wave vector p and polarization o = V is volume of
space.

For evolution of the interacting systems we construct Hamiltonian of full system FI full ON

_2,

the base of operators &I{ " ki, IQIT,C,, IA)W, é:,m Cpor-
Hfull = Hpjrge + Hfield + Hipt (8)
where
H 5 (byb H 9
Dirac = Wy po t+ Cpo-cp(r field = wk akllak/l )
k.1

— Hamiltonians of Dirac field, of electromagnetic field;

A

1 A, ~ KL N A
Ay = ) ——= (1&g + &' T (k, D) (10)

ka4 2a)§(h) \%

— interaction part of Hamiltonian.
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The evolution equation of statistical operator p is the following
plty) = UGty 1n)p(ti) U7 (17 1in) (1)

where p(t;,) is statistical operator, describing initial state at moment #;, and 0 (ty, 1) is oper-
ator of evolution from initial time moment #;, to final time moment ¢,

N R A AN
U(lf, tin) = TGXp[—;_l f Hfu”(‘l')d‘l']. (12)
tin

For density matrix calculation we need to formulate equation (13) in holomorphic repre-
sentation.
We introduce coherent representation |, ,) for electromagnetic field by the following way

agalaxa) = axalaxa)s (aala) | = (axalag,, (13)

1 * * * *
(af(,/l,lak/l) = OkkOr2 exp {_E (af(,/l,afd + Qyaka — a;(r/yak/l - aklakf,y)} . (14)
[ aidai,dan =1 s

where @, , — complex value, which describe one mode of quantum electromagnetic field
with wave vector k and polarization A.

We introduce grassman representation |by ) and |cp ) for Dirac field by the following
way

bpolbpo) = bpolbpo),  (bpolb) = (bpolb o f |bpor X bporldbyy,dbpe = 15 (16)

CpolCpa) = CpolCpars (cpole) » = (Cprlch o f lepor X epoldey,deps = I, a7
’ 1 73 ’ * 7% * ’
<bp’o"|bp0'> = OppOoco EXP {_E (bp’(r’bp’a" + bp(rbpo' - bp’o-’bpo' - bpa'bp’o")} . (18)
’ 1 I ’ s 73 % ’
(Cp,a,lcpa) = OppOoo €XP ~5 (cp,(,,cp,(,, + CprCpor — CporCpo — cp(,cp,(r,) . (19)

where by - and ¢, , — grassman variable.
In holomorphic representation |ax,, bpe, Cpor) = laxa) ® [bps) ® [cpe-) We present the evolu-
tion equation in the following

p(a;, by, ¢y by, psty) = f dadd,, db}:db;, dclidc, da;,da;,db; dbiydc de;,x

m

x{ar, by, cplUt s, ti)dins Dins CinYO(@iys Dlys Chps @ogs Diys Coys tin) X

in’> “in® ~in>®

X(@pys b | U (1, tin)la, by, €y (20)
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where the density matrix:
p(dy, by, cr dy, by, csty) = ag, by, crlp(tplay, b, ) (21)

For simplification we relabel variables oy, and 6, to a and 6.
Be the use of amplitude transition properties [10], we present the kernel of evolution
operator {ay, byr, cf|\U(ts, tin)|ain, bin, Cin) as a path integral:

(ay, by, cf|0(tf, tilain, bin, Cin) = f Da* (1) Da(t)Db* (1) Db(T) D™ (1) De(T) X
x exp (18 pur [a" (1), a(7), b" (1), b(7), " (D), c(@)]},  (22)
where full system action is the following
S fun [a* (), a(7), b (1), b(7), c* (1), c(7)] =

=87 [0"(1), b(1), ¢ (1), c(D)] + S [a" (1), a()] +
+ S [a*(7), a(7), b (1), b(7), ¢* (1), c(T)],  (23)

where

b*@b(@) - b'(b(r) | ¢ (@)e@) = ')
2 2

- 0D (" (@b(r) + ¢"()c(@))dr (24)

Lr
S 1[5 (00, b(x), ¢ (1), ()] = f (

is the action S ; of fermionic field,

Syla*(r),a(v)] = f f (a*(T)a(T) e _ w(”)a*(T)a(T)) dr (25)

21

is the action S, of bosonic field,
Sint [a*(T)’ a(T)> b*(T)a b(T)v C*(T), C(T)] =

/A -
= f [sﬂj*“r [b"(7), b(7), (1), c(D)] a(7) + &,/ [b"(7), b(7), " (7), c(7)] a*(‘r)] dr; (26)

is the action S ;,,, of interaction part.
Using (20)-(22) we present equation (20) for density matrix evolution in the following
form:

in in

pldy, by cr dy, by, clty) = fda;;da;ndblf:dbgndclf;dc’ da},da;,db},db,dc;,dciy %
X Da* (1) Da(t)Db* (1) Db(7) D™ (1) De(7)Da”™ (1) Da’ () Db (1) Db’ () D”* () D’ (1) X

xexp {1($ pu [ (7), a(0), b (1), b(7), " (1), c(D)] = S un [@” (1), @ (1), " (1), b (), "* (1), ' (1)] )}
X p(a,, b}y, Chys Al Bl Ci tin). (27)

in> Cin> Qin> Oin> Cins
We construct an expression for the probability of a quantum transition of a system
P(m, x,tf;n,{, ti,) from a state at the initial instant of time p,/(a’ , b} , ¢} ,a. ,b. ,c. ;ti,) toa

in’ “in’ “in® Vin’ “in® in;
. 3 * * * ’ ’ /7 . M
state at a finite time pmy(a;,b; c:.a, b c ty), using formula (28)
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P(m, x,trin,d,t) = fda;;da;ndblf;db;ndc;;dcl’-nda;‘nda,-,,db;‘ndbmdc;‘ndc,-n
X da’;da’,db’; dbdc’; dcdajdaydbidbrdcidey
X Da* (1) Da(t)Db* (1) Db(7) D™ (1) De(t)Da’™ (1) Da’ (1) Db (1) Db’ (7) D™ () D’ (1)
X me(a;i, b}, c_*f, a}, b}, c}; 1f)
xexp {t (S fun [a* (7). a(x), b (1), b(©), " (1), c(D)] = S pur [ (7). @ (7). b (1), ' (7)., ¢ (7)., €' (7)] )}
X P (@i biys Cis Qi Dl i i) (28)

Where m, n - the symbols correspond to the states of the fermion field; y, { - correspond
to the states of the electromagnetic field.

3 The Feynman-Vernon Influence Functional of quantum
electromagnetic field on fermionic field
We can choose at the initial moment #;,
P (@ bjys iy @i Ul € tin) = Pl s bis s tin) X pel@lys iy tin), 29
at the final moment #;
Py @is Biys s Gigs By €3 1in) = Pin (B Cigs Bl Cigs 1in) X Py (s @y Tin)s (30)

This is true for many models.
By the use of (30),(31) we present the transition probability in the path integral represen-
tation

P(m,x;trin, {itin) = f Db (1) Db’ (1) Db* (1) Db(1) D™ (1) Dc’ (1) D™ () De(T)X
Xda}dafda}*da}db;dbfdb}*db}dc;dcfdc}*dc}x
pm(by, cs, b, ¢y exp {1 (S 11b7(1), b(2), ¢ (1), ()] = 8 4[b" (1), b/ (1), " (7). ' ()] )} X

XFy[6" (1), b (1), b°(7), b(7), ¢ (1), ' (1), ¢ (1), c(D)]om(binCin, by €33),
(€29)
where
Fy [ (1), (1), b7 (1), b(7), " (1), (1), ¢ (1), c(D)] =
= f dalf:da;nda,’-‘ndamda}*da'fda;idaffba*(T)Qa(r)ﬁa'*(T)Da’(T)x
0@y dy. 1) exp (1S [0 (1), a(), b (1), b(©), ¢ (1), c(D)]} %
X exp {18 g1 [a"* (1), @' (1), b (1), b (), " (1), ¢/ (D))} p (@} Gy i) (32
is influence functional of electromagnetic field on fermionic subsystems. It is represented in
the form

F [0 (1), b (1), b" (1), b(1), " (1), ' (1), " (1), c(1)] = f da;,dayda,da;, daydasday da’yx

pr(a}’ a}" tf)Uinfl[a;" b);" C;-, tf, b*(T)s b(T)9 C*(T)a C(T)’ Ain, bin& Cins tin]x
XUp il iy i tin, B (1), 6" (7), (1), (1), ap, by, cp, tp] pe(@sy, @y tin).-
(33)
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where
Ungpilay, by, cy.tp, b (1), b(T), ¢*(7), ¢(T), @in, bins Cins tin] =
- f Da"(1)Da(r) exp (1S wmpla’ (1), a(r), b* (1), b(r), * (), (7)1} (34)
is electromagnetic field transition amplitude from initial state |a;,) to final state |ay).
Sinpila* (1), a(r), b" (1), b(v), ¢*(7), c(1)] =
=Sp[a’ (™, a(®] + Sin [a* (1), a(r), b" (1), b(7), ¢ (1), c(T)] - (35)

is action of fermionic field under electromagnetic field influence. It describe electromagnetic
field influence on fermionic field.

The influence functional (34) present the influence of one mode of electro-
magnetic field with wave vector k and polarization A. We note it by index
Fia[b™ (1), b/ (1), (1), b(7), " (1), ¢’ (7), ¢ (7), c(7)].

The influence functional of all electromagnetic field modes calculate as production of one
mode influence functionals:

F[b" (1), b (1),b" (1), b(7), (1), ¢ (1), ¢ (1), c(7)] =
= [ | Fualt” @), 5@, b* @), (@), " (0), ¢ (), (@), (D). (36)
kA
For calculating influence functional by eq. (34) we need to calculate ampli-
tUde Uinfl [ajﬁ b;’ C;’ tf7 b* (T)7 b(T)’ C*(T)’ C(T)’ ail’l? bim Cil’l’ tm] and tO SPeCify p{(a;‘kn’ al{n’ tin)s
px(a;’ a}? tf)
4 Electromagnetic field influence functional calculation

In this section we calculate functional U,-nﬂ[aj;., b, tr, b*(T)b(7), ¢*(T)c(T), ins bin, tin]. For
this we present equation (35) as finite-multiple integral [9].

Uinfl[a;, bf’ tfv b*(T)b(T)v C*(T)C(T)s ain’ binv tm] =

n—oo

C C

= lim | ... f daiday - - daidarexp [(AS " + ..+ ASSTD + ASMD)) (37)

where

infl 1 , . e
ASD = _2—l(|ak+1|2 +la) + (1 — 1At )ay, ax + Ate i elar, | + Atefsuar,  (38)
time interval 7 is spliting on equal intervals At. So nAt =ty and @, | = a}, ap = ajn.
We integrate through intermediate variables ay, ..., a, and obtain the following result in
continual limit At — 0, n — oo:

Uinpilay, by, tg, b"(0)b(7), ¢ (T)c(T)ain, bin, tin] =

1
= exp [—z(mﬂ2 +lainl®) + Ad}ain + Bay + Cain + S infuac | - (39)

where function A = exp [—ia)(b)t] and functional B, C, S ;s

B[b* (1), b(T), ¢*(7), c(1)] = —ie f " b (o), (o), (o), c()ese”™Nar,  (40)

tin
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1f

CIb* (1), b(t)c* (1), c(7)] = —ief .j“_(b*(‘r),b(‘r), (1), c(T))sﬂe_i“’(b)TdT, 41

tin

S infuac[b™ (1), b(7), ¢ (1), c(7)] =

=— f ' f ' JT0 (1), b(1), ¢ (1), c(1)e,, j (b7 (1), b(T, (1), c(r))s‘,e_"“'(h)(T_T/)d‘rd‘r'. (42)

i

Now we calculate the influence functional of electromagnetic vacuum. For this we use
equation (42) and specify initial and final state of electromagnetic field as vacuum:

plas,, ay; tin) = {(a;){(a,),  playg,dy) = x(apx"(a)) (43)

2
|ain |2 |le|

{(aim) = eXp[—T], x,(ap) = CXP[—T]' (44)

By the use of (34) and (40),(45) we calculate the influence functional of one mode k and
A electromagnetic field on one mode p and o fermionic field:

Fuack,/l = CXP[S infvackA + Sl/'nfvackxl]’ (45)

where functionals S, fuacka, S, Fuackd is determined by (43).
We define influence functional of miltimode electromagnetic vacuum using (37), (43) and
(46).

Fuaeanlb” (1), b (1), (1), b(7), " (1), ' (1), ¢ (1), ¢(7)] = explSinfoac + S}y ppacls  (46)

where
o
S infoac = — Z m ff(gﬁj;(k, )&y j, (K, 7)e T )d‘rd‘r') , 47
k’/l tin  lin
functional S’ foac has the same structure as S, fuqc With variables (1), b'(1), ¢ (1), c'(7) i.e.

VA
5 The fermionic field evolution under electromagnetic vacuum
influence

We describe the fermionic field evolution by the use of probability transition (32). The initial
conditions and the final conditions are given in the form

pn(b;” C;'kn, b;ns C:‘nd; tin) = 'ﬁn(b?n, C;‘n)lyl’fl(bl,'n9 Cl/'n)’ (48)
Pn(by, €3 b, Citp) = Yy, W, (DY, ).

Using equation (47) for influence functional of multimode electromagnetic vacuum, we ob-
tain equation for probability transition

P(m; tg|n; ty,) = K*(m; tyln; £, ) K (m; tln; i), (49)
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where
K(m; teln; 1) = f Db*(7)Db(t)Dc* (T)Dc(‘r)dbjldbfdc;idcf><

X (b, ) exp {1 (S puaclb” (1), b(T), € (1), c(O])} Y B}y 5, (50)

K*(m;tfln; t;,) is conjugated transition amplitude,

S pun [b (1), b(7), " (1), ()] =
=S/ [b"(1), b(1), " (1), ()] + S infoac [67(7), b(7), " (1), c()],  (51)

In equations (51), (52) we going from grassman variables b*(1), b(t), ¢*(1), c(1) to func-
tions of spinor field ¥(x),¥(x). In equation (48) we convert summation over discrete k
to integral over their continuum values and Fourier transform j;(k, 7), j, (K, 7") to function
Ju(x,7), j,(X’, 7’) by the use of equations (7). Then we consider the limit #; — oo, t;, — —o0.
So the effective action (52) for action of fermionic field under electromagnetic field vacuum
influence is presenting in the following

S futvac [#0), Y(x)] = f L futoac V30 (), (), (52)
where
_ 1
Lputae = P By = mp@) + 5 () f D'(x = ) j,(x ), (53)
where
v N o 1 2midk v | —ik(x—x") w(t—1’
e e D o

— is the photon propagator [11], [12].
The transition amplitude (51) is equivalent to S-matrix. In addition it contain contribution
of electromagnetic vacuum influence on fermionic field dynamics:

Konl) = [ DEODUT, 0 exp 1S o T IO 0. 59

where action S f,1qc [(7), ¥(1)] is determined by equation (53).

We construct the equations for the evolution of the fermion field in the proposed model
in the semiclassical approximation. The equation is found from the principle of stationary
action 0, 6Sfullvac [d’(x)v @b(x)] =0

1
(1" 0y — my(x) + 57” (x) f D' (x = x') jy(x)dx" = 0, (56)

The Dirac equation for a free electron, taking into account its interaction with a vacuum, is
integro-differential. It is non-linear and non-local.

The Lagrangian density, the equation of motion for the fermion field, allow us to deter-
mine the expression for the interaction energy of the electron and the electromagnetic field
vacuum

1
AEy = 2_ fjﬂ(x)l)uv(x - x')jy(x')dx'dx, (57)
T

. The energy AE,, is determined by the quantum state of the electron, the bispinor y(x).
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6 Summary

We consider the evolution of fermionic field interacting with electromagnetic field in path
integral approach by the use of electromagnetic field influence functional inroduction. We
obtain formula for influence functional calculation in specific model of electromagnetic field,
interaction with fermionic fields and initial and final states. We calculate the electromagnetic
vacuum influence functional. This lead to addition term in Lagrangian of spinor field and
modify fermionic field dynamics. The Dirac equation for a free electron, taking into account
its interaction with a vacuum, is integro-differential. It is non-linear and non-local. The
expression for the interaction energy of the electron and the electromagnetic field vacuum is
determined by the quantum state of the electron, the bispinor y(x). The developed method
allow to describe interacting fermionic system without perturbation expansions.
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