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Abstract. In this report, based on [1], we study analytically small perturbations

of classically stable Q-balls in 3+1 dimensions. Models with flat and polynomial potentials are considered. We find that large Q-balls in the model with
the flat potential possess soft modes. We also find a specific mode for Q-balls
near the stability bound, which is related to the decay mode of Q-clouds. For
these modes, the perturbation theory is applicable with respect to the relative
frequency of an excitation.

1 Introduction
Q-balls are non-topological solitons arising in complex scalar field theories with the global
U(1)-invariance [2, 3].1 During the years of studies, they found numerous applications in
different branches of modern physics. Q-balls are predicted in models of physics beyond the
Standard Model [6], and were applied to different problems in astrophysics and cosmology
(baryogenesis [7], phase transitions in the Early Universe [8], dark matter [9], alternative to
black holes [10]). Beside that, the existence of Q-balls is discussed, e.g., in condensed matter
physics [11].
Here we focus on studying spectra of linear fluctuations on top of classically stable Qballs. Analysis of small perturbations of classical solutions is of considerable interest from the
theoretical and phenomenological perspectives. Recent examples include the investigation of
quasinormal modes of black holes [12, 13] or excitations in a non-uniform Bose-Einstein
Condensate [14]. The advantage of Q-balls is that they are relatively simple objects and often
their analysis can be performed by analytical methods. Below we will use models admitting
analytical treatment for both Q-balls and their perturbations. We start in the next section with
a brief overview of the main properties of Q-balls. In sections 3 and 4 we study modes of
Q-balls in the flat and polynomial potentials. Section 5 contains a summary of our results.
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1 In

case of the local U(1)-invariance, one speaks of “gauged Q-balls” [4, 5].
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2 Setup
Q-balls are localized stationary solutions of classical equations of motion in a theory with the
Lagrangian2
L = |∂µ φ|2 − V(|φ|) .
(1)

The field configuration of a Q-ball is described by the ansatz
φ0 (x) = f (r) eiωt , r = |x| ,

(2)

where f is a monotonically decreasing function of the radial coordinate which obeys the
boundary conditions
f  (0) = 0 , f (∞) = 0 ,
(3)
and without loss of generality one can put ω > 0.
The existence and stability of Q-balls are due to the presence in the theory of a conserved
U(1)-charge,




(4)
Q = i d3 x φ˙∗ φ0 − φ̇0 φ∗0 = 2ω d3 x f 2 .
0

Beside the charge, the Q-ball is characterized by its energy,

 f )2 − ω2 f 2 + V( f )) .
E=
d3 x ((∇

(5)

The existence condition for Q-balls is easily derived, e.g., by the means of the analogy
between the equation for the Q-ball profile f and Newton’s equation for the particle of unit
mass moving in the potential 1/2(ω2 x2 − V(x)). It reads as follows [3],
min
φ0

V(|φ|)
≡ ω2min < ω2 < V  (0) ≡ m2 ,
|φ|2

(6)

provided that the inequality ωmin < m holds for the potential V.

3 Perturbations of Q-balls in the flat potential
In this section, we consider the potential consisting of a parabolic branch followed by a flat
branch,

 2


|φ|2
|φ|
2 2
2 2
V(|φ|) = m |φ| θ 1 − 2 + m v θ 2 − 1 .
(7)
v
v

It is a particular case of the so-called piecewise-parabolic potential [16]. It is known that the
theory with this potential allows for analytical investigation of both the Q-balls and linear
perturbations above them [2, 17]. Besides, the potential (7) serves to approximate realistic
potentials with the flat direction, which are used, e.g., in describing dark matter by Q-balls
[9]. From eq. (6) we see that the mass m of the free particle is the relevant dimensional
parameter of the theory. Because of this, below we normalize physical quantities to it, by
setting m = 1.
The properties of Q-balls in the potential (7) are well-known. Depending on the frequency, the solution belongs to one of the three groups, see table 1. Q-balls of the first group
have ω in the interval 0 < ω ≤ ω s where ω s is such that
E|ω=ωs = m Q|ω=ωs .
2 It

is also possible to consider theories with more than one scalar field; see, e.g., [15].

2

(8)
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Table 1: Three groups of Q-balls in the theory (1) with the potential (7). Numerically, ω s ≈
0.837 and ωc ≈ 0.960.
Q-clouds
Metastable Q-balls
Absolutely stable Q-balls

ωc < ω < m
ω s < ω < ωc
0 < ω < ωs

If ω < ω s , the energy of the Q-ball is less than the energy of the collection of free particles
of the same charge. Hence, the Q-balls of this group are absolutely stable. The second group
is characterized by the inequality ω s < ω < ωc , where ωc is the frequency at which

∂2 E 
=0.
(9)

∂Q2 ω=ωc

The Q-balls with these values of ω are classically stable, but can decay via tunneling [18].
Finally, the Q-balls with ω > ωc are classically unstable. They are also known as Q-clouds
[19].
To study small perturbations of Q-balls, we take the ansatz
φ = φ0 + χ , χ(x) = ψ(x) eiωt ,

(10)

and substitute it into the equations of motion for φ and its complex conjugated. Linearizing
the result with respect to ψ, one obtains
(∂0 + iω)2 ψ − ∆ψ = −h(r)ψ∗ − g(r)ψ ,

(∂0 − iω)2 ψ∗ − ∆ψ∗ = −h(r)ψ − g(r)ψ∗ ,
where h and g are given by
 2 

 2
d V 
d V dV 
h(r) = z 2 
, z = |φ|2 .
, g(r) = z 2 +

dz z= f 2 (r)
dz z= f 2 (r)
dz

In the potential (7) the functions (12) become




f 2 (r)
m2 f (r)
− 1 , g(r) = m2 θ 1 − 2 + h(r) .
h(r) = − δ
2
v
v

(11)

(12)

(13)

We observe that, although in general the equations for ψ and ψ∗ are not disentangled, in the
case of the piece-wise parabolic potential they are separated everywhere expect the single
point at which the two branches of the potential are joined. It is this fact that allows to treat
analytically both the classical solutions and their linear excitations.
3.1 Modes of metastable Q-balls and Q-clouds

Let us first consider the decay mode of Q-clouds. It is described by the spherically-symmetric
ansatz of the form [20]
ψ(x) = eγ̃t ζ(r) ,
(14)
where ζ(r) is a real function and γ̃ > 0. Substituting eqs. (13) and (14) in eq. (11), one arrives
at the linearized equation for ζ. The latter can be solved analytically in the regions r < R and

3
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r > R, where R is the point at which |φ0 | = v. At this matching point, the differential equation
on ζ is reduced to a system of linear equations on the constants entering the general solution.
Imposing further the boundary conditions
ζ  (0) = 0 , ζ(∞) = 0

(15)

determines uniquely both the perturbation profile ζ(r) and the decay rate γ̃, for a fixed frequency of the background Q-ball.3 The dependence of γ̃ on ω is shown on the left side of
figure 1. Note also that close to the stability bound
γ̃2 ∼ ω − ωc .

(16)

We now move to the other side of the stability bound and study the vibrational modes of
metastable Q-balls. To this end, one should take the following perturbation ansatz [21],
(l)
iγt
−iγt
)Yl,m (θ, ϕ) ,
ψ(x, t) = (ψ(l)
1 (r)e + ψ2 (r)e

(17)

(l)
where γ is real and positive, ψ(l)
1 , ψ2 are real functions, and Yl,m are spherical harmonics.
Plugging eq. (17) into eq. (11), one obtains the linearized equations for ψ(l)
1,2 , for any integer
l ≥ 0. Imposing the boundary conditions



dψ(l)
1,2 

dr 

= 0 , ψ(l)
1,2 (∞) = 0 ,

(18)

ω+γ <1,

(19)

r=0

and also

which selects the localized “bound states”, one arrives at the range of allowable values of
γ, for the fixed l and ω. Interestingly, we find that in the sector of spherically-symmetric
modes, l = 0, there is a unique solution shown on the right side of figure 1, while for l > 0 no
vibrational modes exist. Close to the critical frequency, one has
γ2 ∼ ωc − ω .

(20)

From eqs. (16) and (20) we see that the vibrational mode of metastable Q-balls and the
decay mode of unstable Q-clouds are, in fact, the analytical continuations of each other. It is
also important to note that at ω ≈ ωc , the relative oscillation frequency γ or the decay rate γ̃
can serve as small parameters with respect to which one can build a perturbation theory and
obtain the simple expressions for the modes,
ζe−γ̃t ∼ i f + γ̃
ψ1 ∼ f + γ
3 It

∂f
+ O(γ̃2 ) ,
∂ω

∂f
∂f
+ O(γ2 ) , ψ2 ∼ − f + γ
+ O(γ2 ) .
∂ω
∂ω

is a general feature of Q-balls that they possess a unique (if any) decay mode [20].

4

(21)

(22)
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Figure 1: Left: The decay mode of Q-clouds in the theory with the potential (7) with v = 1.
Right: The spherically-symmetric vibrational mode of metastable Q-balls in the potential (7)
with v = 1. The dashed line represents the bound in ineq. (19). The mode ceases to exist at
ω ≈ 0.937.
3.2 Modes of absolutely stable Q-balls

The spectrum of absolutely stable Q-balls is derived in the same way as the vibrational mode
of the metastable solutions. The difference is that now there are multiple solutions for any
l ≥ 0. Presented in figure 2 is the family of spherically-symmetric modes. We observe
that their number is increased as ω → 0. In this limit, the spectrum linearizes and is welldescribed by the equidistant formula
γ

kω
,
2

k = 1, 3, 4, 5...

(23)

where k = 2 is excluded since the corresponding solution is singular. When ω approaches
zero, the charge and energy of the Q-ball increase. Hence, large Q-balls in the flat potential
possess soft modes in their spectra. The number of the modes is estimated as
N ∼ R3 ,

(24)

where the matching point R is associated with the size of the soliton. Note finally that the
structure of the spectrum with the non-zero orbital momentum is similar to that with l = 0.

4 Perturbations of Q-balls in the polynomial potential
In this section, we consider another featured potential — the one with the power-like asymptotics at large fields. It is known that for a polynomial potential to admit Q-balls, it must be
at least of the sixth degree in |φ| [3]. We write it in the following form,

2
V(|φ|) = δ |φ|2 − v2 |φ|2 + ω2min |φ|2
(25)

with δ > 0, and the minimal frequency ωmin is related to the free boson mass via
√
ωmin = m2 − δv4 .

(26)

The comprehensive analysis of Q-balls in the potential of the sixth degree in 3+1 dimensions was carried out in [22]. Although in this potential the Q-balls cannot be found in an

5
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Figure 2: Spherically-symmetric vibrational modes of absolutely stable Q-balls in the potential (7) with v = 1.

analytic form, the analytical analysis is possible in the thin-wall limit which is achieved close
to the lower frequency bound. The accuracy of the thin-wall approximation is controlled by
the small parameter
 = ω − ωmin .
(27)

The Q-ball profile is approximated by the thin-wall ansatz,


r
,
f (r) = f0 θ 1 −
ρ

(28)

where ρ is the radius of the soliton and f0 is the magnitude of the field inside it. To the leading
order in , we have
f0 = v (1 + O()) ,
√ 2
δv
+ O(1) .
ρ=
2ωmin 

(29)

Proceeding as in the case of the flat potential, we take the perturbation asatz (17) for
vibrational modes and substitute it into eq. (11), where g and h are now given by
h(r) = −4δv2 f 2 (r) + 6δ f 4 (r) ,

g(r) = m2 − 8δv2 f 2 (r) + 9δ f 4 (r) ,

(30)

and f (r) is determined by eqs. (28), (29). The resulting equations are then solved analytically
with the boundary conditions (18) and (19). This gives the spectrum of vibrational modes
γ = γ(ω) which is plotted in figure 3 for the case l = 0 and for a particular choice of the
parameters in eq. (25). We observe the same properties of the spectrum as in the case of the
flat piece-wise potential (7). In particular, the spectrum linearizes in the limit ω → ωmin . In
this limit, it is approximated by the formula
2ωmin
µ 1  , n = 0, 1, 2, ...
(31)
m n,l+ 2
where µn,l+ 12 is the n-th zero of the (l + 1/2)-order Bessel function of the first kind. Furthermore, the number of modes is given by
3

m − ωmin m
∼ ρ3 ,
(32)
N∼

ωmin
γ=

6
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Figure 3: The spectrum of spherically-symmetric perturbations of large Q-balls in the potential (25) with δ = 1.5, v = 0.9 and m = 1.

showing again the same counting as for the Q-balls in the flat potential.

5 Conclusion
To summarize, in this report we presented the results of the analytical studies of the linear
perturbations of Q-balls in theories with the flat and polynomial potentials. We found that
in the flat potential the spectra of large Q-balls contain an amount of soft modes. This fact
is easily understood in view of the flatness of the potential in the interior of a Q-ball at the
scale ω−1 . We also showed that at some frequencies the Q-ball may not have bound states
described by the ansatz (11). Next, the Q-balls with the near-critical frequencies possess one
spherically-symmetric vibrational mode which can be continued analytically to the instability
region where it becomes the decay mode of Q-clouds. In the vicinity of the critical point,
the perturbation theory can be built with respect to the relative frequency of the oscillation.
Finally, it was found that the total amount of modes is proportional to the internal volume
of a Q-ball, at least for large enough solitons. This result is to be expected in view of the
close, although not exact, analogy between the localized modes of a soliton composed of
the complex scalar field and bound states in the potential well, described by the Schrodinger
equation.
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