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Abstract. We consider the most general theory of a single scalar field with
the second order field equations, the Horndeski theory, in four-dimensional
space-time. We show that static, spherically symmetric, asymptotically flat,
Lorentzian wormholes are unstable in this theory.

1 Introduction
Wormholes [1–6] and semiclosed worlds [7–10] are spatial geometries with a throat which
connects either two flat spaces or a flat space and a closed world, respectively.

Figure 1. A wormhole (on the left) and a semiclosed world (on the right). The static case; the third
spatial dimension is omitted.

If they are traversable, they both have the trapped surface (see figure 1). This, combined
with the noncompactness of the Cauchy hypersurface and the Null Energy Condition (NEC):
Gµν ηµ ην ≥ 0 for any null vector ηµ ,

(1)

where Gµν = Rµν − 12 Rgµν is the Einstein tensor, leads to the singularity in finite future: this
is the result of the Penrose theorem [11]. The condition (1) for matter minimally coupled to
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gravity reads
T µν ηµ ην ≥ 0 for any null vector ηµ ,

(2)

where T µν is the energy-momentum tensor of matter. The NEC is hard to violate; it holds for
all known forms of matter.
According to the Penrose theorem [11], there is a theoretical opportunity to construct
a stable static spherically symmetric wormhole in theories violating NEC. We consider the
most general scalar field theory with second-order field equations, the Horndeski theory (generalised Galileons plus gravity):



(3)
S = d 4 x L2 + L 3 + L 4 + L 5 ,
L2 =K(φ, X),
L3 = − G3 (φ, X)φ,



L4 =G4 (φ, X)R + G4X (φ)2 − (∇µ ∇ν φ)2 ,


1
L5 =G5 (φ, X)Gµν ∇µ ∇ν φ − G5X (φ)3 − 3φ(∇µ ∇ν φ)2 + 2(∇µ ∇ν φ)3 ,
6

where X = − 12 ∇µ φ∇µ φ, φ = ∇µ ∇µ φ, R is the scalar curvature, Gµν is the Einstein tensor and
metric signature is (−, +, +, +).
This class of theories is known to have second-order field equations despite the secondorder derivatives in the Lagrangian. The most general scalar field theory with such property
was first derived by Horndeski in 1974 [12] but stayed unnoticed until 1992 when it was
reintroduced by Fairlie, Govaerts and Morozov [13–15] and became popular quite recently
[16–32]. The point is that Horndeski theories are capable, at least in principle, of violating
the NEC without obvious pathologies.
It has been shown, however, that both asymptotically flat, static, spherically symmetric
2
/2 =
wormholes [33, 34] and semiclosed worlds [35] are unstable in theories with G4 = MPl
const, G5 = 0.
The purpose of this paper is to extend this result to wormholes in the most general Horndeski theory (3). The proof of the analogous (by interchanging time and radial coordinate)
no-go theorem for bouncing cosmologies within G3 theories plus gravity was given in [36]
and generalised to the case of the interaction of the Galileon field with an extra scalar field in
[37]. Afterwards, this proof was further extended to the full Horndeski theory in [38] and the
multi-Galileon Horndeski theory in [39].
The paper is organised as follows. We give a brief review of the essential for our argument
results obtained by Kobayashi, Motohashi and Suyama [40, 41] in Sec. 2, considering both
odd (Subsec. 2.1) and even (Subsec. 2.2) sectors. Finally, we prove the instability in Sec. 3.

2 Stability conditions
The configuration to consider is static and spherically symmetric, so we use the most general
form of metric for that case:
ds2 = −a2 (r)dt2 +



dr2
2
2
2
2
(r)
dθ
+
sin
θdϕ
+
c
b2 (r)

2

(4)
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and use the gauge

a(r) = b(r).

(5)

The asymptotic behaviour of metric functions as r → ±∞ is the following:
a(r) → 1,

c(r) → |r|.

(6)

As we are working with the spherically symmetric Ansatz, we can now consider the de 
composition of any scalar under the rotations of a 2D sphere in spherical harmonics Ylm θ, ϕ :
s(t, r, θ, ϕ) =

l
∞ 


l=0 m=−l

 
slm (t, r)Ylm θ, ϕ .

(7)

Any vector Va and symmetric tensor T ab can be decomposed as follows:
γ

γ

Va (t, r, θ, ϕ) = ∇a Φ1 (t, r, θ, ϕ) + Eab ∇b Φ2 (t, r, θ, ϕ),
γ

(8)

γ

T ab (t, r, θ, ϕ) = ∇a ∇b Ψ1 + γab Ψ2 (t, r, θ, ϕ)


γ γ
1 cγ γ
Ea ∇c ∇b Ψ3 (t, r, θ, ϕ) + Ebc ∇c ∇a Ψ3 (t, r, θ, ϕ) .
+
2

(9)

γ

γab here denotes the metric on S 2 ; ∇a is the covariant derivative 1 for γab ; Eab = det γ εab ,
εab is the Levi-Civita symbol, εθϕ = 1; Φ1 , Φ2 , Ψ1 , Ψ2 , Ψ3 are arbitrary scalar functions;
 
Ylm θ, ϕ are spherical harmonics. We can now replace Φ1 , Φ2 , Ψ1 , Ψ2 and Ψ3 with the corresponding decompositions using (7) and obtain all scalars, vectors and symmetric secondorder tensors in terms of spherical harmonics.
 

Notice that terms with Eab get a factor (−1)l under parity transformation θ, ϕ → π −

θ, π + ϕ while terms without Eab get a factor (−1)l+1 stipulating the names of modes: they
are called even- and odd-parity modes, respectively.

2.1 Odd-parity sector

Odd-parity perturbations (terms with Eab ) read
δφ = 0,
hta =

∞


htt = 0,
l


l=0 m=−l

hra =

l
∞ 


l=1 m=−l

hab =

htr = 0,

hrr = 0,

 
h0,lm (t, r)Eab ∂b Ylm θ, ϕ ,

 
h1,lm (t, r)Eab ∂b Ylm θ, ϕ ,

l
∞
γ γ
 γ γ
 
 
1
h2,lm (t, r) Eac ∇c ∇b Ylm θ, ϕ + Ebc ∇c ∇a Ylm θ, ϕ .
2 l=2 m=−l

(10)
(11)
(12)
(13)

The components of gauge functions in the odd-partity sector are
ξt = 0,

ξr = 0,

ξa =

l
∞ 


l=0 m=−l

1 The

γ

 
Λlm (t, r)Eab ∂b Ylm θ, ϕ .

symbol ∇a should not be confused with ∇µ , the covariant derivative for gµν .

3

(14)
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We make use of this gauge freedom to eliminate unphysical degrees of freedom for l ≥ 2
(Regge-Wheeler approach, m is set equal to zero without loss of generality, see [40, 42] for
details) and obtain the following Lagrangian for perturbations:
L(2) =
where
A=
and



l(l + 1)
Aq̇2 − Bq2 − l(l + 1)Cq2 − V(r)q2 ,
4(l − 1)(l + 2)

c2 H 2
,
a2 G

B = a2 c2

H2
,
F

C = a2 H,

c
q = ḣ1 − h0 + 2 h0 ,
c



a2  
F = 2 G4 + φ X G5X − XG5φ ,
2



G = 2 G4 − 2XG4X + X aa c φG5X + G5φ ,

 

2c 
H = 2 G4 − 2XG4X + X a φ G5X + G5φ .
c

(15)

(16)

(17)
(18)
(19)

Here the background field equations are used, V(r) is the effective potential, which is irrelevant for our purposes, C-part corresponds to wave propagation along the angular direction.
To obtain this Lagrangian, h0 and h1 were treated as auxiliary fields and were eliminated.
The stability conditions for this Ansatz (fist obtained by Kobayashi, Motohashi and
Suyama [40]) are
F > 0 for the stability along the radial direction,
G > 0 for abscense of ghosts,
H > 0 for the stability along the angular directions.

(20)
(21)
(22)

2.2 Even-parity sector

The perturbations in the even-parity sector (terms without Eab ) read
δφ =

l
∞ 


l=0 m=−l

htr =

l
∞ 

l=0

hta =

l=0 m=−l

l
∞
 
 
1 
H1,lm (t, r)Ylm θ, ϕ , hrr = 2
H2,lm (t, r)Ylm θ, ϕ ,
a
m=−l
l=0 m=−l

l
∞ 


l=0 m=−l

hab = c2

l
∞ 

 
 
δφlm (t, r)Ylm θ, ϕ , htt = a2
H0,lm (t, r)Ylm θ, ϕ ,

 
βlm ∂a Ylm θ, ϕ ,

l 
∞ 

l=0 m=−l

hra =

l
∞ 


l=0 m=−l

 
αlm ∂a Ylm θ, ϕ ,

γ γ
 
 
Klm (t, r)γab Ylm θ, ϕ + Glm (t, r)∇a ∇b Ylm θ, ϕ .

Note that in the even-parity sector, the scalar field is perturbed as well. We use the same
procedure to fix the gauge and eliminate unphysical degrees of freedom (see details in [41,
42]) and derive the following Lagrangian for perturbations (once again, l ≥ 2):
L=

1
1
1
1
 

Ki j v̇i v̇ j − Gi j vi v j − Qi j vi v j − Mi j vi v j ,
2
2
2
2

4

(23)
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where i = 1, 2, j = 1, 2; v1 ≡ ψ, v2 ≡ δφ. Expressions for Ki j , Gi j , Qi j and Mi j are
cumbersome; we write their combinations explicitly whenever we need them.
The absence of ghost is guaranteed when K11 > 0 and det K > 0; we need the latter
condition:


 
4(l − 1)(l + 2) 2cc H + Ξφ 2 F 2P1 − F
det K =
> 0,
(24)


l(l + 1)a4 H 2 φ2 2cc H + Ξφ 2
where

(2cc H + Ξφ ) d
P1 =
·
dr
2c2 H 2

and Ξ is defined as follows:



 

c4 H 4

2cc H + Ξφ



 ,

 2



c 
Ξ = 2c2 − XG3X + 2a2 φ G4X + 2XG4XX − (XG5φ )X
c

1
c2
+ G4φ + 2XG4φX − 2 XG5X + a2 2 (3XG5X + 2X 2G5XX ) .
c
c

(25)

In view of (20), the condition (24) becomes

2P1 − F > 0

(26)

3 No-go theorem
The stability conditions important for our purposes are (17) and (19) from the odd-parity
sector and (26) from the even-parity sector. We introduce the new variable
Q=

2cc H + Ξφ
c2 H 2

(27)

and integrate the inequality (26) from r to r > r. In this way we obtain the stability condition
in the following form:
r
1
Q−1 (r) − Q−1 (r ) < −
F dr.
(28)
2
r

Let Q−1 (r) be negative at some r. Then we rewrite the inequality (28) as
1
Q (r ) > Q (r) +
2
−1



−1

r
F dr

(29)

r

and notice that if the integral in the right-hand side diverges as r → +∞, then Q−1 (r ) is
positive at large r , meaning that Q is singuar at some point r∗ .
Let Q−1 (r ) be positive at some r . Then we rewrite the inequality (28) as
1
Q−1 (r) < Q−1 (r ) −
2

r
F dr.

(30)

r

If the integral in the right-hand side diverges as r → −∞ then Q−1 (r) is negative at large
negative r, meaning that Q is singuar at some point r∗ .

5
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We now notice that the requirement that general relativity is restored away from the wormhole gives

2
/2
G4 → MPl
as r → ±∞,
G5 → 0
2
and thus to the divergent integrals in the right-hand sides of (29) and
leading to F → MPl

(30), as r → +∞ and r → −∞, respectively. This means that Q has to be singular. We now
take a closer look at the definition of Q, Eq. (27), and notice that:

• c is bounded from below and H > 0, Eq. (22), so the denominator is non-zero for any r;

• c is non-singular and if H diverges, then Q → 0, not Q → ∞;

• thus, singular Q requires either singular Ξ or singular φ or both; in either case the solution
is singular.
These statements complete the argument.
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