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Abstract. We propose a pure four-dimensional formulation (FDF) of the d-

dimensional regularization of one and two loop scattering amplitudes in quantum chromodynamics. In our formulation particles propagating inside the loops
are represented by massive internal states regulating the divergences. The
equivalence between the FDF and the Four Dimensional Helicity scheme is
discussed. We present explicit representations of the polarization and helicity states of the four-dimensional particles propagating in the loops. They allow
for a complete, four-dimensional, unitarity-based construction of d-dimensional
amplitudes. Generalized unitarity within the FDF does not require any higherdimensional extension of the Cli↵ord and the spinor algebra.

1 Introduction
The ultraviolet (UV) and infrared (IR) infinities arising in the higher order perturbative calculations in quantum field theories can be treated by dimensional regularization [1]. Those
divergences are usually nested like in the following integral
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2
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which is UV divergent for k2 ! 1 and IR divergent for k2 ! 0 . Dimensional regularization
is based on the continuum dimension method by first generalizing the dimensionality of the
space from four to d integer, such that the integral converges, and then replacing d by the
complex number 4 − 2✏, which contains the regularizing parameter ✏. Symbolically
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with µDS the unit mass needed to take into account the change of the engineering dimensions
of the couplings of the theory. The d- dimensional integral in (1) can be treated as
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Z
d
d
1
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dd k 2 2 = d
dk2 (k2 ) 2 −3 .
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The continuation from 4 to d = 4−2✏ dimensions makes all momentum integrals well defined
and UV and IR singularities appear in the Laurent expansion of meromorphic functions as ✏1n
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poles. Actually the integral (1), combined with other UV and IR divergent terms, is usually
defined [2] so that to cancel those divergences and not to bring contributions to the finite part.
Consider the physical cross section at the Next-to-Leading Order which receives by the
Kinoshita- Lee- Nauenberg theorem the real and virtual contributions
Z
Z
dΦV |MV |2 + dΦR |MR |2 ,
(4)
σ = σV + σR =
identified by the corresponding amplitudes MR and MV . A complete dimensional scheme
(DS ), meaning a complete procedure to make the analytical dimensional continuation in the
dynamics of the theory is reflected at the level of the Feynman integrals by the way of treating
the gauge boson metric, generically indicated in the following by g:
Z
Z
DS
2
σ =
dΦV |MV (....., [g], .....)| + dΦR |MR (...., [g], ....)|2
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} |
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−

a
✏2

− b✏ +l+m✏+n✏ 2 +...

= σfinite + ✏σ1 + ✏ 2 σ2 + . . .

(5)

where the scheme independent terms cancel and the analytic part of the expansion is scheme
independent except for the first term. Regardless on the scheme the physical cross section
should be obtained as
(6)
σ = lim σDS = σfinite
✏!0

if the adopted regularization scheme is compatible with the unitarity of the theory, meaning with the statement of the the optical theorem. The purely d-dimensional treatment of
all objects, the so called conventional (or naive) dimensional regularization is conceptually
simpler, but it breaks supersymmetry and it gives ambiguities like Tr(γ5 γµ γ⌫ γ⇢ γ⌧ ) with chiral
symmetries, but it is unitarity compatible [3]. However for the modern techniques of generalized unitarity [4] of the integrand reconstruction by gluing tree level helicity amplitudes,
a four dimensional approach in general considerably simplifies the computations. In those
cases the 4-dimensional treatment of the gluons is better compatible with supersymmetry and
it is more amenable to helicity methods, where we glue amplitudes like the one coming from
the Parke-Taylor [5] formula for Maximally Helicity Violating amplitudes
AMHV (1+ , ........., i− , ......., j− , .......n+ ) = i(−g)n−2

< i j >4
< 12 >< 23 > ......... < n1 >

(7)

written here in terms of the helicity spinors, pedagogically introduced in [6]. The previous
considerations imply the need for a dimensional reduction of the d dimensional vector field
to a four dimensional one together with a dimensional regularization of the loop integrals.

2 Variants of the dimensional regularization
There is an elegant way to unify essentially all common variants of dimensional regularization in a single framework, where all definitions can easily be formulated and where the
di↵erences and relations between the schemes become transparent [7]. Such a framework is
based on the introduction of three vector spaces: the original four dimensional space (4S )
and the infinite dimensional vector spaces, intrinsic in every dimensional scheme to provide
the regularization of theories formulated in an arbitrary number of dimensions [8]. The space
(4S ) has metric tensor gµ⌫
[4] , then we have the “quasi-d-dimensional" space (QS [d] ) with metric

2

EPJ Web of Conferences 192, 00011 (2018)
QCD@Work 2018

https://doi.org/10.1051/epjconf/201819200011

CDR

HV

FDH

DRED

singular VF

gµ⌫
[d]

gµ⌫
[d]

gµ⌫
[d s ]

gµ⌫
[d s ]

regular VF

gµ⌫
[d]

gµ⌫
[4]

gµ⌫
[4]

gµ⌫
[d s ]

Table 1. Treatment of vector fields in the four di↵erent regularization schemes, i.e. prescription which
metric tensor has to be used in propagator numerators and polarization sums. The quantity d s is
usually taken to be 4.

µ⌫
tensor gµ⌫
[d] , the “quasi-d s -dimensional" space (QS [d s ] ) with metric tensor g[d s ] . The “quasidimensionalities" of those infinite dimensional spaces are related by the following relations
between the complex numbers:

d s = d + n✏ = 4 − 2✏ + n✏ ,

(8)

implying the following formal direct sum and inclusions
QS [ds ] = QS [d] ⊕ QS [n✏ ]

S 4 ⇢ QS [d] ⇢ QS [ds ] .

(9)

Indeed since only gluons that appear inside a divergent loop or phase space integral need
to be regularized, those are called “singular" gluons and all the others are called “regular".
Based on that distinction the following variants of dimensional regularization and dimensional reduction are introduced. CDR (“Conventional dimensional regularization") in which
singular and regular gluons (and other vector fields) are all treated as quasi-d−dimensional.
HV (“ ’t Hooft Veltman") in which singular gluons are treated as quasi-d−dimensional but
the regular ones are treated as 4−dimensional. For the dimensional reduction we have DRED
(“original/old dimensional reduction"), where regular and singular gluons are all treated as
quasi-d s -dimensional, and FDH (“four-dimensional helicity scheme") so that singular gluons
are treated as quasi-d s -dimensional but external ones are treated as 4-dimensional.
The treatment of vector fields in the four di↵erent regularization schemes and the corresponding prescriptions on which metric tensor has to be used in propagator numerators and
vectors polarization sums are summarized in the table 1.
In order to use FDH and DRED, the variants based on the dimensional reduction, the
crucial step is to split quasi-d s -dimensional gluons into d-component gauge fields and n✏ !
2✏ scalar fields, so called ✏-scalars, as from the decomposition of the metric tensor
(g[ds ] )µ⌫ = (g[d] )µ⌫ + (g[n✏ ] )µ⌫

(10)

with the algebra
µ
gµ⌫
[d s ] (g[d] )⌫⇢ = (g[d] ) ⇢ ,

µ
gµ⌫
[d s ] (g[n✏ ] )⌫⇢ = (g[n✏ ] ) ⇢ ,

gµ⌫
[d] (g[n✏ ] )⌫⇢ = 0,

(g[n✏ ] )⌫⇢ g⇢µ
[4] = 0. (11)

Since new degrees of freedom enter in the game, the independence of the gauge boson manifest in the couplings of the ✏-scalars resulting in di↵erent renormalization constants and
β-functions. In QED the gauge coupling e and the evanescent coupling ee renormalize di↵erently being not protected by the Lorentz and the gauge invariance on QS [d]
βe = µ2DS

d ✓ e ◆2 4 ✓ e ◆4
=
+ ...
3 4⇡
dµ2DS 4⇡

3

(12)
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✓ e ◆4
✓ e ◆2 ✓ e ◆2
d ✓ ee ◆2
e
=
6
−
6
+ ...
4⇡
4⇡
4⇡
dµ2DS 4⇡

(13)

Even by imposing the renormalization condition e = ee the flows of the two couplings are
di↵erent [7].

3 FDF:Four dimensional formulation of the FDH scheme
FDF is a novel regularization approach that was introduced to reproduce FDH results at the
one-loop level [9]. Starting from unregularized expressions in one loop diagram the loop
momenta are shifted as /̀[d] ! /̀[4] + iµγ5 before any other algebraic manipulation is performed. The matrix γ5 provides the chirality in four dimensions. The scale µ corresponds to
the other d − 4 dimensional components of the loop momentum and serves as regulator for
the in general divergent quasi-d dimensional loop momentum in the integral. By definition,
odd powers of µ are set to zero, resulting in the useful relation
2
2
/̀[d] /̀[d] = `[d]
= `[4]
− µ2 .

(14)

One main advantage with FDF approach is that the Lorentz algebra is realized in strictly
four dimensions. By construction the treatment of γ5 in FDF unifies those of BreitenlohnerMaison and the anti-commuting chiral prescriptions like in the ’t Hooft-Veltman [10].
Due to the previously declared shift the fermionic cutted lines in the diagrams obey to a
generalized Dirac equation
�
�
/̀[4] + iµγ5 + m u(`) = 0.
(15)
[
By expressing the four momenta in terms of the massless four-momenta `[4]
and q`[4] the
spinors generalized solutions are

� [ E
u+ (`) = ��`[4]
+

⇤
m − iµ ��
�q`[4]
[
[`[4] , q`[4] ]

� [ i
+
u− (`) = ��`[4]

��
↵
m + iµ
�q`[4]
[
< `[4] , q`[4] >

(16)

with the usual notation of the helicity spinors. In [9] it is possible to find the wave functions
for the cut gluonic and scalar lines for the consequent dimensional reduction involved in this
procedure.
At one loop it is known the decomposition of any scattering amplitude in terms of a basis
of master scalar integrals á la Passarino-Veltman [11]. By FDF we have a tool to add additional basis integrals at one loop consisting, in the case of having massless internal lines,
into two sets of additional boxes I4 [(µ2 )2 ], I4 [µ2 ], additional triangles I3 [µ2 ] and additional
bubbles I2 [µ2 ], with the notations of having insertions of µ2 in the numerators of those additional master integrals. The decomposition of that amplitude in this basis involve coeﬃcients
of the additional integrals that are independent of the dimensional regulator, therefore those
coeﬃcients can be computed by integration contours using the methods of algebraic geometry [12]. The amplitude in now expressed in terms of larger set of integrals that in principle
they could be evaluated as they are, however it is usually easier to evaluate them in terms of
standard integrals.When we do that the dependence on the ✏ regulator reappears, in fact at
one loop the conversion to the standard integrals amounts to a shift of the dimensionality, one
has dimension shift identities like [15]
I4 [(µ2 )2 ] = −✏(1 − ✏)16⇡2 I48−2✏ [1].

(17)

For a box integral we have now five degrees of freedom instead of four. The so called
quadruple cut [13], which is the modern procedure of extracting the leading singularity of
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one-loop amplitudes (contrast it to [14]) and which allows the calculation of the box coeﬃcients in the scattering amplitudes, is in terms of this basis a one-dimensional surface
µ-dependent more than a single point in the space of the momenta. However after gluing the
corresponding amplitudes the box coeﬃcients of the two integrals in the extended basis are
still found by collecting in the numerators respectively the coeﬃcients of the monomial (µ2 )2
and µ2 . In fact by removing factors with ✏ exponents from the measure d4−2✏ k = d4 k d−2✏ k
and multiplying by a weight function of µ2 to isolate di↵erent integrals we find in terms of
the block amplitudes the coeﬃcients of the extra basis integrals as
ci =

I

dµ2 1
A (µ2 )A2tree (µ2 )A3tree (µ2 )A4tree (µ2 ),
µ2 tree

(18)

with a final result compatible with [16].

4 Foundational work to perform two loops reductions in FDF
First of all we need a basis, this has been provided in pure 4 dimensions for planar diagrams
in [17]. The notations for the double box P⇤n1 ,n2 , refer to n1 lines on the right and n2 lines
on the left of the double box. In this basis we have two integrals for massless, one-mass,
diagonal-two mass double box P⇤2,2 . Three integrals for short side two mass, three-mass
double box. Four integrals for four masses double box. One integral for massless pentabox
P⇤3,2 . A pure four dimensional basis is reduced to this with master integrals containing up
to height propagators. More complicated integrals can be reduced to them up to ✏-terms.
The new feature compared with the one-loop case is the presence of irreducible numerators
even when it is simply involved the scalar product of a loop momentum with an external leg,
meaning that they cannot be written as linear combination of the denominators propagators
and external invariants.
To perform the reduction to the previous basis at two loops the tensor reduction is still
necessary and useful but it is not suﬃcient, because some additional technology is needed in
order to take care of the irreducible invariants and their powers. That technology is based on
the so-called integration by part identities (IBP) [18]. This technology is based on an axiom
of dimensional regularization that the integral of a total divergence is zero, because there are
no boundary terms
Z
@
vµ
0=
d d `1 d d `2 µ
(19)
@`1 Denominator
this gives linear relations between integrals that can be solved in terms of the independent
master integrals. In the notation of the previous equation a so called IBP generating vector
is included which takes care of the fact that no doubled propagators are generated in the IBP,
this simplifies the solution of the system of the IBP. By identifying the IBP generating vectors
would provide a quicker approach to solve the system for generating master integrals [17]. By
the definition of the vectors vµ , they are algebraic geometric objects arising from appropriate
polynomial divisions, their algebraically geometric properties as well as their connection to
the di↵erent topologies of the basis need still to be completely studied. In the aim of finding
a two-loop basis with coeﬃcients still independent of the regularization parameter, the IBP
arise a kind of line-one problem:
`1µ
4 − 2✏
@
=
+ ...
@`1µ Denominator Denominator

5

(20)
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consequently ✏ seems to be intrinsic to these reductions bringing to a decomposition of the
type
X
c j (✏)Int j
(21)
Ampl =
j2Basis

as for instance in the one-loop bubble by Passarino-Veltman reduction
Bµ⌫ (k2 ) =

2−✏
1
µ ⌫
B0 (k2 )k[4]
B0 (k2 )gµ⌫
k[4] −
[4] .
4(3 − 2✏)
4(3 − 2✏)

(22)

This is a problem in view of implementing the 4 − 2✏ dimensional generalized unitarity program, for which it is desired a basis with coeﬃcients which are ✏ independent. The regularizer ✏ is indeed something deeply related to the integration on the real slice. By the methods
of generalized unitarity we want indeed to perform integration on contours in the complex
plane to isolate the appropriate residues, clearly we cannot have a basis which is ✏ dependent, because the ✏ dependence is obtained from integration on the real slice. The conjecture
considered here [19] is that again at two-loop there is an augmented basis, which now will
depend on µ21 , µ22 , µ1 · µ2 . The tree amplitudes to be glued in the integrand reconstruction
indeed come from the six dimensional extension of the theory [20]. By FDF we can reconstruct the total dependence of the two-loop integrands in terms of the extra dimensions using
an appropriate modifications of FDF in terms of six dimensional ingredients [21]. However
the recursive construction of the Dirac gamma matrices in higher dimensions is based on an
operation of tensor product having the structure with four dimensional ingredients as seed of
generation of the Dirac representation of the Lorentz group in higher dimensions [22]. In this
sense FDF seems to be a basic block so that modulo multiplication with appropriate sigma
Pauli matrices, the FDF results for the tree amplitudes computations [9] in the generalized
unitarity procedure can be exported to two loops.
The way proposed here to reach such an augmented basis is thorough four-dimensional
IBP
0=

Z

vµ[4]
@
d `1 d `2 µ
@`[4] i Denominator
d

d

(23)

The involved IBP generating vectors vµ[4] will be dependent on the µ21 , µ22 , µ1 · µ2 and even
for simple integrals like the double box they have not been computed yet, however it is expected that their algebraic geometry is very di↵erent form the ones coming from the IBP in d
dimensions.
The last ingredient that we need is how to convert back to standard integrals. We have
the additional components µi inside integrand we want to go back to recover ✏. There are
basically two techniques to be combined:
• take a Gram determinants [G ({pi }, {qi })] = deti, j (pi · q j ), do Feynman parametrization to
get relations like this
2 2
P⇤,⇤
2,2 [(µ1 ) ] = −

✏(1 − ✏)
P⇤,⇤ [G2 (`1 , 1, 2, 4)]
(3 − 2✏)(1 − 2✏)G2124 2,2

(24)

where together with a rational function of ✏ there is the dependence on G2124 , an invariant
of the external momenta;
• perform standard (d-dimensional) IBPs with µi factors and irreducible products inserted in
the numerators
Z
2
j µ
@ {1, µ1 , .....}(irreducible) v[4]
0=
dd `1 dd `2 µ
.
(25)
Denominator
@`i[d]
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5 Conclusions
Alternative dimensional regularization schemes are available for higher order computations
in perturbative gauge theories. However there is not a wide use of them. It is needed to provide more practical examples to show the eﬃciency of those schemes.The four dimensional
formulation (FDF) of the four dimensional helicity scheme (FDH) is a proposal to get the cut
constructible and the rational part of one-loop amplitudes by just four dimensional cuts. FDF
is eﬃcient to find contributions of evanescent operators in perturbative computations. The
foundations for d-dimensional unitarity within FDF at two loops have been discussed.
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