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Abstract. We study the role of quantum anomalies in relativistic fluids of non-

abelian theories within the hydrodynamic expansion. To this end, we compute
the local functional that solves the anomaly equations, and obtain the BardeenZumino terms that covariantize the currents. We particularize these results to a
background with an electromagnetic field and chiral imbalance for two flavors.

1 Introduction
Hydrodynamics is an effective description of out-of equilibrium systems in which local thermodynamical equilibrium is assumed [1]. The equations of motion correspond to the conservation laws of the energy-momentum tensor and charge currents, which are supplemented by
expressions of these quantities written in terms of fluids variables, the so-called constitutive
relations. In presence of anomalies the currents are no longer conserved, and this has important effects in the hydrodynamics. In the general case, in addition to the ideal hydrodynamical
contributions, there are extra terms in the constitutive relations which lead to dissipative and
anomalous effects, i.e. for the charge currents J µ  = nuµ + J µ diss & anom . Two relevant
phenomena appear at first order in the hydrodynamic expansion as a consequence of chiral
anomalies: the chiral magnetic effect, which is responsible for the generation of an electric
current induced by an external magnetic field in the fluid Bµ = ε µνρλ uν ∂ρ Vλ [2], and the chiral vortical effect, in which the electric current is induced by a vortex ω µ = ε µνρλ uν ∂ρ uλ [3],
i.e. J µ anom = σ B Bµ + σ V ω µ + · · · . The corresponding susceptibilities σ B and σ V are
even under time reversal symmetry, so that they cannot contribute to entropy production,
i.e. ∂t sanom = 0, and then they lead to non-dissipative effects [4]. Recently it has been proposed a convenient formalism to obtain the non-dissipative part of the anomalous constitutive
relations, which is based on the existence of an equilibrium partition function in a stationary
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background [5, 6]. The dissipative effects like, for instance, the shear viscosity or the electric conductivity, demand the use of alternative methods, e.g. kinetic theory, Kubo formulae
or fluid/gravity correspondence [7–9]. In this work we will apply the equilibrium partition
function formalism to study the anomalous part of the constitutive relations in non-abelian
theories.

2 Equilibrium partition function formalism and hydrodymamics
We present in this section a summary of the equilibrium partition function formalism introduced in [5, 6] (see also e.g. [10, 11]). Let us consider a relativistic invariant Quantum Field
Theory with a time independent U(1) gauge connection on the manifold 1
ds2
A

=
=

Gµν dxµ dxν = −e2σ (x) (dt + ai (x)dxi )2 + gi j (x)dxi dx j ,
0

i

A0 (x)dx + Ai (x)dx .

(1)
(2)

As usual, the partition function of the system writes
Z = Tr e

−

H−µ0 Q
T0

(3)

,

where H is the Hamiltonian of the theory, and Q is the charge associated to the gauge connection. T0 and µ0 are the temperature and chemical potential at equilibrium. The most
general partition function should be consistent with: i) 3-dim diffeomorphism invariance;
ii) Kaluza-Klein (KK) invariance, i.e. t → t + φ (x) , x → x; and iii) U(1) time-independent
gauge invariance (up to an anomaly).
From the partition function we can compute the energy-momentum tensor and U(1)
charged current by performing the appropriate t-independent variations, i.e.



1
1
3 √
µν
µ
(4)
δ log Z =
d x g3 − Tµν δ g + J δ Aµ ,
T0
2
where g3 = det(gi j ).
In particular,
W (eσ , A0 , ai , Ai , gi j , T0 , µ0 ), where
A0 = A0 ,

for

a

general

dependence

Ai = Ai − ai A0 ,

log Z =
(5)

are KK invariant quantities, one gets the consistent currents and energy-momentum tensor
T0 δ W
J i cons = √
,
−G δ Ai


T0
δW
δW
i
√
,
T0  =
− A0
δ Ai
−G δ ai

T0 e2σ δ W
J0 cons = − √
,
−G δ A0
T0 e2σ δ W
T00  = − √
.
−G δ σ

(6)

It is clear from these expressions that W plays the role of a generating functional for the
hydrodynamic constitutive relations.
Let us discuss now the properties of the partition function at first order in the hydrodynamic expansion. The most general form of the partition function in this case, compatible
with the symmetries mentioned above, is [5, 11]:


√ 
W (1) = d 3 x g3 α1 (T, ν)ε i jk Ai A jk + α2 (T, ν)ε i jk Ai f jk + α3 (T, ν)ε i jk ai f jk , (7)
1 For simplicity, we will be restricted to abelian theories in this section. However, we will generalize this analysis
to the non-abelian case in Sec. 3.
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where
ν=

T = e−σ T0 ,

A0
,
T0

(8)

while Ai j = ∂i A j − ∂ j Ai and fi j = ∂i a j − ∂ j ai . The specific values of the functions αi (T, ν)
depend on the particular theory considered. In practice, one way to compute αi is to insert
Eq. (7) into (6), and compare the result with the constitutive relations for that theory. In
particular, if one considers an ideal gas of Dirac fermions, a suitable computation of the
constitutive relations leads to the following expressions for the chiral magnetic and vortical
conductivities
1
σ B = Cµ ,
(9)
σ V = Cµ 2 +C2 T 2 µ ,
2
where we have used that ν = µ/T with µ = e−σ A0 . These results have been obtained in a
wide variety of methods, see e.g. [2, 3, 9, 11–19]. In these expressions C = 1/(4π 2 ) and C2 =
1/24 are related to the axial anomaly [3, 20] and mixed gauge-gravitational anomaly [13],
respectively. 2 From this, the result for the partition function in this theory turns out to be


C
1 C 2
α1 (T, ν) = − ν , α2 (T, ν) = −
ν −C2 , α3 (T, ν) = 0 .
(10)
6
2 6
In the following we will operate in the opposite way, i.e. starting from the partition function,
we will compute the constitutive relations of the theory. W will be obtained by solving the
anomaly equations.

3 Non-abelian anomalies
In this section we will study the partition function in non-abelian theories. Our goal is to
obtain from it the constitutive relations. We refer to [21, 22] for full details in the computation.
3.1 The chiral anomaly

We begin by studying the theory of a chiral fermion coupled to an external gauge field Aµa
described by the Lagrangian


LYM = iψγ µ ∂µ − ita Aµa ψ ,
(11)

where ta = ta† are the Hermitian generators of the Lie algebra satisfying the commutation
relations [ta ,tb ] = i fabctc . To study gauge anomalies it is convenient to work with the fermion
effective action functional obtained by integrating out the fermion field
eiΓ[A ] ≡



DψDψ eiSYM [A ,ψ,ψ] .

(12)

Under a general shift Aµa → Aµa + δ Aµa , one gets that the first order variation of Γ[A ] can
be expressed as

δ Γ[A ] =

d D x δ Aµa (x) Jaµ (x)cons ,

(13)

2 If we have a set of chiral fermions transforming under a Lie group generated by t in the background of arbitrary
a
gauge fields and metric, then the axial and mixed gauge-gravitational anomalies are proportional to ∼ Tr(ta {tb ,tc })
and ∼ Tr(ta ), respectively.

3
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µ

where Ja (x)cons is the consistent current. The axial anomaly is given by the failure of the
effective action to be invariant under axial gauge transformations, which are defined as


U(x) = exp iΛA
Aµ −→ UAµ U −1 − i∂µ U U −1 ,
(14)
a (x)ta .

Under such a transformation,

δgauge Γ[A ] = −



d D x ΛA
a (x) Ga [A (x)] ,

(15)

where Ga [A (x)] is the consistent anomaly. Particularizing now Eq. (13) to a gauge transformation δ Aµa = (Dµ ΛA )a , we arrive at the anomalous (non)-conservation law for the consistent current
Dµ Jaµ (x)cons = Ga [A (x)] .
(16)
We will analyze in the following the consequences of these results for the hydrodynamics of
fluids affected by gauge anomalies.
3.2 Non-abelian anomaly and anomalous functional

In the following we will consider a non-abelian theory with symmetry group U(N f ) × U(N f ).
The Bardeen form of the anomaly in this theory is [23]
Ga [V , A ] =

iNc µνρσ  
ε
Tr ta Vµν Vρσ + 13 Aµν Aρσ − 32
3 Aµ Aν Aρ Aσ
16π 2

+ 83 i(Aµ Aν Vρσ + Aµ Vρσ Aν + Vρσ Aµ Aν ) ,

(17)

where ta are the generators of the Lie algebra of U(N f ), while

Vµν = ∂µ Vν − ∂ν Vµ − i[Vµ , Vν ] − i[Aµ , Aν ] ,
Aµν = ∂µ Aν − ∂ν Aµ − i[Vµ , Aν ] − i[Aµ , Vν ] ,

(18)

are the field strengths for the vector and axial gauge fields. Notice that the anomaly includes
not only triangle, but also square and pentagon one-loop diagram contributions.
Our first goal is to compute the effective action compatible with the anomaly (17). The
anomaly arises from the breaking of gauge invariance under axial gauge transformations of
the effective action Γ[V , A ], so that such an action should satisfy
Ya (x)Γ[V , A ] = 0 ,

Xa (x)Γ[V , A ] = Ga [V , A ] ,

(19)

where Ya (x) and Xa (x) are the local generators of vector and axial gauge transformations,
respectively. Then the computation of the local functional Γ[V , A ] can be performed, for
instance, by solving Eq. (19) by trial and error. The details of this computation will be
presented in [22], and we will just show here the final result, which reads


Nc
32
3 √
i jk
Γ[V, A] = −
dt d x g3 ε Tr
iV0 Ai A j Ak
2
32π
3
4
(20)
+ (A0 Ai + Ai A0 )A jk + 4(V0 Ai + AiV0 )V jk
3



8
√
+ A20 + 3V02 Ai ∂ j ak +C2 T02 dt d 3 x g3 ε i jk Tr Ai ∂ j ak ,
3

4
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where Vµ and Aµ are KK invariant vector and axial gauge fields, cf. Eq. (5). Let us mention
at this point that Γ can be determined also from differential geometry methods, i.e. starting
from the anomaly polynomial, one can compute the Chern-Simons effective action and to
obtain from there the t-independent anomalous effective action after a suitable dimensional
reduction, see e.g. [21, 24] for details. As it has been mentioned in Sec. 2, the coefficient C2
is related to the mixed gauge-gravitational anomaly ∼ Tr(ta ) ε µνρσ Rµνλ κ Rρσ λ κ . Following
similar differential geometry methods, it would be possible to compute this contribution by
µ
taking into account the Riemann tensor effect in the anomaly polynomial ∼ Tr FA R ν Rνµ .
However, in the following we will neglect these contributions as this analysis goes beyond
the scope of the present work. 3
3.3 Covariant currents and constitutive relations

The charged currents obtained from the functional derivatives of the effective action are consistent currents, cf. Eq. (6). However, only covariant currents can enter in the constitutive
relations, and these are defined by adding to the consistent currents the Bardeen-Zumino (BZ)
polynomials, i.e. 4
µ
µ
µ
Jcov = Jcons + JBZ .
(21)
The BZ polynomials for this theory have been computed in [21, 22], leading to the following
result
 

Nc
µ
JBZ V = 2 ε µνρσ Tr ta Aν Vρσ + Vρσ Aν + 83 i Aν Aρ Aσ ,
8π
(22)

Nc µνρσ  
µ
.
JBZ A =
ε
Tr
t
A
+
A
A
A
a
ν
ρσ
ρσ
ν
24π 2
Then the covariant currents and stress tensor in equilibrium can be obtained from W = iΓ,
and using Eqs. (21) and (22). This procedure leads in the vector currents to contributions of
the form [22]




JVi a cov ∝ eσ ε i jk Tr ta A0V jk
and
JVi a cov ∝ eσ ε i jk Tr ta A0V0 ∂ j ak ,
(23)

which remind the chiral magnetic and vortical effects, respectively. 5 Similar contributions
appear in the axial current JAi a cov and energy-momentum tensor. It is interesting to note
that the lower temporal indices, JV a 0 cov and JA a 0 cov , as well as the components of the
energy-momentum tensor, T00  and T i j , are vanishing.
While these results are valid for a non-abelian theory with symmetry group U(N f ) ×
U(N f ), it would be interesting to particularize them for a specific background. It is widely
accepted that, in presence of non-abelian charges, the maximal number of chemical potentials
to be consistently introduced corresponds to the dimension of the Cartan subalgebra. Then,
for N f = 2, we can consider the background given by a combination of t0 = 12 12×2 and
t3 = 12 σ3 , where σi are the Pauli matrices, i.e.
Vµ (xx) = V0 µ (x)t0 + V3 µ (x)t3 ,

A 0 = A 5 0 t0 ,

Ai = 0 .

(24)

For simplicity, we assume that A5 0 is constant. Then, in addition to the equilibrium velocity
field uµ = −eσ (1,a), we can define the equilibrium baryonic, isospin and axial chemical
potentials, as
(25)
µ0 = V0 0 e−σ , µ3 = V3 0 e−σ , µ5 = A5 0 e−σ ,
3 See

[25] for an alternative analysis of these contributions in a group theoretic formulation.
fact, it is not possible to define an effective action whose derivation with respect to the gauge field gives the
covariant current [15].
5 A reliable identification of each term of (23) with a specific chiral effect can only be done after a computation
of the out-of-equilibrium currents in a particular background, as it is done below.
4 In

5
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where µ5 controls the chiral imbalance of the system. In heavy ion collisions, the chiral
imbalance is induced by a difference between the numbers of left-handed and right-handed
quarks in the fireball [26, 27]. Accordingly, we can distinguish between three currents. For
Quantum Chromodynamics (QCD) with u and d quarks, with electric charges + 23 e and − 13 e,
respectively, these are
e
µ
JV, electromagnetic = ψγ µ t0 ψ + eψγ µ t3 ψ ,
3
2
µ
JV, baryonic = eψγ µ t0 ψ ,
3
µ
JV, isospin = eψγ µ t3 ψ ,

(26)

in the vector sector, which obviously fulfill the Gell-Mann–Nishijima formula. Finally, the
out-of-equilibrium expressions of the currents follow from a Lorentz covariantization of the
equilibrium currents (23). We will present here only partial results, and leave the detailed
analysis together with the complete results for [22]. In particular, for the baryonic current
one finds
Nc e2
µ
JV, baryonic cov = −
µ5 ε µνλ ρ uν Vλ ρ ,
72π 2
(27)
Nc e 2
µ
2
2 µνλ ρ
−
µ
−
µ
)ε
u
∂
u
+
·
·
·
,
(µ
JA, baryonic cov =
ν λ ρ
0
3
24π 2 5
in the vector and axial sector, respectively. We have used that V0 µ = 3e Vµ and V3 µ = eVµ ,
where Vµ is the electromagnetic field and Vµν = ∂µ Vν − ∂ν Vµ its field strength. We can
easily identify in Eq. (27) the chiral magnetic and vortical contributions in the baryonic current, as well as the explicit results for the corresponding conductivities. Similar results can
be obtained for the other currents and for the energy-momentum tensor. 6

4 Conclusions
In this work we have studied non-dissipative transport effects of non-abelian theories up to
first order in the hydrodynamic expansion. In particular, we have analyzed the effects induced by external electromagnetic fields and vortices in a relativistic fluid. The computation
has been performed by using the equilibrium partition function formalism which, by construction, is suitable for the study of time reversal properties, i.e. those effects that cannot
lead to entropy production. The local functional relevant for the computation of the constitutive relations has been obtained by solving the anomaly equations. Finally, we have found
the results of the constitutive relations for the covariant currents after adding the corresponding Bardeen-Zumino polynomials. It would be interesting to extend this study to the case
of spontaneous symmetry breaking, as this would lead to relevant information about the hydrodynamics of the corresponding Goldstone bosons interacting with external fields, with an
obvious application to QCD at low temperatures. These and other issues will be addressed in
a forthcoming publication [22].
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