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Abstract. An equation of motion phonon method, developed for even-even nuclear systems and extended to
odd nuclei, is applied to 22 O and to its odd neighbors 23 O and 23 F. A calculation using the chiral potential
NNLOopt is carried out in a space encompassing up to two phonons. The computed dipole cross section in
22
O and the spectra of 22 O and 23 O are in a satisfactory agreement with the experimental data. However, the
calculation describes poorly the spectrum of 23 F. This discrepancy originates from the strong coupling between
the odd proton and the 22 O phonons of neutron nature. This coupling pushes down in energy several states
enhancing the level density at low energy. We suggest that a viable route for the solution of this problem could
be the inclusion of the three-body interaction using the new chiral potential NNLO sat .

1 Introduction
In the last decades, several experiments have been carried
out to study the spectroscopic properties of neutron rich
isotopes in the oxygen region. In particular, the occurrence
of new magic numbers, N = 14 and N = 16, the limit
of the neutron dripline and the pygmy dipole resonance
(PDR) have been subjects of extensive studies [1–15].
The large amount of data produced has stimulated several theoretical investigations. Many coupled cluster calculations have been performed to study bulk properties and
low-energy levels, most of them using NN + 3N chiral
forces derived from the eﬀective field theory [16–22].
Three-body forces have been used also within a manybody perturbation theory calculation [23], a shell model
calculation [24], and a self-consistent Green’s function
theory approach [25].
The equation of motion phonon method (EMPM) has
been also used to study the nuclei in this region. The
method was first formulated for even-even nuclei in the
particle-hole (p-h) scheme [26–28] and, then, in terms of
Hartree-Fock-Bogoliubov (HFB) quasiparticles (qp) [29].
It derives a set of equations yielding a basis of orthonormal
multiphonon states, built of phonons obtained in TammDancoﬀ approximation (TDA), and, then, solves the full
eigenvalue problem in the space spanned by such a basis.
It takes the Pauli principle into full account and does not
rely on any approximation. It has been adopted to study
spectra and dipole responses of light and heavy even-even
nuclei [30–33].
More recently it has been also extended to odd nuclei
[34–36]. An orthonormal basis of states composed of a va∗ e-mail: degregorio@na.infn.it

lence particle coupled to n-phonon states (n = 0, 1, 2, . . . ),
describing the excitations of a doubly magic core, is produced by a set of equations of motion and, then, employed
for the solution of the full eigenvalue problem.
Here we report on the application of the EMPM to
study the low- and high-energy spectroscopic properties
of 22 O and its adjacent nuclei 23 O and 23 F [37]. The comparison of the results with the experimental data and the
analysis of the phonon composition contributes to disclose
the nature of the states and shows the limits of the adopted
potential.

2 The Equation of Motion Phonon Method
for even-even nuclei
Let us consider the Hamiltonian
H = H0 + V.
H0 is the one-body term
∑
(
)0
H0 =
[r]1/2 ϵr a†r × br ,

(1)

(2)

r

where a†r = a†xr jr mr (br = (−) jr +mr a xr jr mr ) creates (annihilates) a particle of energy ϵ [r] stands for [r] = 2 jr + 1 and
the symbol × denotes angular momentum coupling. V is a
two-body potential
)σ (
)σ ]0
1 ∑ 1/2 σ [( †
V=
[σ] Frsqt ar × b s × a†q × bt
, (3)
4 rsqtσ
where F σ is derived from the two-body potential V Ω
through the Pandya transformation
∑
σ
Ω
=
[ω](−)(r+t−σ−Ω) W(rsqt; σΩ)Vrstq
.
(4)
Frsqt
Ω
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where Vαn βn′ are non vanishing for n′ = n+1 and n′ = n+2.
The solution of the above eigenvalue equation yields the
eigenvalues Eν and the eigenstates
∑
C(ν)
(12)
| Ψν ⟩ =
αn | αn ⟩.

Here W(rsqt; σΩ) are Racah coeﬃcients.
The primary goal of the method is to derive a basis of
n-phonon correlated states of the form
∑
βn
| βn ⟩ =
Cλα
| (λ × αn−1 )βn ⟩
n−1
λαn−1

∑

=

βn
Cλα
n−1

λαn−1

of energy Eβn , where
O†λ

=

∑

{ †
}βn
Oλ × | αn−1 ⟩ ,

cλph (a†p

ph

nαn

(5)

λ

× bh )

The wavefunctions (12) can be used to compute the transition amplitudes of a multipole operator
∑

(6)

(nαn )(n′ βn′ )

is the p-h TDA phonon operator of energy Eλ acting on the
(n − 1)-phonon basis states | αn−1 >, assumed to be known.
The operators a†p = a†x p j p m p and bh = (−) jh +mh a xh jh −mh create a particle and a hole of energies ϵ p and −ϵh , respectively.
As illustrated in Ref. [28], we start with the equations
of motion
) β
(
n
⟨βn ∥ [H, O†λ ] ∥ αn−1 ⟩ = Eβn − Eαn−1 Xλα
,
(7)
n−1
= ⟨βn ∥ O†λ ∥ αn−1 ⟩
∑
Dβλαn n−1 λ′ α′ Cλβ′nα′ .
= [βn ]1/2
λ′ α′n−1

n−1

n−1

x

where

n−1

= ⟨(λ × αn−1 )βn | (λ′ × α′n−1 )βn ⟩

(13)

(14)

(15)

ph

is the TDA transition amplitude and
∑
M(n)
⟨r ∥ M(λ) ∥ s⟩⟨α ∥ (a†r × b s )λ ∥ β⟩ (16)
αβ (λ) =

(9)

rs

is the overlap or metric matrix which reintroduces the exchange terms among diﬀerent phonons and, therefore, reestablishes the Pauli principle. Its expression can be found
in [28]. From now on we will omit the subscript n when
acting within a n−phonon subspace.
After expanding the commutator in the Eq. (7) and exβ
pressing the amplitudes X in terms of the coeﬃcients Cλα
through Eq. (8), we obtain
∑ (
)
β
(Eλ + Eα − Eβ )δλλ1 δαα1 + Vλαλ
1 α1

is the scattering term between states with the same number
of phonons (n′ = n).

3 The Equation of Motion Phonon Method
for odd nuclei
An analogous procedure is adopted to generate an orthonormal multiphonon particle-core basis for a valence
nucleon external to a doubly magic core, and then, to solve
the full eigenvalue problem.
The basis states | ν⟩ of spin v have the form
∑
∑
)
(
| ν⟩ =
C νpα | (p × α)v ⟩ =
C νpα a†p × | α⟩ v , (17)

λ1 α1 λ′ α′

×Dβλ1 α1 λ′ α′ Cλβ′ α′ = 0,

)]
′
αn
,
+(−)v −v δn′ (n−1) X(xλ)β
n−1

M(0 → xλ) =< xλ ∥ M(λ) ∥ 0 >=
∑
c(xλ)
=
ph < p ∥ M(λ) ∥ h >

(8)

Here [βn ] = 2Jαn + 1, a notation which will be used
throughout the paper, and
Dβλαn n−1 λ′ α′

′

Cα(ν)n Cβ(νn′) ⟨βn′ ∥ M(λ) ∥ αn ⟩.

Here the matrix elements of M(λ) between multiphonon
states are
[
⟨βn′ ∥ M(λ) ∥ αn ⟩ = [λ]−1/2 δn′ n M(n)
αβ (λ) +
∑
(
βn+1
+
M(0 → xλ) δn′ (n+1) X(xλ)α
n

where

βn
Xλα
n−1

⟨Ψν′ ∥ M(λ) ∥ Ψν ⟩ =

(10)

β
where Vλαλ
′ α′ is the phonon-phonon potential whose expression can be found in [28].
Equation (10) represents an eigenvalue equation in the
over-complete basis | (λ × α)β ⟩ within the n-phonon core
subspace. The redundant states are eliminated following
the procedure outlined in Refs. [26, 27], based on the
Cholesky decomposition method. It allows to extract a
basis of linearly independent states spanning the physical subspace to obtain a non singular eigenvalue equation
whose iterative solution yields a basis of orthonormal correlated n-phonon states of the form (5).
The eigenvalue problem in such a basis is given by
∑ [(
]
)
(11)
Eαn − Eν δnn′ δαn βn′ + Vαn βn′ C(ν)
βn′ = 0,

pα

pα

where | α⟩ are the n-phonon core states (5).
In close analogy with the even nuclei we start with
⟨α ∥ [b p , H] p ∥ ν⟩ = (Eν − Eα )X (ν)
pα ,

(18)

where
X (ν)
pα = ⟨α ∥ b p ∥ ν⟩ =

∑
p1 α1

ν
D(v)
p′ α′ p1 α1 C p1 α1 .

(19)

and
′
′ v
v
D(v)
pαp′ α′ = ⟨(p × α ) | (p × α) ⟩

n′ βn′

2

(20)
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4 Calculations and results

is the overlap matrix which reintroduces the exchange
terms among the odd particle and the n-phonon states and,
therefore, re-establishes the Pauli principle.
After expanding the commutator and expressing X in
terms of C νp1 α1 through the Eq. (19) we obtain
∑ {

p′ α′ p1 α1

(ϵ p + Eα − Eν )δ pp′ δαα′ + V(v)
pαp′ α′

}

ν
×D(v)
p′ α′ p1 α1 C p1 α1 = 0.

We used a Hamiltonian composed of an intrinsic kinetic
operator T int plus the NNLOopt optimized chiral potential
[38] to generate the HF basis in a configuration space encompassing all the harmonic oscillator major shells up to
Nmax = 15.
The TDA phonons are derived from a subset of HF
states corresponding to N = 7. Their structure does not
change if we use the full HF space. The spurious J π = 1−
TDA components induced by the center of mass (CM) motion have been removed by resorting to a Gramm-Schmidt
orthogonalization procedure discussed in Ref. [39].
All the TDA phonons with dominant 0 −ω and 1− ω
components are the constituents of the two-phonon states
in 22 O. These, with the TDA phonons, are the core states
coupled to the odd particle for generating the multiphonon
basis of 23 O and 23 F.

(21)

where V(v)
pαp′ α′ is the particle-phonon interaction.
Equation (21) represents an eigenvalue equation in
the over-complete basis | (p × α)v ⟩ within the n-phonon
particle-core subspace. Following the same procedure
adopted for even nuclei, based on the Cholesky decomposition method, we extract a basis of linearly independent states and obtain a non-singular eigenvalue equations
whose iterative solution yields the orthonormal particlecore states | νn ⟩. This states can be used to diagonalize the
full Hamiltonian
∑{(
}
)
= 0,
(22)
Eνn − Eν δνn νn′ ′ + Vν(v)n ν′ ′ C(ν)
ν′ ′

4.1 Spectra of 22 O, 23 O and 23 F

The EMPM and the experimental spectra are compared to
one another in Fig. 1.
n
n
νn′ ′
In 22 O we obtain a one to one correspondence between
the computed low-lying positive parity states and the exwhere Vν(v)n ν′ ′ is non vanishing only for n′  n. Eq. (22)
perimental levels [12]. The negative parity states are estin
mated to be above the neutron decay threshold consistently
yields all the eigenvalues allowed by the space dimensions
with experiments.
and the eigenfunctions
The mixing of the HF vacuum with the two-phonon
∑
ν
components
is very modest. In fact, the total wave func| Ψν ⟩ =
Cνn | νn ⟩
(23)
tion
is
composed
of a large number of two-phonon states
νn
of diﬀerent multipolarities, all having small amplitudes,
where | νn ⟩ is given by Eq. (17).
whose overall contribution amounts to 8.5%.
The excited states have an almost pure n−phonon charUsing the wavefunctions (23), we get the transition
acter. The lowest 2+1 and 3+1 are almost pure neutron TDA
amplitudes
phonons arising from single p-h excitation in the sd shell.
∑
ν ν′
′
The subsequent triplet of states, {0+2 , 2+2 , 4+2 } is of two⟨Ψν′ ∥ M(λ) ∥ Ψν ⟩ =
Cνn Cν′ ′ ⟨νn′ ∥ M(λ) ∥ νn ⟩, (24)
n
phonon nature. These states are composed of the low-lying
νn νn′ ′
2+1 and 3+1 phonons and, therefore, have a neutron nature as
well. Their composition suggests an harmonic character
where
of the triplet, which, however, is confirmed only by the
∑
(νn νn′ ′ )
′
1/2
νn
experimental spectrum.
⟨νn′ ∥ M(λ) ∥ νn ⟩ = [v]
C pαn M pαn (λ).
(25)
The low-lying negative parity states appear at ∼ 7 MeV
pαn
and have a one-phonon nature. They arise mainly from
For n′ = n we have
exciting a neutron from 0d5/2 to 1p1/2 or 1p3/2 .
The spectrum of 23 O determined experimentally [10]
∑
(νn′ )
(νn νn′ )
′
′
′
W(λp vαn ; pv )⟨p ∥ Mλ ∥ p⟩X p′ αn
M pαn (λ) =
is composed of two positive parity 5/2+ and 3/2+ levels
′
p
and a level, probably of negative parity, at higher energy.
∑
(νn′ )
′
′
′
+
W(pαn v λp; vαn )⟨αn ∥ M(λ) ∥ αn ⟩X pα′n . (26) All of them are above the neutron decay threshold (Fig. 1).
′
The computed levels are also above such a threshold.
αn
The positive parity ones are close in energy to the corFor n′ = n + 1 we get
responding experimental levels, and the negative parity
states are compatible in spin and energy with the corre∑
(ν ν′ )
(ν′ )
sponding detected level.
M pαnn n+1 (λ) =
W(λαn v′ p; βn+1 v)X pβn+1
n+1
As in 22 O, all the states have substantially a single
βn+1
∑
(βn+1 )
n−phonon structure. While the 3/2+1 and the lowest neg×
M(0 → [xλ])X(xλ)α
.
(27)
n
ative parity states have a single particle nature, the first
x
excited 5/2+1 is a particle-phonon state resulting, almost
′
entirely, from coupling the 1/2+1 particle to the 3+1 phonon.
The transition amplitude for n = n − 1 can be deduced
′
from the one for n = n + 1.
This component accounts for ∼ 97% of the state.

3
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Figure 1. (Color online) Theoretical versus experimental [4, 5, 10, 12] spectra of 22 O,23 O and 23 F . The dashed lines denote levels of
unknown spin and parity. The dotted lines indicate the neutron decay thresholds.

In the energy interval ∼ 4.8 − 6.2MeV the calculation yields a quintuplet of positive parity states
{1/2+2 , 3/2+2 , 5/2+2 , 7/2+1 , 9/2+1 } arising from the coupling of
the 1/2+1 neutron particle to the low-lying two-phonon harmonic triplet of the 22 O already discussed (Fig. 1). Thus,
the computed 23 O level scheme keeps memory of the harmonic nature of the spectrum of the 22 O.
The experimental spectrum of 23 F [4, 5] is much
richer compared to 23 O, and is described poorly within the
EMPM. In fact, several theoretical levels occur in the lowenergy region without an experimental counterpart.
The reason of such a high density of levels at low energy is the too strong proton-phonon coupling. The origin
of such a strong coupling resides in the neutron dominance
of the low-energy phonons which arise entirely from the
excitations within the neutron sd shell.
4.2 Dipole response in

22
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40

22
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TDA
EMPM

O

(mb)

30
20
10
0
5

O

As shown in Fig. 2, the theoretical dipole cross section of
the 22 O is in qualitatively good agreement with the experimental data [13]. The ground state correlation induced by
the two-phonon states shifts upward in energy by ∼ 2 MeV
the calculated cross section without changing its shape.
The highest peak occurs at ∼ 30 MeV and is out of the
experimental region.
The integrated cross section up to ∼ 25 MeV exhausts
∼ 30% of the TRK sum rule. This value is in agreement,
within the errors, with the experimental sum. However,

10

15

20

(MeV)

25

30

Figure 2. Theoretical versus experimental [13] E1 cross section
in 22 O. A Lorentzian of width ∆ = 2 MeV is used.

the largest contribution comes from the strength at higher
energy. In fact, the total sum up to ∼ 40 accounts for ∼
125%
At low energy ∼ 7 − 15 MeV, the cross section exhibit
small humps which can be associated to the PDR. In fact,

4
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inance of the particle-phonon coupling but also improve
further the spectra of 22 O and 23 O by partly breaking their
too harmonic character.
A possible recipe is to replace the adopted potential
with the NNLO sat [40]. This potential includes explicitly
the three-body contribution and improves the description
of binding energies and nuclear radii as well [41]. Preliminary calculations using such a potential in a harmonic
oscillator space encompassing up to twelve major shells
yield more compact HF level schemes. In particular,
the gaps between the (sd) and (0p) states is ∼ 13 MeV
for protons and ∼ 11 MeV for neutrons, much smaller
than the corresponding gaps produced by NNLOopt ,
∼ 20 MeV. We feel therefore encouraged to pursue along
this direction.
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Figure 3. Transition densities for the lowest 1− state (a) and one
falling in the region of the GDR (b)

as confirmed by the transition densities plotted in Fig. 3,
the neutron skin oscillates against the core at low energy
(Fig. 3 (a)) while proton and neutron fluids oscillate in opposition of phases in the GDR region (Fig. 3 (b)).
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