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Abstract. We study the manifestation of collective vibrations and rotations coupled to single-particle motion
in odd-mass nuclei with the presence of axial quadrupole-octupole deformations. Our model incorporates K-
mixing effects stemming from the Coriolis interaction between the odd nucleon and the even-even core and
thus takes into account the probabilities for otherwise forbidden due to the axial symmetry electromagnetic
transitions between excited states built on different intrinsic configurations. We demonstrate these effects in the
quasi-parity-doublet spectrum of the nucleus ??'Fr in which a strong Coriolis interaction manifests. The model
successfully describes the available intra- and interband E'1, E2 and M1 transition rates giving an insight into
the mechanism which allows the K-suppressed transitions in axially symmetric nuclei.

1 Introduction

The role of the shape deformations in the manifestation of
variety of dynamical effects in the structure of nuclear en-
ergy spectra and electromagnetic transitions is one of the
continuously challenging problems in the theoretical and
experimental nuclear structure study [1]. Among the most
intriguing activities in this aspect are the efforts to under-
stand the structure and dynamic properties of nuclei devel-
oped in the presence of reflection-asymmetric quadrupole-
octupole deformations [2].

The problem becomes even more challenging when
referred to the interplay between collective and intrinsic
degrees of freedom especially important in odd mass nu-
clei. This has been the subject of a model development
involving the consideration of quadrupole-octupole vib-
ration-rotation motion in the even-even core [3-6], the
motion of the odd nucleon within a reflection-asymmetric
axially-deformed potential [7] with pairing correlations
of Bardeen—Cooper—Schrieffer (BCS) type implemented
as in Ref. [8], and the Coriolis interaction between the
core and the nucleon taken into account through the per-
turbation theory in a fully microscopic way [9]. It has
been shown that within this formalism the spectra of odd-
mass nuclei with quadrupole-octupole degrees of freedom
can be described in terms of yrast and non-yrast quasi-
parity-doublets (QPDs) — quadrupole-octupole vibration-
rotation modes — built on one-quasiparticle excitations
(bandheads) mixed though the Coriolis coupling [9]. It
was demonstrated for the QPD energy levels of ***Ra
and 2*'Fr that the model is capable to take into account
both the Coriolis decoupling and K-mixing effects. How-
ever, the electromagnetic transition rates were not consid-
ered at this stage.
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Recently the model was applied to the low-lying spec-
trum of 2**Th in relation to the 7.8 eV isomeric state sup-
posing the presence of a soft axial quadrupole-octupole de-
formation [10]. The Coriolis K-mixing effect was taken
into account within this formalism for the first time in
order to predict the reduced B(E2) and B(M1) probabil-
ities for a transition from the K™=3/2* isomeric state to
the K™=5/2" ground state (g.s.) and to describe a num-
ber of observed intra- and interband transition rates in
the 2 Th QPD spectrum. The result was obtained at rel-
atively week Coriolis mixing strength and indicated the
possibility for describing K-suppressed electromagnetic
transitions in nuclei with a presence of axial symmetry.

In the present work we examine the aforementioned
K-mixing formalism in the case of a much stronger Cori-
olis interaction observed in the QPD spectrum of ?2!Fr.
Thus, we extend the study of Ref. [9] by including a num-
ber of B(E2), B(E1) and B(M1) intra and interband transi-
tion rates into the model description of this nucleus. At the
same time, we reformulate the model scheme by taking ex-
plicitly the single-particle (s.p.) energies of the bandheads
obtained through the deformed shell model (DSM) [7]
with BCS pairing interaction. It will be seen below that
the model is not only capable to describe strong Corio-
lis mixing effects but also gives an insight into the fine
interplay between collective and single-nucleon degrees
of freedom which governs dynamical properties of nuclei
with the presence of complex shape-deformation modes.

In the next Sec. 2, we present the main ingredients of
the model applied. In Sec. 3, details of the application
and model results for the QPD levels and transition rates
in 2>!Fr are given in comparison with experimental data.
Concluding remarks are given in Sec. 4.

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons Attribution
License 4.0 (http://creativecommons.org/licenses/by/4.0/).
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2 Model of quadrupole-octupole core plus
particle

The Hamiltonian of quadrupole-octupole (QO) vibrations
and rotations coupled to the s.p. motion with Coriolis
interaction and pairing correlations can be written in the
form

Hsz.p.+Hpair+HQO+HC0riol- (1)

Here, H;,, is the s.p. Hamiltonian of the DSM with the
Woods—Saxon (WS) potential for axial quadrupole, oc-
tupole and higher multipolarity deformations [7] providing
the s.p. energies Efp_ with given value of the projection K
of the total and the s.p. angular momentum operators [
and J, respectively on the intrinsic symmetry axis. Hpgir is
the standard BCS pairing Hamiltonian [11] which together
with H;, determines the quasiparticle (q.p.) spectrum e(fp.
as shown in Ref. [8]. Hgo represents oscillations of the
even-even core with respect to the quadrupole (3,) and oc-
tupole (B3) axial deformation variables mixed through a
centrifugal (rotation-vibration) interaction [3, 5]. Its spec-
trum is obtained in an analytic form by assuming equal
frequencies for the quadrupole and octupole oscillations
known as coherent QO mode (CQOM). Hcoriol involves
the Coriolis interaction between the even-even core and
the unpaired nucleon (see Eq. (3) in Ref. [5]). It is treated
as a perturbation with respect to the remaining part of
Hamiltonian (1) and then incorporated into the QO poten-
tial of Hqo defined for given angular momentum /, par-
ity m and the s.p. bandhead projection K}, which leads to a
joint term [9]
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Here, B, (B3), C» (C3), and d, (d3) are quadrupole (oc-
tupole) mass, stiffness and inertia parameters, respectively.
The function X(I*, K;,) determines the centrifugal term in
which the Coriolis mixing is taken into account and has
the form:
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The latter involve matrix elements of the s.p. operators
J+=Jx*ij, between the parity-projected components of
b
the s.p. wave functions (F(" ) of the bandhead state and

the admixing state ¥ ") determined by DSM [7]. Each
s.p. wave function, Wthh has a mixed parity due to the re-
flection asymmetry, is projected on the experimentally as-
signed good parity 7” of the bandhead s.p. state. The quan-
tity N(”h) (F, ("h)l?’ @312 i3 a parity-projected normal-
ization factor whereas Py =Up Uy +Vg Vi involves
the BCS occupation factors. The mdex b corresponds to
the blocked s.p. orbital on which the collective spectrum is
built. Since the BCS procedure is performed separately for
each (blocked) bandhead orbital the overlap integrals and
the matrix elements between states built on different band-
head orbitals involve the average of both separate occupa-
tion factors P\ =3(Py  +P% ). The sum in Eq. (3)
runs over q.p. states with energies e(ﬁv)_ above the Fermi
level and A is the Coriolis mixing strength defined in [9].
In our numerical calculations we consider ten mixing or-
bitals.

In this consideration the spectrum which corresponds
to Hamiltonian (1) represents QO vibrations and rotations
built on a q.p. state with K=K, and parity 7°. The corre-
sponding energy expression has the form [9]

2n+1+ kK2 +bX (I, Kb)} (6)

where b=2B/(%d) denotes the reduced inertia parameter
and n=0,1,2,... and k=1, 2,... stand for the radial and
angular QO oscillation quantum numbers, respectively,
with k£ odd (even) for the even (odd) parity states of the
core [3]. The levels of the total QO core plus parti-
cle system, determined by a particular n and k™ (k7)
for the states with given I"=*(/"=7) form a split dou-
blet with respect to the parity, QPD [6]. Furthermore,
w=+Cy/B,=+/C3/B3=v/C/B stands for the frequency of
the coherent QO oscillations and d=(d,+d3)/2 [4, 6].

The Coriolis perturbed wave function corresponding to
Hamiltonian (1) with the spectrum, Eq. (6), is obtained in
the first order of perturbation theory and has the form
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is the normalization constant of the form
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The unperturbed QO core plus particle wave function
in Eq. (7) has the form [9]
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where D! wi(0) are the rotation (Wigner) functions and

fl’;l” )(n, ¢) are the QO vibration functions obtained after

solving the Schrodinger equation for the Hamiltonian (2)
in radial (17) and angular (¢) coordinates (see Refs. [4, 6]
for details).

Having the Coriolis perturbed wave function (7) and
using the theory for electric transition probabilities in
CQOM developed in [4] we were able to calculate the
reduced probabilities B(E1), B(E2) and B(E3) for tran-
sitions between initial (i) and final (f) states with ener-
gies given by Eq. (6). Also, by using the standard form
of the M1 operator given in Ref. [11] (see, e.g., Eq. (3.61)
therein) we have obtained an expression for the respec-
tive B(M1) transition probability. It appears that the ex-
pressions for both types (7), electric (T'=E) and mag-
netic (T=M) transition with multipolarity A can be derived
in a common form
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involves integrals on the radial and angular variables in
CQOM (see Egs. (35)—(41) and Appendices B and C in
Ref. [4]) and

- 3
R =ity (12)

involves the nuclear magneton. Also here
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where gr=7/Amass 18 the rotation gyromagnetic factor, §, is
the z-component of the spin operator, g;=0(1) for neu-
trons (protons) is the orbital gyromagnetic factor, whereas
the spin gyromagnetic factor is g,=0.6g™¢ with gff®® =
—3.826 (5.586) for neutrons (protons). The symbol C ;lzgf "
denotes the Clebsch-Gordan coefficient.

‘We note that the reduced transition probability expres-
sion, Eq. (10), contains first-order and second-order K-
mixing effects. First-order mixing terms practically con-
tribute with nonzero values only in the cases Ky j=K,=1/2,
i.e., when a Ky y=1/2 bandhead state is mixed with another
K,=1/2 state present in the considered range of admix-
ing orbitals above the Fermi level. A second-order mix-
ing effect connects states with AK=1,2 and allows differ-
ent combinations of |K;—K¢|<2 which provide respective
nonzero contribution of the Coriolis mixing to the transi-
tion probability. In this way the present formalism pro-
vides nonzero transition probabilities between states with
different K-values despite the axial symmetry assumed in
both CQOM and DSM parts of Hamiltonian (1).

3 QPD spectrum and transition rates with
strong Coriolis interaction in ??'Fr

Here we demonstrate the application of the above core plus
particle scheme on the QPD spectrum in 22'Fr. The result
is given in Fig. 1.

At the first step we determine the quadrupole and oc-
tupole deformation values 8, and 3 entering DSM so
as to provide the necessary s.p. orbitals for the ground
and excited bandhead states with K=1/2 and 3/2, respec-
tively, with negative sign of the respective average parities
(ny<0 and large enough decoupling factor value for the
yrast QPD as well. In practice we have tested various re-
gions of (8,,33) deformations similarly to the study illus-
trated in Fig. 8.7 in Ref. [12] (see page 312 therein). In
addition, we entered and slightly varied a nonzero value
of the hexadecapole deformation (4. Thus, we deter-
mined $,=0.096, 5;=0.075 and £,=0.001 for which the
s.p. orbital of the g.s. is 1/2[510] with average parity
(7?)= — 0.223, while that for the excited QPD is 3/2[521]
with (7°)=—0.254. At these conditions we obtain the yrast
band decoupling factor through Eqgs. (4) and (5) with the
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Figure 1. (Color online) Theoretical and experimental

QPD spectrum in ??'Fr. The units of the CQOM parameters are:
MeV/# for w, i~ for b and #? for dy. The experimental data are
taken from Ref. [13].

value ag_):ﬂ-ﬂba(17;?_l/2=2.97. The BCS procedure is ap-
plied with the pairing constants determined as explained
below Eq. (4) of Ref. [8] and provides the q.p. energy
e§£_=376 keV for the 3/2[521] orbital.

On the above basis we consider two QPDs, namely the
yrast (yr) one built on the K7, =1/2" g.s. corresponding to
the 1/2[510] s.p. orbital and the non-yrast, excited (ex),
QPD built on the KJ,=3/2" q.p. state corresponding to the
3/2[521] s.p. orbital.

To determine the relevant quadrupole-octupole vib-
ration-rotation modes at the next step we have examined
various model QPD structures corresponding to different
sets of oscillator quantum numbers 7 and (K, k). Sim-
ilarly, to the case of 2Th [10] we found that both quasi-
doublets should have the same value n=0 of the radial
QO oscillator quantum number with different pairs of an-
gular (k™) k7)) values for each QPD. The latter were de-
termined so as to provide the best model description of
the energy levels together with the attendant transition
rates after adjusting the CQOM parameters and the Cori-
olis mixing constant for each different set of (K, k™))
values. The values of the QO oscillator quantum num-
bers and CQOM parameters obtained in the fit which pro-
vide the final result for the model energies are given in
Fig. 1 with the adjusted Coriolis mixing constant taking
the value A=110.3 keV. It is seen that the angular quan-
tum numbers (k, k))=(8, 7) obtained for the QO mode
superposed on the 1/2[510] g.s. orbital are larger than
the ones (4,1) obtained for the QO mode built on the
3/2[521] orbital. This suggests a stronger influence of the
QO mode on the s.p. motion in the 1/27 g.s. with a larger
energy contribution [see Eq. (6)] compared to that in the
3/27 excitation. As a result, after deduction of the g.s. en-
ergy the 3/2~ bandhead appears much lower than the orig-
inal DSM q.p. energy of 376 keV. This allows the model to
reproduce relatively well the experimental 3/2~ bandhead
energy of ~37 keV.

It should be remarked that while the 8, and 85 defor-
mation parameters determining the s.p. motion in DSM
are fixed (the values given above) the collective coherent
QO motion does not correspond to fixed deformations and

only imposes certain limits in which the “dynamical” de-
formation modes evolve. The latter can be deduced from
the two-dimensional QO potential shapes illustrated in
Figs. 3 and 5 of Ref. [3] and their ellipsoidal bottoms (min-
ima) shown in Fig. 4 there, as well as, in Fig. 9 of Ref. [4].
It is seen that depending on the particular coherent QO ex-
citation (see Fig. 9 in Ref. [4]) the maxima of the wave
function density corresponding to dynamical 8, and 83 de-
formations appear between zero and some maximal defor-
mation values determined by the semiaxes (s.a.) of the
potential-bottom ellipsoid. This means that the present ap-
proach suggests much softer QO deformation modes of the
system in the collective potential than for the s.p. motion
in the deformed WS potential. For the collective parame-
ters determined in the present calculation the semiaxes of
the QO potential are obtained as £5*=0.15 and §5*=0.23
for the g.s. angular momentum (see Eq. (46) in [4]). This
means that the deformation values appearing on the col-
lective potential bottom surround the (8,, 83) deformations
entering DSM. In addition, these values suggest that the
nucleus ?'Fr may be softer against the octupole deforma-
tion than against the quadrupole deformation.

In Fig. 1, the theoretically obtained energy levels are
compared with the experimental ones. It is seen that the
model-determined QPD spectrum of 2! Fr reasonably re-
produces the structure of the experimental spectrum. The
root-mean-square (rms) deviation of the predicted energy
levels from the experimental ones is rmsy=15.8 keV for
the yrast-based band and rms;=39.4 keV for the non-yrast
band, with the total deviation being rmsg,=28.4 keV.
The theoretically determined Coriolis decoupling factor
together with the K-mixing effect allow us to describe
the reordering of the angular momentum sequences in
the yrast K7,,=1/2" QPD. We see that in the negative-
parity sequence the experimental reordering is reproduced
while in its positive-parity counterpart only the place of
the 7/2* state, which is pushed a bit lower, does not cor-
respond to the experimental one. It should be noted that
compared to >Th here the Coriolis decouplingmixing ef-
fect is much stronger and even exceeds for some levels
the usual assumption of small perturbation (see in Ref. [9]
for detailed analysis in this aspect). Therefore, the present
result for 2?'Fr shows that the applied CQOM+DSM ap-
proach is capable to take into account the influence of the
strong Coriolis interaction on the QPD energy levels.

Regarding the electromagnetic transition rates the ap-
proach can be assessed by the result shown in Table 1.
There a number of intra- and inter- QPD band B(E1),
B(E2) and B(M1) transition rates are described by fitting
three additional parameters (given in the Table 1) together
with the energy parameters to the experimental data. It
is seen that most of the intra- QPD band transition rates
are reproduced quite well. Some of the inter- QPD band
rates such as B(E1;3/2% —1/ 2;r)=l.3><10‘4 W.u. (theory),
1.2x107* W.u. (experiment) are described very well, oth-
ers such as B(M1; 3/2;r—>3/2gx), B(Ml;7/2gx—>5/2;rs) are
reasonably described whereas for some others the differ-
ence between the theory and experiment goes up to an or-
der. Despite of the latter the result shows the principal
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Table 1. Theoretical and experimental transition rates for 22! Fr. The CQOM parameter values adjusted to experimental data on
transitions are c=10°, p=0.83 and E1 effective charge e;ﬂ:O.S (all dimensionless). The experimental data are taken from [14].

Type/Mult. Transition Theory (W.u.) Experiment (W.u.)
E2 3/2,—5/2;, 25.9 23 (+16)
E2 725, —5/2;, 14.9 16 (£8)
El 725,525, 0.00014 0.00038 (+0.00010)
El 7/2;—>9/2;r 0.00018 0.00041 (£0.00011)
E2 7/25,—3/2, 61.8 ~55
E1l 325 —5/2;, 0.00083 0.00021 (£0.00007)
El 325 —3/2, 0.00080 0.00038 (£0.00011)
El 525 —3/2 0.00055 0.00017 (£0.00012)
E2 726525 0.14 ~26
E2 3/2;;(—>3/2;frS 1.12 ~68
El 3/25—-1/2, 0.000013 0.000012(£0.000004)
El 525 —5/2; 0.0000027 0.000045(x0.000022)
M1 3/2,—5/25, 0.0495 0.022 (+0.009)
M1 3/25,—3/2¢, 0.022 0.056 (+0.022)
M1 72—5/2, 0.0017 ~0.0033
M1 725, —9/2;, 0.099 0.023 (£0.007)
M1 3253123, 0.022 ~0.005
M1 3/2;(_’1/2;} 0.0044 0.015 (£0.005)

capability of the model to reproduce non-zero experimen-
tal transition rates between states with different K-values
which would be obtained with zero values if the Coriolis
mixing was not taken into account.

We should remark that the above described effects
of Coriolis decoupling and K-mixing interaction on the
energy spectrum and electromagnetic transition rates
in 2> Fr are essentially determined by the collective shape-
deformation modes in this nucleus. Both, the decoupling
parameter in the yrast QPD band and the K-mixing coef-
ficients determined through Eq. (4) depend on the partic-
ular values of the quadrupole, octupole and higher mul-
tipolarity deformation modes such as the hexadecapole
one. Moreover, the octupole deformation entering DSM
involves parity mixing effects which after the projection
considerably influence the structure of the core plus par-
ticle wave function and subsequently the electromagnetic
transition characteristics of the nucleus.

4 Concluding remarks

In conclusion, we have shown that by taking into ac-
count in a proper model scheme, such as the consid-
ered CQOM+DSM approach, the influence of the com-
plex shape-deformation modes on the interaction between
the collective and s.p. degrees of freedom in the nucleus
one may be able to get an insight into fine effects in the
manifestation of nuclear energy and electromagnetic tran-
sition properties. We have demonstrated that the Corio-
lis K-mixing mechanism in combination with the collec-
tive quadrupole-octupole shape dynamics may govern the
manifestation of K-suppressed transitions in the spectra
of nuclei with overall axial symmetry. The present re-
sult shows the need for a systematic study in the above

aspect of the Coriolis mixing effects in more nuclei and
nuclear regions. Also, the K-mixing mechanism, as im-
plemented in the presented model formalism, may be of a
special use in the study of interesting phenomena such as
the K-isomer decay modes of atomic nuclei. This is the
subject of further work.

This work has been supported by the Bulgarian National Science
Fund under contract no. DFNI-E02/6.
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