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Abstract. Results obtained for the energy spectra and the low-lying positive-parity energy eigenstates of the
upper p f -shell nuclei 64 Ge and 68 Se with the use of the effective interaction JUN45 are reported. We address the
question of how appropriate is the possibility to construct a symmetry-adapted shell model in a single oscillator
shell using a Pairing-plus-Quadrupole Hamiltonian. Specifically, we study the goodness of the symmetries
pseudo SU(3) and O(6) in the structure of the energy eigenstates. Finally, we relate our results to a proposed
mixed-symmetry approach which is able to simultaneously account for the presence of both the pairing and the
quadrupole modes as the most important ingredients in the effective interaction while using a restricted part of
the full model space.

1 Introduction
Due to the enormous complexity of the nuclear systems
and the lack of the complete and exhaustive knowledge of
the strong nucleon-nucleon potential, there are variety of
methods and models developed during the years for the
successful description of various features of the atomic
nuclei. Some of their properties (like the energy spectra, radii, etc.) can be easily described with the use of
just a single shell within the shell-model approach. Others
(like the building of collectivity and the correct description of electromagnetic transition strengths without the use
of an effective charge) require from the same type of approach an expansion of the model space to a one for multishell calculations. Such an action is extremely challenging
computationally. Thus, some important questions arise.
For example, can we confirm that a certain symmetry (either exact, or most likely, dynamical) is present in the system? Then, we are tempted to also check whether such
a fact can be revealed by using some realistic nucleonnucleon interaction, i.e. one which is consistent with data
obtained in two- (and nowadays three-) nucleon systems.
Furthermore, there are cases when no one among several competing dynamical symmetries dominates. Still, it
is worth testing the interplay between these modes. Sometimes, it is useful to introduce a mixed-mode approach in
which these several competing modes can be put together
and as a result to facilitate the calculations. It became quite
natural during the years to represent different dynamical
symmetries on symmetry diagrams (like in the Interacting
Boson Model [1], where three possible dynamical symmetries - U(5) - for a spherical vibrator, O(6) - for a gammasoft rotor and the SU(3) - for a rigid rotor - all in the sdshell nuclei represent the vertices on a symmetry triangle).
In this work, we evaluate the goodness of the pseudoSU(3) and O(6) dynamical symmetries in the energy
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eigenfunctions. For the purpose, we calculate the overlaps
of the corresponding eigenstates with the low-lying energy
eigenstates in the p f -shell nuclei 64 Ge and 68 Se. For these
unrestricted shell-model calculations, we use the effective
interaction JUN45, which was applied for the description
of variety of properties in the these two and other upper
p f -shell nuclei. Our results are quite promising for the development of a symmetry-adapted shell model which can
combine the use of several dynamical symmetries while
restricted number of basis states are needed for the successful achievement of a number of important results.

2 The N=Z nuclei 64 Ge and 68 Se
The N ∼ Z nuclei are an important area of the nuclear
chart to be studied. This region is the arena of an interesting competition between the pairing and the quadrupolequadrupole interactions as the most important ingredients
of the short- and long-range nucleon-nucleon correlations.
The first is responsible for the existence of the energy gap
in some nuclei near the closed shell while the latter explains the strong electromagnetic transition strengths. In
the nuclear chart, these nuclei lie on the path of the rapid
proton capture process (the rp-process) of nucleosynthesis.
Furthermore, for the odd-odd isotopes, it is extremely interesting to study the role of the isoscalar pairing. Finally,
these nuclei are a computational challenge since full-space
shell model calculations, especially in a model space that
includes more than a single oscillator shell, are often beyond our current computational capabilities. Therefore,
finding good dynamical symmetries can be of great help.
As N ∼ Z nuclei from the upper p f shell, the isotopes
64
Ge and 68 Se are special in some of the ways mentioned
above. They both are known to be waiting-point nuclei
on the path of the rp-process of nucleosynthesis, so the
detailed knowledge of their energy eigenfunctions will be
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4 Projection method and renormalization
procedure for the effective interaction

extremely valuable for the correct description of the rates
of the nuclear reactions involved.
The fact that the nucleus 64 Ge behaves as a gamma
soft rotor has been proposed by various theoretical investigations.
The calculated excitation energy ratio
E x (4+1 )/E x (2+1 ) = 2.50 from the experiment is in a reasonable agreement with the experimental value 2.27 which
corresponds to a gamma-soft nucleus according to the
Wilets-Jean model [2]. On the other hand, according
to the rigid rotor model with triaxial deformation [3],
the calculated ration between the strengths B(E2; 2+2 →
2+1 )/B(E2; 2+2 → 0+1 ) = 14 corresponds to a value for the
deformation parameter of γ ∼ 23 degrees - a result that
suggests triaxiality for this isotope. In short, because of
the reasons stated above, we expect this nucleus to behave
as a gamma-soft rotor which case the Interacting Boson
Model associates with the O(6) dynamical symmetry.

One of our goals is to estimate the quality of some dynamical symmetries in the two upper p f -shell shell. Thus,
part of our work is to make a transformation from the full
model space p f5/2 g9/2 to the restricted one (p f5/2 ) where
the quality of this symmetry will be evaluated. To go to a
subspace of the initial model space, we can use the projection method and follow the procedure described in [6, 7] to
project the interaction by reducing the model space where
it acts. A characteristic feature of this method is that it exactly reproduces the energy spectrum in the bigger model
space before the renormalization was applied.
Next, we briefly explain how this method works. Let
us consider a system of n identical nucleons distributed
among the single-particle shell-model levels of a given valence space. The basis states of this n-particle system, designated as |I, |J, define the full space D. The Hamiltonian H in this full space consists of a one-body term H0
and a two-body interaction V. In the full space D we have
in obvious notations H |ψα  ≡ (H0 + V) |ψα  = E α |ψα ,

H0 |I = E I |I and |ψα  = I cαI |I. Then, we consider a
truncated space d lying in D. The n-particle basis states
in d are denoted by |i,| j while the symbols I, J are reserved to the basis states in the omitted (i.e. not included
in d) space. We want to construct an effective Hamiltonian
He f f in d. In the projection method He f f is required to satisfy He f f |φα  = E α |φα  with |φα  = P̂ |ψα . E α and ψα are
a subset (to be conveniently chosen) of the exact eigenvalues and of the corresponding eigenvectors; the operator P̂
projects onto the model space d. Defining an operator Q̂,
which projects outside d, one has |φα  = (P̂ + Q̂) |ψα  =


α
α
i∈d ci |i + I∈D cI |I.
In one of the formulations of the method one can start

from the normalized projections φαnorm = |φα  / φα |φα 1/2
 
and defines the set of biorthogonal states φ̃α such that


 
φ̃β |φα = δαβ . To determine the components of the φ̃α


one has to invert the matrix of the φαnorm components.
 
Finally, in terms of the φ̃α , the effective Hamiltonian
 
  
is given by He f f = α φαnorm E α φ̃α  or i|He f f | j =
  α  α α 
φ̃ | j .
α i|φnorm E

On the hand, the isotope 68 Se is a nucleus where the
effects of shape coexistence have been observed [4]. This
system was extensively studied using different methods
and approaches including large scale shell-model calculations. As we will see below, if calculations for this isotope
are done in the upper p f -shell model space then the two
leading representations of the SU(3) algebra with SU(3)
labels (λ, µ) = (12, 0) and (0, 12) suggest for the states
from the ground and the excited band a similar quadrupole
deformation but of the opposite sign - one of them corresponds to a prolate, the other - to an oblate shape.

3 The shell-model approach for the upper
p f -shell nuclei
The shell model approach (from its quite naive formulation as a independent-particle model to the much more sophisticated interacting shell model using number of effective interactions of two- and even three-body nature) has
been quite successful during the years for the description
of various properties of the atomic nuclei along the whole
nuclear chart. A review with the progress and the recent
status can be found in [5]. Alternatively, people have also
used phenomenological type of interactions like a Hamiltonian of the harmonic oscillator term plus other singleparticle pieces and the pairing plus quadrupole-quadrupole
part as a residual interaction introduced to account for the
short and long-range part correlations between the nucleons and to implement the configuration mixing.

5 Calculations

In this work, we want to perform unrestricted shell-model
calculations for the upper p f -shell nuclei 64 Ge and 68 Se
using a recently developed effective interaction. We also
would like to compare these results to the ones obtained
some years ago with another effective interaction. The
model spaces we work in are p f5/2 g9/2 and its renormalized counterpart p f5/2 . Some typical dimensions that
we deal with when performing M-scheme calculations in
these model spaces are listed in Table 1 (where the number
of p f5/2 g9/2 basis state dimension put for the 68 Se isotope
is for the case when time-reversal and charge-conjugation
symmetries are employed by the code). The core nucleus
for both choices is 56 Ni, i.e. the f7/2 orbital from the p f

In many cases, the matrices that need to be evaluated
in the conventional shell model are huge - on the order of
hundreds of millions and even tens of billions basis states.
This is why one frequently asks the question: can one do
these calculations more economically, which means in a
restricted model space based on the existence of a certain
single dynamical symmetry. Or, if not, can one use a mix
of several dynamical symmetries whose interplay may be
realized in a subspace of the whole model space thus allowing an easier calculation procedure?
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Table 1. The dimensions of the model spaces p f5/2 g9/2 and
p f5/2 used in our calculations (illustrated in terms of the number
of basis states for the projection M J = 0 of the total angular
momentum J) for the nuclei 64 Ge and 68 Se.

nucleus
64
Ge
68
Se

p f5/2 g9/2
1, 831, 531
1, 929, 014

pseudo SU(3) symmetry [13] since the calculations are in
the p f5/2 model space which is the model space for the upper p f -shell nuclei and the levels from the p f shell can be
relabelled as those in a shell of one quantum less than the
one they originally belong while the broken symmetry in
the initial configuration may be at least partially restored)
and the O(6) symmetry.

p f5/2
28, 503
93, 710

shell is considered to be frozen while the g9/2 orbital from
the next sdg shell is added to the model space.
The interaction that we used in the past for calculating
these nuclei and to estimate the quality of their pseudoSU(3) symmetry [8] is a result from a G-matrix calculation by Hjorth Jensen and Kuo with a later phenomenologically adjusted monopole part used in works like [9].
In the current work, we propose the use of a more recent one - the JUN45 effective interaction - introduced by
Honma et al. [10]. Results on the pseudo-SU(3) symmetry study with the first interaction were reported in [8]
using its renormalized version in the p f5/2 model subspace
(obtained with the projection method described in the previous paragraph).
In contrast with the previously used interaction, our
current choice JUN45 has some extra features which favors its performance. For example, its two-body matrix elements depend on the mass number A via the factor A−0.3 .
This fact allows to better account of the properties of a
specifically chosen nucleus (especially those not so close
on the nuclear chart to the one for which these values give
reasonable results).
In our calculations, we used the Glasgow Shell-model
code [11]. Besides its benefits (it uses the so called Mscheme basis which is simple and easily worked with but
does not have the total angular momentum J as a good
quantum number), it has some disadvantages one of which
being its inability to handle too big model spaces (like
the ones consisting of more than several million basis
states). For that reason, in our future calculations we will
most likely use shell-model codes that can handle bigger
model spaces needed for such nuclei as the M-scheme
shell model code ANTOINE [12].
Now, in order to estimate the goodness of some dynamical symmetry, we need to calculate the overlap between the energy eigenstates and the following two sets
of eigenstates - of the quadrupole-quadrupole interaction
(with rotational nature):


(1)
|ΨR  ≡ { f˜}α(λ, µ)KL, { f }β(S T )MT ; JM J
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Figure 1. (Color online) Excitation energy spectrum of the g.s.
band in 64 Ge obtained in the p f5/2 model space using the JUN45
and the interaction from [9] compared with the experimental results [14].

Figure 2. (Color online) Excitation energy spectrum of the g.s.
band in 68 Se obtained in the p f5/2 model space using the JUN45
and the interaction from [9] compared with the experimental results [14].

After we use the connection between the SU(3) and
the M-scheme basis states, we further apply the known
approach developed in [15] for deriving a relation between
the quadrupole-quadrupole and pairing states in the case of
eight or twelve particles in the sd shell. In order to speed
up the calculations and to more clearly illustrate the O(6)
content in the energy eigenstates, only SU(3) states and
O(6) components in the SU(3) versus O(6) expansion with
the value for the amplitude of more than a 0.1 percent in
the energy eigenstates have been included. Although this
method is direct, its application is quite cumbersome and
tedious. Alternatively, a straightforward application of the
generalized seniority introduction [16] may be made for
the total pairing chain of algebras [SO(6) ⊃ SO(3)] × U(4)
and the connection between the pairing eigenstates in an
orbit and the M-scheme basis can be established and used

and of the total monopole pairing interaction (the isoscalar
plus the isovector part used with equal strengths):


|ΨP  ≡ { f˜}ν[p1 , p2 , p3 ]ξL, { f }β(S T )MT ; JM J . (2)
The number of basis states from each of these types which
are necessary to achieve a certain level of correspondence
to the energy eigenfunctions can be our estimate of which
between the two symmetries we study is present at a
greater extent and can be considered to dominate. The two
symmetries we study are the SU(3) (or more correctly, the

3

EPJ Web of Conferences 194, 01006 (2018)
NSRT18

https://doi.org/10.1051/epjconf/201819401006

for finding an expression that relates the two types of bases
acting in the whole oscillator shell.
Since the calculations for the nucleus 68 Se require to
generate a huge matrix with dimensions on the order of
several millions of M-scheme basis states (see Table 1), in
this work we restricted ourselves to apply the projection
method and to estimate the new matrix elements for the
isotope 64 Ge only and then to use this result to both nuclei
64
Ge and 68 Se. We expect that since these nuclei are quite
close on the nuclear chart, the change between the matrix
elements will not be that essential for the conclusions that
will follow.

to their full classification but still the pairing basis states
with upto ν = 4 are the only dominant O(6) representations. These observations and the fact that the rest of the
O(6) total pairing eigenstates (of ν = 6 and 8) constitute
the remaining majority (about 90 percent) of the model
space leads us to the conclusion that this nucleus is also
likely to be considered a gamma-soft rotor (as suggested
by theoretical models and the experimental value for the
excitation energy ratio). In short, both its energy excitation spectrum and the energy eigenstate structure point to
that. The behavior of this isotope like an SU(3)-like nucleus (relatively strong BE(2) transition strengths) stands
against the inappropriate E x (J = 4+1 )/E x (J = 2+1 ) ratio of
2.28 (not close to the value of 3.33 of the perfect rotator).
Thus, the positive indications for the existence of SU(3)
symmetry should probably be attributed to the existence
of a quasidynamical symmetry [17] (and more specifically
- quasi SU(3)) which manifests itself in the coherent nature of the components of the energy eigenfunctions for
the states between which electromagnetic transitions take
place.
As for the 68 Se isotope (with results shown in Fig. 3,
parts (d) and (e)), we conclude that it can not be so clearly
claimed to be an isotope with good O(6) symmetry since
higher ν values (beyond ν = 4 and upto ν = 12) play a
more significant role in building the eigenstates especially
those from the excited state band. This nucleus may be
more likely classified as a one of reasonable goodness of
both pseudo-SU(3) and O(6) symmetries without a clear
preference to one of them. A further more detailed investigation on the interplay between these two symmetries
would be quite an interesting topic.
Since we work in the upper p f -shell region of the nuclear chart (with a core the isotope 56 Ni), the symmetry of
the total monopole pairing interaction SO(8) is naturally
restricted to SO(6) which follows from the fact that the
spectrum generating shell-model algebra is U(4 × Ω) ≡
U(24) where the sd-shell spatial degeneracy is Ω = 6.
Then, the spatial part of the chain in the classification of
states follows as U(Ω) ⊃ SO(Ω) and then the established
complementarity SO(Ω) ∼ SO(8) valid for any oscillator
shell in the sd shell becomes simply SO(6). This symmetry is one of the dynamical symmetries in the Interacting
Boson Model [1] so it is quite interesting to observe its
existence (typical for the sd shell nuclei) in some isotopes
lying one shell higher, namely the p f shell.

6 Results: Excitation energy spectra and
goodness of pseudo-SU(3) and O(6)
symmetries
The results obtained for the excitation energy spectra of
the low-lying positive-parity states from the ground state
and the excited state band with both effective interactions
can be seen in Figs. 1 and 2 for the nuclei 64 Ge and 68 Se,
respectively. The outcome obtained is also compared to
the experiment [14].
Clearly, JUN45 is the effective interaction which is
more successful in the close description of the state positions and the overall characteristics of the spectra. As is
clearly seen from the figures (especially in the case 68 Se),
JUN45 is the interaction that even for high J values stays
close to the experimental numbers. This result is partially
due to the A-dependence of the JUN45 interaction mentioned above. Also, the obtained excitation energy ratio
E x (4+1 )/E x (2+1 )) values of 2.50 (2.42) is closer to the experimental values of 2.28 (2.27) for 64 Ge (68 Se). For the
isotope 64 Ge, this result exactly matches the value corresponding to a gamma-soft nucleus with a good O(6) symmetry.
In Fig. 3, one can see our results for the pseudo-SU(3)
and the O(6) symmetry quality in the 64 Ge and 68 Se isotopes, respectively. This is illustrated by showing the amplitudes with which SU(3) (O(6)) representations with a
certain value of the second-order Casimir invariant of the
SU(3) algebra C2 (S U(3)) = 1/4(Q.Q − 3L̂2 ) (the seniority
ν) contribute to the energy eigenfunctions. Since the contribution to the eigenfunctions from the rotational states of
low values of C2 (SU(3)) (and high values of the seniority
number - beyond ν = 4) are typically small we either did
not include them in the figures or we summed their cumulative effect.
From Fig. 3, parts (a) to (c), one can make a conclusion that for 64 Ge the goodness of the pseudo-SU(3)
symmetry, although weakened compared to the earlier results with the interaction [9], seems to still be present and
the first five SU(3) irreducible representations account for
upto about 80 percent of the energy eigenstates. The new
result from the current work for this nucleus is that it can
also be described upto a 95 percent by using the O(6) pairing eigenstates of seniority values ν = 0, 2, 4 only. Beyond the J = 2 (J = 4) energy eigenstates, basis states
of seniority ν = 0 (ν = 2) are not admissible according

7 Discussion and future work
In our current work, we studied the symmetry properties
of two p f -shell nuclei. We established that there are cases
when there is more than one candidate with a reasonably
good quality. It is quite interesting to study the interplay of these symmetries. One possible way to do that
was suggested and extensively studied in [18] calling their
study a mixed-mode or oblique basis approach. The interplay of the SU(3) rotor and the spherical shell model
single-particle states was reported. The results for the sdshell isotope 24 Mg and the p f -shell isotope 44 Ti demonstrated several advantages achieved in this study over the
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Figure 3. (Color online) Evaluation of the goodness of the pseudo-SU(3) and O(6) symmetries in the positive-parity energy eigenstates
from (a) the g.s. band and (b) and (c) the excited band of 64 Ge. The same is given for 68 Se in parts (d) and (e) of the figure.

conventional single-mode basis approach. The work in a
mixed basis takes both symmetries at a time and speeds up
the rate of convergence of the energy eigenstates and the
eigenfunctions towards the full-model space results. It was
suggested that this approach can be continued as three- (or
multiple-) mode calculation by putting together more than
two modes expected to be important for a certain nucleus.

Our current study is a step towards including modes
like the total monopole pairing in such kind of calculations. As past and current research activities, we explore
the interplay of two, three and upto four independent interactions in sd-shell and p f -shell nuclei without any restrictions imposed on the single-shell model space. We
study the interplay of the pairing (the total pairing inter-
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action with an overall strength or the isoscalar and isovector parts of it each with its independent strengths) and the
quadrupole-quadrupole interaction [19] and even include
the spin-orbit interaction as an additional term whose role
we also evaluate [20]. It will be quite interesting (especially for the p f -shell nuclei) to study what restriction in
the model will make sense for certain nuclei and which
modes will appear to dominate in these results.
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8 Summary and conclusions
To summarize, we demonstrated the quality of the symmetries pseudo-SU(3) and O(6) in the upper p f -shell nuclei
64
Ge and 68 Se. This was done by using the effective interaction JUN45 in the p f5/2 g9/2 model space which was
projected in the smaller p f5/2 model space. Results for the
goodness of the symmetries were compared with those obtained in the past using another effective interaction while
the advantages over them were pointed out as well as the
way some previous obstacles were overcome by using the
current interaction. Finally, we commented on the possibility to make a generalization of a well-known approach
for calculations in a mixed-symmetry basis to be applied in
case of competing pairing and quadrupole modes (with the
possibility of multi-mode further expansion). The goal of
this future plan is that with its development we will accelerate the rate of convergence of our calculations compared
to the use of only one of the bases. Thus, we may be able
to also address the multi-shell calculations for these nuclei
where the use of symmetries becomes crucial.
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