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Abstract. The application of the dinuclear system model is discussed to describe the spontaneous fission pro-
cess. Cluster decay widths and spontaneous fission of 234U are calculated within the same approach. The model
describes well the experimental data on half-lives.

1 Introduction

After the emission of 14C by 223Ra was discovered [1, 2],
other cluster radioactivities have been observed. Nowa-
days, α-decay, cluster radioactivity (CR), and spontaneous
fission (SF) attract attention in connection with the studies
of the structure of heavy and superheavy nuclei. One of
the most challenging problems is to describe the SF and
CR processes in a single approach with the same parame-
ters.

The model presented here belongs to the cluster type
[3–10]. As assumed, the ground state of nucleus has a
small admixture of the cluster-state components [11–16].
In Refs. [9, 10], a good description of the CR has been
achieved. The natural step is to check if our model is able
to describe the SF.

2 Model

In the model, the cluster configuration is represented as a
dinuclear system (DNS), which can be described with the
distance R between the centers of mass of the clusters and
charge asymmetry coordinate

ηZ =
ZH − ZL

ZH + ZL
(1)

Here, Zi (Ai) is the charge (mass) number of the i-th cluster
(i = L,H for light and heavy cluster, respectively). The
mass asymmetry coordinate

η =
AH − AL

AH + AL
(2)

is assumed to be strongly related to ηZ by the condition of
the potential energy minimum. Motion in ηZ corresponds
to cluster configuration formation; motion in R coordinate
describes the decay process.

Therefore, the decay width in the certain channel is
proportional to the product of the probability S L of the
DNS formation and the probability of decay of this DNS.
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The determination of S L requires the solution of the
stationary Schrödinger equation:

HΨn(ηz) = EnΨn(ηz), (3)

where the collective Hamiltonian

H = −�
2

2
∂

∂ηz

(
B−1
)
ηz

∂

∂ηz
+ U(R, ηz), (4)

contains the inertia coefficient
(
B−1
)
ηz

[17] and the poten-
tial energy U(R, ηz) [18]. The potential of the DNS [18]

U(R, ηZ ,Ω) = V(R, ηZ ,Ω) − (B − BL − BH), (5)

is referred to a driving potential. Here, B is the mass excess
of the mother nucleus and BL, BH are the mass excesses of
the nuclei forming the DNS considered. The potential en-
ergy (5) is normalized with respect to the potential energy
of mother-nucleus.

The nucleus-nucleus interaction potential V is repre-
sented as the sum:

V(R, ηZ ,Ω) = VC(R, ηZ) + VN(R, ηZ) + Vr(R, ηZ ,Ω), (6)

of the Coulomb VC, nuclear VN , and centrifugal Vr poten-
tials. Here, Ω is the orbital angular momentum. The form
of V for the 28Mg+206Hg system is presented in Fig. 1.

To solve Eq. (3) and find S L, it is convenient to replace
ηZ by

x = 2
ZL

Z
= 1 − ηZ . (7)

This replacement of variables preserves the form of Eq. (3)
with the function Ψ(x) domain change to x ∈ (0, 1), where
x = 0 corresponds to the state of mononucleus, and x = 1
notes the symmetric DNS configuration.

Using the replacement (7), one can extend the values
of U and

(
B−1
)
ηZ

to the segments of the width 2∆ = 2/Z
so that the points xU,B are placed in the middle of the cor-
responding segments. The only exception is the mononu-
cleus, for which we set x ∈ [0, 4∆) and the α-particle with
x ∈ [4∆, 5∆].
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Figure 1. Calculated nucleus-nucleus potential for the
28Mg+206Hg system. The bottom of the potential pocket cor-
responds to V0 at R = R0. The position of external turning point
corresponding to V = Q is shown as RJL.
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Figure 2. Calculated driving potential U and inverse mass pa-
rameter

(
B−1
)
ηZ

as the step functions of x for 234U.

As seen in Fig. 2, there are local minima of the driving
potentials at ηZ close to zero. The potential energies in
these minima are smaller than the energy of mononucleus
at ηZ = 1. Thus, the energy resolved configurations appear
for the SF. These DNS configurations are excited.

The Schrödinger equation with the stepwise potential
can be directly solved [19]. Using the solution of Eq. (3),
we define the preformation probability S L of the DNS with
certain charge number ZL of light cluster as follows:

S L =

ηZ (ZZ )+∆∫

ηZ (ZL)−∆

|Ψ(ηZ)|2dηZ . (8)

The value of the spectroscopic factor S L can not be
directly measured. Only the experimental half-lives T1/2
with respect to the CR and SF are available to be com-
pared with the theoretical estimates. Thus, to compare the
theoretical T1/2 for the CR, the probability PL of penetra-
tion through the Coulomb barrier is calculated in the one-

Table 1. Calculated and experimental alpha, cluster and
spontaneous fission half-lives for 234U

α CR SF
T theor

1/2 , s 5.02 × 1012 3.00 × 1025 9.11 × 1022

T exp
1/2 , s 7.74 × 1012 1.20 × 1025 4.73 × 1023

dimensional WKB approximation

PL =

1 + exp


2
�

RJl∫

R0

√
2µ(V(R, ηZ) − Q)dR





−1

, (9)

where R0 and RJl are marked in Fig. 1, Q is the decay
energy. The value of T1/2 depends on the products S LPL.
So, the decay width ΓL is calculated as

ΓL =
�ω0

π
S LPL, (10)

where ω0 is the frequency of zero-point vibration in ηz co-
ordinate near the mononucleus state, �ω0 is equal to the
distance between the ground and the first excited state of
DNS. Using the formulas presented, the half-lives are cal-
culated as

T1/2 =
� ln 2
ΓL
=
π ln 2
ω0S LPL

. (11)

3 Calculated results

To verify the model, the half-lives with respect to
α−decay, CR, and SF for 234U were calculated (Table 1)
and compared with the experimental data [20, 21]. A good
agreement between the theory and experiment has been
obtained.

4 Summary

The model was developed to describe simultaneously the
CR and SF. The CR, including α−decay was considered as
the evolution of the system in the collective coordinates of
charge (mass) asymmetry and in the relative distance be-
tween the centers of clusters. The SF is considered in the
same manner. The decays of almost symmetric DNS con-
figurations are attributed to the SF. Indeed, the SF mainly
occurs from the DNS configurations with ηZ close to zero
and corresponding to the minima of the driving potential.
Calculating the penetrability of the barrier in the nucleus-
nucleus potential, the probability of DNS decay in R is
taken into account in the CR decay width.

The model presented describes well the half-lives of
different decay channels for 234U.
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