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Abstract. We consider a set of two level atoms interacting with a single quantized
bosonic mode governed by the Dicke model. In this model it is well known that under a
critical value of the light-matter coupling a spontaneous radiation process takes place. In
the present work, we investigate the dynamics of the system and we study the Wigner
distribution function to visualize the effect of the minimal coupling on the ground state
wavefunction from the normal phase to the superradiant one. We show also that the
entanglement of Bi-partite model is limited by the presence of the diamagnetic term.
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1 Introduction

The analysis of light-matter interactions described by quantum electrodynamics forms a major
subject of quantum optics and quantum information. It has gained a lot of interest in the last few
years especially in the context of the Rabi Model [1] and the Dicke Model [2].

This latter, a major paradigm of light-matter interaction coupling, describes an ensemble of N
identical two-level atoms (qubits) coupled to a single quantized mode of a bosonic field. The model
was applied in optical cavity QED [3], in the circuit QED [4], and much more recently in a spin-1
Dicke model based on magnetic sublevels of the lowest hyperfine level of 84Rb [5]. Moreover, the
advent of quantum information science and the emergence of a novel quantum technologies including
quantum superconducting circuits [6] and trapped ions [7], have enabled the exploration of new
exotic coupling regimes that were previously inaccessible to experimentation, as the ultra-strong [8]
and the deep strong [9] coupling regimes. Those regimes exhibit some interesting physics and can be
investigated by the mean of quantum simulations with a high degree of precision and controllability.
The ultrastrong coupling regime is a fascinating field of light-matter interaction. It can be reached
when the interaction rate is engineered to be faster than the dissipation rate. In this regime, some new
dynamics and exotic features that are currently out of reach appear.

As a matter of fact, when an ensemble of atoms interacts with a common radiation field, each atom
can no longer be regarded as an individual radiation source but the whole set of atoms can be
regarded as a macroscopic dipole moment [10]. A similar phenomenon occurs for a system under the
thermodynamic limit near the zero temperature by tuning the light-matter coupling across a quantum
critical point. Recall that this phenomenon is known as quantum phase transition(QPT).
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In the thermodynamic limit, Dicke Model presents a superradiant phase transition, for a certain value
of the light-matter coupling [11]. In this context, a pioneering work was done by Hepp & Lieb [12],
who have studied the existence of a second order phase transition using the partition function
method. On the other hand, Nataf et al [13] have also demonstrated the presence of a no-go theorem
that forbids the existence of the superradiant quantum phase transitions in cavity QED. Finally,
Baden et al [14] realized an open version of the Dicke model by coupling two hyperfine ground states
using two Cavity-assisted Raman transitions.

The fundamental description of the interaction of atomic matter with bosonic fields in the Coulomb-
Gauge is known to present terms like the A square vector potential. This latter behaves
Diamagnetically, takes its origin from the minimal coupling (Gauge-Coulomb invariance), and stems
from the kinetic part of the hamiltonian. It is known that the introduction of the D term in systems
hamiltonian provide a rich discussion starring the occurrence of the superradiant phase transition
(SPT). Being the subject of several critics [12, 13, 15], it has led to an interesting point of view
assuming the presence of the no-go theorem in the cavity QED. The impact of the diamagnetic on the
properties of the ground state wave function, the dynamics of the sub-systems, and more importantly,
on the entanglement phenomenon, are not yet well studied.

The specific form of the effective Dicke hamiltonian represents a very discussed topic in the
literature, especially concerning the presence of a diamagnetic term D. This term originates from the
Coulomb gauge minimal coupling hamiltonian and describes the interaction of a quantized bosonic
mode with a non-relativistic charged particles. In the context of circuit QED, Nataf [16] has shown
that this term can be avoided by appropriately tuning the Circuit parameters. This discovery initiated
a great deal of debate [15]. On the other hand, in the cavity QED, the presence of a such term was
argued by several authors [13, 17, 18], and it's importance is well known in limiting the effectively
achievable light-matter coupling [19] and in preventing the superradiant phase transition [20].

In the second section of the present work, we analyze the effect of the D-term on the energy spectrum
for the Dicke model. In the third section, we study the phase-space properties of the Dicke model by
using the Wigner distribution function to visualize the effect of the minimal coupling on the ground
state wavefunction in the normal phase and in the superradiant one. In the fourth section, the
entanglement of this bi-partite model is studied and we show that it is limited by the presence of the
diamagnetic term. The last section is devoted to discussion and conclusion.

2 Dicke Model

The quantum Dicke model is a major paradigm for light-matter interaction [21]. It represents a
promising candidate to study the many body problems. This model can describe both the circuit QED
and the cavity QED, with N identical (artificial) atoms. The system is considered in the ultra-strong
coupling regime that promises an exciting physics. In this regime, the rotating-wave approximation
(RWA) becomes non relevant. This is due to the large values of light-matter coupling, where the
counter-rotating terms play a crucial role and herefore can not be neglected.

To well explain the influence of the diamagnetic term on the presence of the second order phase
transition, it is convenient to study the excitation spectrum. We consider the Dicke hamiltonian, a
quantum-optical model describing the interaction of N two-level atoms (artificial) atoms (qubits)
coupled to a single quantized bosonic mode. The system hamiltonian is given by:
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H=w,> s, +wa'a+D(a+a") (a+a)(s +s") (2.1)

2 A
+ [E—
N
where, w, denotes the energy level splitting between the two level systems, a+, a are the creation and
annihilation operators of the bosonic field. The spin-half Pauli matrices (Sz, S7, S*) obey the
commutation rules [s*,s’]:ZSZ and [sz,si]:isi, A is the light-matter coupling for N identical
qubits. The D term represents the Gauge minimal coupling of atoms which will play a crucial role in

our study.
The Dicke hamiltonian is further simplified by using both, j the length of the pseudo-spin (j = N/2)

and the collective atomic operators : J, = ZSZ ;T = Zsi so the hamiltonian is:

2 A
H=wJ,+wa'a+D(a+a") +—=(a+a")(J_+J, (2.2)
o ewaaDfara’) o+ fefara) (3.3
where, J,, J+ obey the usual angular momentum commutation relations.

In order to study the excitation spectrum in the thermodynamic limit, one must resort to the
Holstein-Primakoff transformation of the angular momentum operators, given by :

J,=b"\2j-b'b, J_ =b2j-b'b and J, =b'b— ]

b* and b are the bosonic creation and annihilation operators such that [b*, b] =1. The hamiltonian
takes the form

H =w,(b'b—j)+wa‘a+ D(a+a+)2 +/1(a+a+)(b+\/1— b2+Jb +b\/ - b2+JbJ (2.3)

In the Thermodynamic limit (N —> 0] | —>oo), the effective hamiltonian can be derived by simply
neglecting terms with j in the denominator, so it takes for the normal phase the following form:

H :WO(b*b—j)+Wa*a+ D(a+a*)2+/1(a+a*)(b+b*) (2.4)

By proceeding a simple diagonalization of this hamiltonian, one can find for the normal phase the
following eigenvalues:

2
E =\/E(W2+4ﬂ Wo +4DWi\/(W2+4D—W§)2+16/12WW0J (2.5)

W

A similar approach can be done in the superradiant phase [22] by displacing the bosonic modes :
a* —>c' +Ja, b —>d+—\/,§ , In order to capture the macroscopic behaviour of the system.

These energies fully describe low-energy spectrum of the system. In the following, we plot the
energy spectrum as a function of the light matter coupling strength for the case of the generalized
Dicke model, the circuit QED and the cavity QED.
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We note first, that the variation of the energy spectrum as a function of the coupling constant A for
the cavity QED, shows that the SPT is forbidden (see figure 1). This results show that the
superradiant phase transition (SPT) is crucially affected by the value of the diamagnetic term D.

Excitation Spectrum

Figure 1. Energy spectrum as a function of the coupling constant L[] for the for the Cavity QED.

In circuit QED (figure 2) composed of a Cooper pair qubit in a transmission line resonator, which
have a value of the minimal coupling included between 0 < D < A2, a superradiant phase transition
(SPT) for the Dicke model happens with a shift of the critical value.
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Figure 2. Energy spectrum as a function of the coupling constant A for the circuit QED.

In the next section, we proceed with a phase-space representation study.
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3 Phase-space representation

We have studied the energy spectrum of the Dicke model, that takes the form of two uncoupled
harmonic oscillators and shown the existence of the superradiant phase transition in the system,
allowing the identification of both quantum and semi-classical many-body features. This section
intends to perform a more accurate study of the phase-space properties of the ground state wave-
function by paying a special attention to the diamagnetic term. The Dicke model ground state wave-
function can be obtained by the introduction of the position-momentum representation:

1

La+a+'
T )Y

(b+b")

The hamiltonian becomes
H :%{(Wz +2DW) X* + Z + W3 Y7 + P + 42w, Xy — W, —W}— jw, (3.1)

and since the bi-partite system might be interpreted as a two-uncoupled harmonic oscillators, the
ground state wave function might be written as,

EE U4 2 2
\P(X, y):[ ;2) e—(E_IZ)(cx—sy) —(E, /2)(sx—cy) (32)
Majww
where E, is the excitation energies, tan(2;/)= L > and s=siny;c=cosyare the

W —(W2 + 2DW)
squeezing axis characterization parameters .

We will use in the following, the Wigner function for several reasons: firstly, it is suitable for
analyzing the dynamics of a complex system closely to the classical limit, secondly, because it gives
a rich framework for the representation of quantum dynamics using entirely the language of phase
space variable and Finally, it is sensitive to the interference in phase space and consequently it
provides a clear prediction to the possible occurrence of the nonclassical effects of the quantum
mechanical system [23]. Recall that the Wigner function is given by:

W (x, p) :%I‘P*(x+ y ) (x—y)e™" dy

where, h = 1. x, p are the position and momentum parameters.

The Figures 3, 4, 5 represent a 2D numerical plot of the exact Wigner distribution function of the
ground state as a function of the “position’ and the ‘'momentum’. Surprisingly, this function confirms
the results previously found by the mean of the spectrum energy. For 0 =D and 0 < D < A%, we
observe that the Wigner distribution function in position and space is concentrated around x =p =0
for the normal phase, but for the superradiant phase a symmetry breaking is observed. The ground
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state wave function becomes doubly degenerate, it diverges and splits into two differentiated packets
at the superradiant phase. This splitting can be regarded as a generation of a two schrodinger-cat like
states. In contrast, for D = A2, the Wigner function remains concentrated around x = p = 0 and does
not diverge at all.
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Figure 3. Phase Momentum presentation of the ground state wave function for the Generalized
Dicke model for (lambda =0.25, 0.5, 0.75, 1)
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Figure 4. Phase Momentum presentation of the ground state wave function for the for the Circuit

QED for (lambda=0.25,0.5,0.75, 1)
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Figure 5. Phase Momentum presentation of the ground state wave function for the Cavity QED
for (lambda=0.25, 0.5, 0.75, 1)

4 Entanglement

The entanglement of the general Dicke model has been carried out by [24] and many others authors
who study the entanglement for the U(1) and the Z, symmetries [25, 26]. But, to our knowledge, the
influence of the diamagnetic term on the occurrence of the the entanglement have note been studied.

The Dicke model exhibits a quantum phase transition at the thermodynamic limit, allowing the
identification of both quantum and semi-classical many-body features. This quantum phase transition
is well known as "The superradiant phase transition” and it represents a chaotic behavior and
provides a promising way to well understand the entanglement, since large correlations and collective
behaviour are an intrinsic part of critical systems. Entanglement is a striking feature of the quantum
mechanics [27] and a key ingredient for quantum information processing. In effect, many concepts
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and formalisms can be used to quantify this one [28-30]. Here, we choose the Von Neumann entropy
to measure the degree of entanglement for the bi-partite system:

S(pr) = —Tr(prL0og2pr)

where pgr is the reduced density matrix.

The numerical results of the Von Neumann entropy (Figure 6) show that the squeezed states are a
pure states. These latter become maximally entangled in the superradiant phase transition for both,
the general Dicke model and the circuit QED (D = 0 and 0< D < A?), hence the entanglement
become less important and shifted wherever the D-term grows.

Moreover, the bi-partite system correlates without reaching the maximally entangled state for the
case of the cavity QED (A < D). Thus, in accordance with the results found above in the phase-
space representation section, one can conclude that the diamagnetic term plays a key role in limiting
the maximally entangled states.

Entropy of the subsystems

Figure 6. Von Neumann Entropy of the subsystems as a function of the interaction strength at
resonance for the General Dicke model (D = 0), the Circuit QED (D = 0.15 ) and the Cavity QED
(D=1and D =5)

5 Discussion and Conclusion

We have studied the impact of the D term on the spectrum energy for several systems and shown that
the subsystems start a second order phase transition beyond a critical value of the light-matter
coupling if the counter rotating terms are present and the D term is negligible. We have also provided
a numerical simulation of the Wigner distribution function underlying the important role of the D
term on the the degeneration of the atomic states and in the limitation of the ground state wave-
function splitting. Finally, we have numerically shown the major impact of the diamagnetic term in
the realization of a maximally entangled states.

We have also explored the ultrastrong coupling regime in the thermodynamic limit. We have firstly
investigated the energy spectrum and shown the importance of the diamagnetic term. This latter
affects the occurrence of the supperadiant phase transition and might prevent it. Furthermore, we
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have studied the Wigner distribution function and shown the quantum and semi-classical behaviour
for different scenarios. Finally, we have outlined that the entanglement of the systems is limited by
the presence of the diamagnetic term. Our theoretical work shows some interesting features of the
cavity QED and the circuit QED in the thermodynamic limit introducing the diamagnetic term.
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