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Abstract. In this work we introduce two different potential models for
hadronic systems such that the QCD concepts of the quark-quark and quark-
antiquark interactions be satisfied. We present the simple methods to solve two-
and three-body equation of meson and baryon systems respectively. The intro-
duced models are studied in the relativistic and non-relativistic limits.

1 Introduction

One of the most important problems in modern physics is to determine the structure and
properties of meson and baryon systems. Many potential models have been presented by
authors to study the quarks dynamics and their properties [1–4]. The Dirac and Schrödinger
equations are able to describe the behavior of quarks inside the hadrons in the relativistic and
non-relativistic respectively. In this paper we present different methods to solve the Dirac and
Schrödinger equations of the ground-state meson and baryon systems respectively for two
different confining potentials. In both models, the spin-dependent potential is considered as a
perturbation and the total energy of the hadron is obtained by a summation of the unperturbed
E0 and perturbed energy:

Etotal
0 = E0 + ⟨Hs⟩ , (1)

where Hs is the spin dependence interaction potential and is calculated using the unper-
turbed wave function as follows

⟨Hs⟩ =
∫

d3xψHs ψ . (2)

In Sect. 2, we present our method to solve two-body Dirac equation of meson systems
and in Sect. 3, three-body Schrödinger equation is solved for baryon systems.

2 Two-body Dirac equation as a potential model of mesons

The Dirac equation for a quark of mass m1 and energy ε1 has the form

[α⃗.p⃗1 + βm1 + U01(x))]ψ1(x) = (ε1 − V01(x))ψ1(x), (3)

where ψ1(x) is the wave function of the quark and presented by
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ψ1(x) =
(
χ1(x)
Θ1(x)

)
By direct product of the wave function of the second particle (antiquark) ψ2(x) on both

sides of Eq. (3) and substituting α and β matrices into Eq. (3), results in (for details see
Ref. [5])

Θ(x) =
(σ⃗1. p⃗1)χ(x)
ε1 + m1

, (4)

in which the direct product of the wave functions of two particles is chosen as the wave
function of two-body meson system

ψ(x) =
(
χ(x)
Θ(x)

)
We assume that the scalar potential is equal to the vector potential as

2U(x) = 2V(x) = ax − c
x
. (5)

The potential (5) is the well-known Cornell potential. The first term ax is a confining
potential and the second term −c/x is a Coulomb-like potential due to one-gluon exchange
processes. a and c are positive constants. The variable x is the relative quark-antiquark
coordinate. Since the potential is assumed to depend on x only, one can factor out the angular
part of the two-body wave function ψ(x).

For a two-body system, we assume that the particles have the identical mass m and energy
ε, where m is the reduced mass of the particles (quark and antiquark)

(p2
1 + p2

2)χ(x) = 2(ε2 − m2)χ(x) − 2(ax − c
x

)(ε + m)χ(x), (6)

where χ(x) is the top component of the wave function of the system. Using the operator form
of the momentum we get

−
[

d2

dx2 +
2
x

d
dx
− l(l + 1)

x2

]
χl(x) = −(ax − c

x
)(El + 2m)χl(x) +

1
2

(E2
l − 4m2)χl(x) , (7)

where l is the angular quantum number and El = 2εl is the energy of the system.
The transformation

χl(x) = x−1φl(x) (8)

reduces Eq. (7) to the form

d2

dx2φl(x) +
[
1
2

(E2
l − 4m2) − (El + 2m)ax +

(El + 2m)c
x

− l(l + 1)
x2

]
φl(x) = 0 . (9)

The radial wave function φl(x) is a solution of the reduced Schrödinger-type equation for the
wave function of two identical particles with mass m and interaction potential (5). We use a
variational method to solve the equation for the case l = 0 using the normalized test function
[6]

φ0(x) =

√
16p3
√

2π
xe−p2 x2

, (10)
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where p is the variational parameter. By minimization of the energy of the system, we calcu-
late the energy and also χ(x) function.
Now by using the conservation of momentum p⃗(x) = p⃗(r1) + p⃗(r2), where p⃗(x) is the mo-
mentum of the meson system and regarding that the particles have the equal mass and equal
energy, one can find the down component of the wave function as [5]

Θ0(x) =
(σ⃗1. p⃗1(r1) + σ⃗2.p⃗2(r2))

(E0 + 2m)
χ0(x) =

(σ⃗.p⃗(x))
(E0 + 2m)

χ0(x). (11)

Using (σ⃗.x̂)(σ⃗.x̂) = |x̂|2 = 1 where x̂ is the unit vector, we multiply the right-hand side of
Eq. (11) with (σ⃗.x̂)(σ⃗.x̂) and get

Θ0(x) =
(σ⃗.x̂)

(E0 + 2m)
[(σ⃗.x̂)(σ⃗.p⃗(x))]χ0(x) =

(σ⃗.x̂)
(E0 + 2m)

[−i
d
dx
+ i(σ⃗.L⃗)]χ0(x). (12)

For the ground state systems we have l = 0, and therefore one can get the wave function
of two-body meson system as follows

ψ0(x) =

 χ0(x)
(σ⃗.x̂)

−i(E0 + 2m)
dχ0(x)

dx

 =
 x−1φ0(x)

(σ⃗.x̂)
−i(E0 + 2m)

d(x−1φ0(x)
dx


3 Three-body Schrödinger equation as a potential model of

baryons

In the quark model, a baryon is a three-body bound state made of quarks. The mathematical
description of a three-body system is more complicated than that of a two-body system.
In order to describe the baryon as a bound state of three constituent quarks, we define the
configuration of three particles by two Jacobi coordinates ρ and λ as

ρ⃗ =
1
√

2
(⃗r1 − r⃗2) , λ⃗ =

1
√

6
(⃗r1 + r⃗2 − 2r⃗3) , (13)

such that

mρ =
2m1m2

m1m2
, mλ =

3m3(m1 + m2)
2(m1 + m2 + m3)

. (14)

Here m1 , m2, and m3 are the constituent quark masses. Instead of ρ and λ , one can introduce
hyperspherical coordinates [7–9] which are given by the angles Ωρ = (θρ, ϕρ) and Ωλ =
(θλ, φλ), respectively, together with the hyperradius x and the hyperangle ζ , defined by

x =
√
ρ⃗ 2 + λ⃗ 2 , ζ = arctan

(
ρ

λ

)
. (15)

Therefore, the Hamiltonian will be

H =
P2
ρ

2mρ
+

P2
λ

2mλ
+ V(ρ, λ) =

P2

2m
+ V(x) . (16)

In the hypercentral constituent quark model (HCQM), the quark potential V , is assumed
to depend only on the hyperradius x. Therefore, in the three-quark wave function one can
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factor out the hyperangular part which is given by hyperspherical harmonics. The remaining
hyperradial part of the wave function is determined by the hypercentral Schrödinger equation[

d2

dx2 +
5
x

d
dx
− γ(γ + 4)

x2

]
ψγ(x) = −2m[Eγ − V(x)]ψγ(x) , (17)

where ψγ(x) , Eγ, and γ are the hyperradial part of the wave function, the energy eigenvalues,
and the grand angular quantum number, respectively. The latter is given by γ = 2ν + lρ + lλ
where lρ and lλ are the angular momenta associated with the ρ and λ variables and ν is a
non-negative integer number. Here m is the reduced mass,

m =
2mρmλ

mρ + mλ
. (18)

We use the transformation
ψγ(x) = x−5/2ϕγ(x) (19)

to bring equation 17 into the form[
ϕ′′γ (x) − (2γ + 3)(2γ + 5)

4x2

]
ϕγ(x) = −2m[Eγ − V(x)]ϕγ(x) . (20)

For the baryon systems, we consider the harmonic oscillating potential as the confining
interaction

V(x) = ax2 − c
x
. (21)

Then we obtain the following equation

ϕ′′γ (x) +
[
−a1x2 +

c1

x
− (2γ + 3)(2γ + 5)

4x2

]
ϕγ(x) = −εγϕγ(x) , (22)

where
εγ = 2mEγ , a1 = 2ma , c1 = 2mc . (23)

Here we take ax2 as the parent and the Coulombic part is treated as perturbation (for
details see Ref. [10]). Therefore, for the ground-state baryons the potential V(x) turns exactly
to the harmonic oscillator (H.O.) potential, and Eq. (22) reduces to

ϕ′′0 (x) −
[
a1x2

]
ϕ0(x) = −ε0ϕ0(x) , (24)

The eigenfunction of the hypercentral H.O. potential are given by

ψ0(x) = N0exp(−mωx2

2
), (25)

and the eigenenergy is equal to E0 =
3
2
ω. N0 is the normalization constant and ω is the

oscillation frequency (ω =
√

2a/m ). In this model the perturbed energy of baryon system, is
a summation of Coulombic and spin dependence interactions

Etotal
0 = E0+ < −

c
x
> + < Hs > . (26)

One can use the method presented in Sect. 2 to solve the three-body Dirac problem of
baryon system in a hypercentral approach.
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