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Abstract. It is shown that the interaction of quark with the stochastic vac-
uum of QCD (considered as an environment) leads to the decoherence of quark
colour state, associated with the loss of information on the initial quark colour.
We propose to consider this process as a reason of the confinement of the quark
colour. Asymptotically this leads to confined quarks (fully mixed colourless
quark states) in the limit of large distances and time intervals (confinement re-
gion) and free coloured quarks in the limit of small distances and time intervals
(asymptotic freedom).
We propose quantitative characteristics that allow to describe the process of in-
teraction: purity, fidelity, von Neumann entropy, quantum information measure.
The cases of two and arbitrary number of quarks are considered, and it is shown
that the entanglement in such system disappears in the limit of large distances
and time intervals. The process is in good agreement with the known theorems
in quantum information theory (no-cloning and no-hiding).
We study non-perturbative evolution of the gluon colour states during short
time. Fluctuations of gluons are less than those for coherent states. This fact
suggests that there gluon squeezed states can arise. Theoretical justification for
the occurrence both singe- and two-mode gluon squeezing effects in QCD is
given.
We show that gluon entangled states which are closely related with two-mode
squeezed states of gluon fields can appear at short time non-perturbative evolu-
tion by analogy with corresponding photon states in quantum optics.

1 Introduction

Interactions of some quantum system with the environment can be represented by additional
stochastic terms in the Hamiltonian of the system. The density matrix of the system in this
case is obtained by averaging with respect to stochastic terms - degrees of freedom of the
environment. Interactions with the environment result in decoherence of quantum superposi-
tions [1, 2].

The model of QCD stochastic vacuum is one of the phenomenological models which
explains quark confinement (Wilson loop decrease), string tensions and field configurations
around static charges [3, 4]. It is based on the assumption that one can calculate vacuum
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expectation values of gauge invariant quantities as expectation values with respect to some
well-behaved stochastic gauge field, for which only the second order correlators are important
and the others are negligible [4].

Here we consider QCD stochastic vacuum as the environment for colour quantum parti-
cles and show that the result of their interaction is decoherence of quantum superpositions,
loss of information and confinement of colour states phenomenon in the limit of large dis-
tances and time intervals [5–8].

Analogies between multiple hadron in high energy physics (HEP) and photon production
in quantum optics (QO) discussed in [9–12]. It was shown, in particular, that the general
distribution that characterizes e+e−, pp̄, neutrino-induced collisions is a k-mode squeezed
state distribution [13, 14], the multiplicity distribution of pions has been explained by the
formalism of the squeezed isospin states [15].

Squeezed states (SS) provoke great interest in connection with their uncommon prop-
erties: sub-Poissonian (for coincide phases) or super-Poissonian (for antiphases) statistics
corresponding to antibunching or bunching of photons [16–19]. The squeezed light is gen-
erated from the coherent one by nonlinear devices and is pure quantum non-perturbative
phenomenon [17–19]. Moreover two-mode photon SS [18] are one of the examples of the
entangled states [20] with their uncommon properties: if one photon is registered with defined
polarization, the other photon immediately becomes opposite polarized. Thus a measurement
over one particle has an instantaneous effect on the other, possibly located at a large distance.

Studying non-perturbative evolution of gluon states prepared by perturbative cascade
stage in jets [21] we have proved within QCD that this stage of jet evolution can be a source
of gluon SS by analogy with nonlinear devices in QO for photon [22–24]. In these papers we
investigated single-mode squeezing effect for virtual gluons with definite colour and vector
components during small temporal evolution.

Developing the analogy with QO it can be shown that the two-mode (in particular,
collinear) gluon squeezed states can be entangled ones [25]. Such gluon states can lead to qq̄-
entangled ones. Interaction of the quark entangled states with stochastic vacuum (quantum
measurement) has a remarkable property, namely, as soon as some measurement projects one
quark onto a state with definite colour, the another quark also immediately obtains opposite
colour that leads to coupling of quark-antiquark pair, string tension inside qq̄-pair and free
propagation of colourless hadrons.

2 Evolution of single-particle colour states and colour
superpositions

The colour state of a spinless heavy quark moving along the trajectory γ is described by the
parallel transport operator [4, 26]:

|φ(γ)〉 = P exp

i
∫
γ

dxµÂµ

 |φin〉, (1)

where P is the path-ordering operator, and Âµ is the gauge field. In order to make this expres-
sion gauge invariant, we also have to demand that the path γ should be a closed loop, which
physically corresponds to the situation when a particle-antiparticle pair is created, propagates
and annihilates [3, 4].

Consider QCD stochastic vacuum as environment. Let ρ(γ) be the density matrix, de-
scribing the state of quark under the current environmental conditions. After the integration
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over the implementations of the stochastic vacuum we get the following expression of density
matrix of quark [5, 8]:

ρ(γ) = N−1
c + (|φin〉〈φin| − N−1

c )Wad j(γ), (2)

where Wad j(γ) is the Wilson loop in the adjoint representation. By definition, in fundamental
representation the Wilson loop is written as [4]

W f und(γ) = Tr

P exp

i
∫
γ

dxµÂµ


 . (3)

Exponential decay of Wilson loop is a well recognized criterion of confinement [3, 4].
Consider for simplicity a case of a rectangular loop spanning the time T and distance R.

In this case the expression (2) might be written as

ρ(γ) = N−1
c + (ρin − N−1

c ) exp(−σad jRT ), (4)

where σad j is the QCD string tension in the adjoint representation.
In case of a system consisting of a quark in a state of arbitrary colour and its environment

(QCD stochastic vacuum) the interaction between the quark and the vacuum in the limit of
large RT leads to the emergence of a mixed state with equal probabilities for all the colours
and disappearance of the non-diagonal terms in the density matrix. Effectively, the interaction
leads to the transition of density matrix ρin → diag(N−1

c ) [27].
It is also possible to consider the case close to the asymptotics RT → 0, that is, in

a perturbative area. Here we would have 0 < σad jRT � 1 and then the density matrix
expression would change to

ρ(γ) = ρin − (ρin − N−1
c )σad jRT. (5)

3 Quantitative characteristics of interaction

Decoherence rate during the interaction of quark with stochastic vacuum might be evaluated
basing on purity P of its quantum state [2]:

P = Tr(ρ2). (6)

In our case, we get
P = N−1

c + (1 − N−1
c )W2

ad j(γ). (7)

Obviously, when RT → 0 and thus Wad j(γ) → 1, we get P = 1, which corresponds to a
pure colour state. And in the case of RT → ∞ and thus Wad j(γ)→ 0 we get P = N−1

c , which
is the minimal possible value, corresponding to a fully mixed colourless state, i.e. an equal
probability for all the colours.

Other useful parameter for the quantitative description of the interaction of quark with
stochastic vacuum is von Neumann entropy [28]:

S = −Tr (ρ ln ρ). (8)

Here S = 0 for the initial state (since ρ2
in = ρin) and S = ln Nc in case of RT → ∞. So

we might conclude that the information (that might be written as I = 1 − S
ln Nc

) on the initial
quark colour state is lost because of its interaction with the stochastic vacuum, which causes
the decoherence of its quantum state.
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Another parameter that we might use is quantum fidelity [5, 8]:

f =

〈(
〈φin|P exp(

∫
iÂµdxµ)|φin〉

)〉
. (9)

The final expression for the fidelity of the particle moving in the Gaussian-dominated stochas-
tic vacuum is

f = exp
(
−

1
2
g2l2corrF2RT

)
, (10)

where g is coupling constant, lcorr – correlation length in the QCD stochastic vacuum, F2 –
average of the second cumulant of curvature tensor.

The fidelity in this case decays exponentially with time. This hints on a close connection
between confinement and instability of colour particle motion.

4 Interaction of multiparticle states with QCD stochastic vacuum
4.1 Two particles

Consider a system of two quarks, denoted as A and B. Also consider that there is only two
possible colour states for each of them: |A〉, |B〉 and |Ā〉, |B̄〉. Thus Nc = 2.

Here is the list of possible types of states, in which the system may be found (excluding
some specific types e.g. as the squeezed states):

• By purity: pure, mixed;

• By separability: separable, non-separable (entangled).

Pure separable system state vector of two quarks can be presented as

|φ〉 = |a〉|b〉, (11)

where |a〉 and |b〉 are some states of subsystems A and B. Here we may consider the evolution
of each quark independently, assuming Nc = 2.

Mixed separable state gives us similar picture, with the only difference being the absence
of a state vector. The density matrix of the system will have the form

ρAB = ρAρB, (12)

where density matrices ρA and ρB correspond to states of A and B quarks. ρA and ρB therefore
may also be considered independently with the help of the described mechanism. We will
choose pure non-separable state in the form

|φ〉 = α|A〉|B̄〉 + β|Ā〉|B〉. (13)

Density matrix in the basis of the corresponding vectors for such a state will have the form

ρAB = |φ〉〈φ| =

( 〈BĀ| 〈B̄A|
|ĀB〉 |β|2 α∗β
|AB̄〉 αβ∗ |α|2

)
(14)

During the evolution and the interaction with vacuum under the condition RT → ∞ this
state will take the diagonal form, also keeping in mind that it should be raised to a power of
Np = 2, where Np is the number of particles. In a given basis (under the condition W(γ)→ 0)
the resulting density matrix can be represented as a diagonal: ρABW→0 = 1

4 .
It can be seen that the entanglement present in (13) vanishes, since the resulting density

matrix can be presented in the form
∑
i

kiρi1ρi2, where ki is some weight factor, ρi1 and ρi2 -

some density matrices.

 , 0 (201E Web of Conferences https://doi.org/10.1051/e onf /201920401002PJ pjc9)204 100

Baldin ISHEPP XXIV
2 

4



4.2 Arbitrary number of particles

In case of Np quarks in the system Wilson loop contour should be encircled Np times, and
each time we should perform the appropriate functional integration (or, as the stochastic
vacuum is homogeneous [3], we might just take the Np power of the Wilson loop in the first
place). So the expression for the density matrix of the system after the interaction with the
vacuum (2) becomes [29]:

ρ(γ) = N−Np
c + (ρin − N−Np

c )WNp

ad j. (15)

As before, it is possible to calculate accordingly the characteristics of quantum purity and
entropy for different cases (namely, before and after the interaction).

5 The gluon state non-perturbative evolution in QCD during a short
time

Calculations performed within perturbative QCD [32, 33] show that multiplicity distribution
(MD) at the end of the perturbative cascade is close to a negative binomial distribution. More-
over gluon MD in the range of the small transverse momenta is Poissonian [21]. Thus gluon
MD at the end of the perturbative cascade can be represented as a combination of Poissonian
distributions each of which corresponds to a coherent state. So we can suggest that set of
the gluon coherent states with different colours and vector components describes the gluon
system at end of perturbative stage and then the initial state vector |in〉 for investigation of the
non-perturbative evolution is

|in〉 ≡ |α〉 =

8∏
c=1

3∏
l=1

|αc
l 〉, (16)

where |αc
l 〉 is a gluon coherent state vector. The gluon state non-perturbative evolution during

a short time t is defined as
|f〉 ' (1 − i t HI) |in〉, (17)

where HI = H(3)
I + H(4)

I is the Hamiltonian1 three-gluon (H(3)
I ) and four-gluon (H(4)

I ) self-
interactions

H(3)
I = g

∫
fabcEaAbA0

c d3x −
g

2

∫
fabcBa[AbAc]d3x, (18)

H(4)
I =

g2

2

∫(
fabcAbA0

c

)2
d3x +

g2

8

∫
( fabc[AbAc])2d3x, (19)

which explicit forms in momentum representation include the squares of the creation and
annihilation operators for gluons with specified colour and vector indices [25].

As is known from quantum mechanics and quantum optics, the presence of such struc-
ture in the Hamiltonian and, consequently, in the evolution operator is a necessary condi-
tion for emergence of squeezed states [16–19], since the unitary squeezing operator involves
quadratic combinations of the creation and annihilation operators

S (z) = exp
{ z∗

2
a2 −

z
2

(a+)2
}
, (20)

where z = reiϑ is an arbitrary complex number, r is a squeeze factor, phase ϑ defines the
direction of squeezing maximum.

1Here we consider the case when a motion equation is satisfied, i.e. ∂µFµν
a + g fabcAb

µFµν
c = 0.
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6 Gluon squeezed states production in QCD

6.1 Single-mode squeezing for gluons

In order to verify whether the final gluon state vector |f〉 (17) describes the single-mode SS,
it is necessary to introduce the phase-sensitive Hermitian operators (Xh

l )1 =
[
ah

l + (ah
l )+

]
/2

and (Xh
l )2 =

[
ah

l − (ah
l )+

]
/2i by analogy with quantum optics [16, 18, 19] and to establish

conditions under which the variance of one of them can be less than the variance of a coherent
state. Here ah

l (ah+
l ) are the operators annihilating (creating) of gluons with colours h = 1, 8

and vector index l = 1, 3.
Condition of the single-mode squeezing for gluon with fixed colour h and vector compo-

nent l is expressed in the form of the inequalities [22–24]〈
N

(
∆(Xh

l ) 1
2

)2〉
< 0. (21)

Here N is the normal-ordering operator such as

〈
N

(
∆(Xh

l ) 1
2

)2〉
= ±

1
4

{[〈(
ah

l

)2〉
−

〈
ah

l

〉2
]

+

[〈(
ah+

l

)2〉
−

〈
ah+

l

〉2
]
± 2

[〈
ah+

l ah
l

〉
−

〈
ah+

l

〉〈
ah

l

〉]}
.

(22)

Performing averaging in expression (22) over the evolved vector |f〉 (17) we obtain single-
mode squeezing condition in the form

〈
N

(
∆(Xh

l ) 1
2

)2〉
= ±

i t
4

(〈
α
∣∣∣[[HI, ah+

l
]
, ah+

l
]∣∣∣α〉 − 〈

h.c.
〉)
< 0. (23)

The three-gluon self-interaction does not lead to the single-mode squeezing of the gluons
since [[

H(3)
I , ah+

l
]
, ah+

l
]

= 0,
[
ah

l ,
[
ah

l ,H
(3)
I

]]
= 0 when fhha = 0. (24)

Thus only the four-gluon self-interaction can give the single-mode squeezing effect during
short time of the non-perturbative evolution.

For visualization, let us investigate the obtained single-mode squeezing condition (23)
for selected gluon with colour h in case when other gluon fields are collinear with respect to
given one. In this case corresponding squeezing condition is

〈
N

(
∆(Xh

l ) 1
2

)2〉
= ±

t g2

8 k2
0 (2π)3

fhab fhac

∑
j ,m,l

1 +
k2

l

k2
0

 δ j m +
kj km

k2
0

 |αb
j ||α

c
m| sin(γb

j + γc
m) < 0.

(25)

Here we have taken into account that αb
j = |αb

j |e
i γb

j and αc
m = |αc

m|e
i γc

m . The single-mode
squeezing condition is fulfilled for any cases apart from γb

j + γc
m = 0, π or if all initial gluon

coherent fields are real or imaginary.
Obviously, single-mode squeezing effect for the gluon field with fixed colour and vector

component is defined by the gluon coherent fields with other colours and vector indexes dif-
ferent from the selected one. Moreover the larger are both amplitudes of such gluon coherent
fields, the larger is the squeezing effect.
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6.2 Gluon two-mode colour squeezed states

In order to verify whether the gluon state vector describes the two-mode SS with
colours h and g, it is necessary to introduce the phase-sensitive Hermitian operators
(Xh,g

l )1 =
[
ah

l + agl + ah+
l + ag+l

]
/(2
√

2) and (Xh,g
l )2 =

[
ah

l + agl − ah+
l − ag+l

]
/(2i
√

2) by
analogy with quantum optics [18, 19] and to establish conditions under which the variance of
one of them can be less than the variance of a coherent state.

Condition of the two-mode colour squeezing is expressed in the form of the inequality
[25] 〈

N
(
∆(Xh,g

l ) 1
2

)2〉
< 0. (26)

Here N is the normal-ordering operator.
So the two-mode colour squeezing condition is written in the form〈

N
(
∆(Xh,g

l ) 1
2

)2〉
=

1
2

(〈
N

(
∆(Xh

l ) 1
2

)2〉
+

〈
N

(
∆(Xg

l ) 1
2

)2〉)
±

i t
4

(〈
α
∣∣∣[[HI, ah+

l
]
, ag+l

]∣∣∣α〉 − 〈
h.c.

〉)
< 0. (27)

In this case as in the previous one the three-gluon self-interaction also does not lead to
the two-mode colour squeezing effect by virtue of (24) and[[

H(3)
I , ah+

l
]
, ag+l

]
= 0,

[
agl ,

[
ah

l ,H
(3)
I

]]
= 0. (28)

Thus only the four-gluon self-interaction can lead to the squeezing effect during a short
non-perturbative time evolution.

For visualization, let us investigate the obtained two-mode squeezing condition (27) for
selected gluons with colours h and g with equal momenta and vector components in case
when other gluon fields are collinear with respect to the given ones. In this case corresponding
squeezing condition is

〈
N

(
∆(Xh,g

l ) 1
2

)2〉
= ±

t g2

16 k2
0 (2π)3

( fhab fhac + fgab fgac + 2 fhab fgac)

×
∑
j ,m,l

1 +
k2

l

k2
0

 δ j m +
kj km

k2
0

 |αb
j ||α

c
m| sin(γb

j + γc
m) < 0. (29)

The two-mode squeezing condition is fulfilled under the same conditions as in the single-
mode one. Obviously, conclusions made for single-mode squeezing are valid in the case of
the two-mode squeezing.

Thus non-perturbative gluon evolution is very significant under investigation of the
squeezing effect.

7 Entangled collinear gluon states

A entangled state at finite squeezing parameter r is known from quantum optics as a two-
mode squeezed state [18, 20]

|f〉 = S 12(r)|0〉1|0〉2 =
1

cosh r

∞∑
n=0

(tanh r)n |n〉1|n〉2, (30)
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where S 12(r) = exp{r(a+
1 a+

2 − a1a2)} is operator of two-mode squeezing. It is not difficult to
demonstrate that the state vector |f〉 describes the entangled state. Each of these entangled
states has a uncommon property: a measurement over one particle have an instantaneous
effect on the other, possibly located at a large distance.

The dimensionless coefficient [34]

y =

 |a1a+
2 |

2 + |a1â2|
2

2(a+
1 a1 + 1/2)(a+

2 a2 + 1/2)

1/2

(31)

is the measure of entanglement for two-mode states, 0 ≤ y < 1 (entanglement is not observe
when y = 0). Here aia+

j = 〈aia+
j 〉 − 〈ai〉〈a+

j 〉, ai, â+
j are the annihilation and creation operators

correspondingly.
Thus one of an entangled condition [34] is

0 < y < 1. (32)

By analogy with QO we assume that two-mode gluon SS with fixed colours h, g is closely
connected with corresponding entangled states of the gluons. Then the expression (31) for
the entanglement coefficient in case two-mode gluon states [35] is

y =

 |ah
l ag+l |

2 + |ah
l agl |

2

2(ah+
l ah

l + 1/2)(ag+l agl + 1/2)


1/2

. (33)

Averaging the annihilation and creation operators ah
l , a

g
l , a

h+
l , ag+l (33) over the evolved

vector |f〉 (17) we write the entanglement coefficient y in the form

y = t
√

2
〈
α
∣∣∣[[HI, ah+

l
]
, ag+l

]∣∣∣α〉〈α∣∣∣[agl , [ah
l ,HI

]]∣∣∣α〉. (34)

Obviously, only the four-gluon self-interaction can yield entanglement effect during short
time of the non-perturbative evolution according to (28).

For visualization, let us investigate the obtained entanglement coefficient (34) for example
of the collinear gluons. In this case the entanglement condition (32) is written as

0 <
t g2

2
√

2 k2
0(2π)3

∣∣∣∣∣∣ fhab fgac

∑
j ,m,l

1 +
k2

l

k2
0

 δ j m +
kj km

k2
0

αb
jα

c
m

∣∣∣∣∣∣ < 1. (35)

Thus by analogy with quantum optics as a result of four-gluon self-interaction we obtain
two-mode squeezed gluon states which are also entangled.

8 Conclusions

It has been shown that the interaction of quarks with the environment represented by QCD
stochastic vacuum leads to the decoherence of the initial colour states of quarks and thus
results in the loss of the information on their initial colour. Effectively in the limit of large
distances and/or time intervals (confinement region) this leads to the inability to observe
coloured objects, as they turn into colorless mixture with equal probabilities for each colour.
Thus it is possible to treat the confinement of quarks in the framework of quantum information
theory, considering it as a result of the decoherence of the colour state of quark due to its
interaction with the stochastic QCD vacuum.
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It is worth noting that this process is in good agreement with the known statements in the
quantum information theory itself: namely, the no-cloning [30] and no-hiding [31] theorems.
The first one implies that it is impossible to measure a quantum state without disturbing
it. Which means that measurement erases initial quantum information from the measured
system. So in our case it is possible to say that the interaction of a quark with the stochastic
vacuum of QCD leads to the loss of information on the colour state of quark itself. And
one of the consequences of the second theorem is the fact that the quantum information is
never lost entirely. During the measurement it redistributes to the environmental degrees of
freedom. So in case of the interaction of a quark with the stochastic vacuum the information
on the initial colour of the quark is being transferred to the stochastic vacuum.

Investigating of the gluon fluctuations at the non-perturbative stage we have proved the-
oretically the possibility of existence of both single- and two-mode gluon squeezed states.
The emergence of such remarkable states becomes possible owing to the four-gluon self-
interaction. The three-gluon self-interaction does not lead to the squeezing effect during
short time.

We have shown that QCD evolution during a short time leads both to colour squeezing
and entanglement of gluons. It should be noted that the greater are both the amplitudes of the
initial gluon coherent fields with different colour and vector indexes, the greater are squeezing
and entanglement effects of the colour gluons.

Two-mode gluon states with two different colours can lead to qq̄-entangled states role
of which could be very significant for understanding of the hadronization and confinement
phenomena.
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