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Abstract. Based on the Wigner function for an medium with thermal vorticity,

an exact non-perturbative formula for axial current was obtained. It is confirmed
that the Chiral Vortical Effect results from the Wigner function. It is shown that
the angular velocity and acceleration play the role of new chemical potentials,
which is expressed in the appearance of combination µ ± (Ω ± i|a|)/2. It is
shown that acceleration enters in the form of imaginary chemical potential and
the consequences of this fact are investigated. An expression for the boundary
temperature for a medium of fermions, which simultaneously has acceleration
and rotation, is derived. This temperature in the particular case coincides with
the temperature of Unruh.

1 Introduction
Recently, a variety of remarkable effects have been discovered, which lie on the border of relativistic hydrodynamics and quantum field theory. Two famous effects of this kind are Chiral
Magnetic (CME) and Chiral Vortical (CVE) effects [1–8]. These effects lead to macroscopic
transport phenomena in the plasma of elementary particles, which should be observed in experiment. Thus, it was shown that the rotation of a liquid of massless fermions - a chiral fluid
- leads to the appearance of an axial current along an angular velocity, which is the essence
of the CVE. It is remarkable that, at the same time, the nature of these effects turns out to
be closely connected with the various most fundamental properties of matter, in particular,
quantum anomalies [3–5, 9]. In particular, it was shown that CVE is a direct consequence of
the electromagnetic axial anomaly [3–5].
The standard formula for the CVE contains only linear terms in 4-velocity derivatives,
the occurrence of which is dictated by the electromagnetic anomaly (more accurately, this
corresponds to the linear terms with chemical potential). At the same time, higher-order terms
seem to be associated with other anomalies of quantum field theory, in particular, gravitational
[9]. Therefore, the analysis of these terms is to allow a better understanding of the effect of
other quantum anomalies on transport phenomena. This is one of the objectives of this work.
On the other hand, it is important to understand the role of acceleration in transport phenomena. So, in [10, 11] it was shown that in a medium with acceleration there is a lower
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bound on the temperature. Analysis of the role of acceleration and a deeper analysis of the
role of rotation in transport phenomena is another task of this paper.
There are various approaches to the study of chiral effects. We will use a quantumstatistical approach based on the covariant Wigner function for a medium with thermal vorticity, proposed in [12]. This Wigner function was used in analysing the effects of non-stationary
motion of a medium in the energy-momentum tensor, vector and axial current, and other observable quantities [6, 12, 13]. In particular, the calculation of the polarization of baryons in
heavy ion collisions is based on it [14].
Note that there are other approaches to the calculation of polarization, in particular, based
on the calculation of the anomalous axial charge of strange quarks [15]. Different approaches
predict the same behavior of the polarization of baryons in heavy ion collisions. We are
discussing the sources of such compliance.
In the first step, we derive a formula for the axial current in the general case of massive
fermions [16]. For this purpose we summarize the full series in thermal vorticity, and therefore the expression obtained is non-perturbative. We show that the resulting formula leads to
CVE in the linear approximation, confirming the result of [6]. On the next step, the role of
the angular velocity and acceleration is analysed and it is shown that they play the role of new
chemical potentials, which leads to the appearance of the combination µ ± (Ω ± i|a|)/2 (look
[17]). From the fact that the angular velocity plays the role of a chemical potential, it follows
that the axial current is suppressed in region Ω < 2(m − |µ|) at aµ = 0, T = 0. At the same
time, the acceleration appears as an imaginary chemical potential, which leads to instability
in the axial current below the Unruh temperature T < T U .

2 Derivation of an exact non-perturbative formula for axial current
based on the Wigner covariant function
A mathematical object containing information on acceleration, rotation, and temperature gradient in the medium is the thermal vorticity tensor
1
$µν = − (∂µ βν − ∂ν βµ ) .
(1)
2
In a state of global non-stationary thermodynamic equilibrium, the next relations are satisfied
µ
βµ = bµ + $µν xν , bµ = const , $µν = const , ξ = = const .
(2)
T
The Wigner function, taking into account the effects associated with thermal vorticity, proposed in [12], is expressed in terms of the distribution function X(x, p), which has the form
of a modified Fermi-Dirac distribution

h 1
i −1
X(x, p) = exp[βµ pµ − ξ] exp − $µν Σµν + I ,
(3)
2
where Σµν = 4i [γµ , γν ]. Note that (3) is an ansatz. However, this formula leads to the correct
limiting cases [12], and also satisfies the zeroth-order kinetic equation with the vanishing
collision term [18].
The average value of the axial current in a non-stationary medium with thermal vorticity
can be calculated using (3) by averaging over the momentum space
Z 3
o
1
d p αn
5
νβ 
νβ 
h jµ i = −

p
tr
XΣ
−
tr
X̄Σ
.
(4)
µανβ
ε
16π3
In [16, 17], an exact formula was obtained for the axial current from (4) by expanding (3)
into a Taylor series in $, calculation of a trace in each term of the series, and summing the
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resulting series back. In this sense, the resulting formula can be considered an exact nonperturbative result. As a result, the following formula was obtained for global equilibrium
Z
ωµ + i sgn(ωa)aµ
d3 p n
h j5µ i =
nF (E p − µ − gω /2 + iga /2) − nF (E p − µ + gω /2
2(gω − iga )
(2π)3
o
−iga /2) + nF (E p + µ − gω /2 + iga /2) − nF (E p + µ + gω /2 − iga /2) + c.c. , (5)
where nF (E) = (eE/T + 1)−1 is the Fermi-Dirac distribution, aµ is acceleration aµ = uν ∂ν uµ
and ωµ is vorticity ωµ = 12 µναβ uν ∂α uβ and scalar combinations ga and gω have the form

1 p 2
gω = √
(a − ω2 )2 + 4(ωa)2 + a2 − ω2 1/2 ,
2

1 p 2
ga = √
(a − ω2 )2 + 4(ωa)2 − a2 + ω2 1/2 .
2

(6)

It is useful to consider a particular case by going into the comoving reference system, in
which aµ = (0, a) and ωµ = (0, Ω), and assuming that Ω || a, that is, the acceleration directed
along the rotation axis. Then (5) gives
Z
1
d3 p n
Ω
|a|
Ω
|a|
h j5 i =
nF (E p − µ − + i ) − nF (E p − µ + + i ) +
3
2
2
2
2
2
(2π)
o
Ω
|a|
Ω
|a|
nF (E p + µ − + i ) − nF (E p + µ + + i ) + c.c. e Ω .
(7)
2
2
2
2
It can be seen from (7) that the angular velocity and acceleration appear in combination with
the chemical potential
µ → µ ± (Ω ± i|a|)/2 .

(8)

Thus, we can say that the angular velocity plays the role of a real chemical potential, while
acceleration plays the role of an imaginary chemical potential. The following sections will
explore the consequences of this curious fact.

3 Massless limit
In the limit m → 0 (5) gives
h 4πT ga T 2
a2 − ω2  µ2 
1
µ2
+
ω
+
(ωa)
a
+
ω
−
(
+
−
µ
µ
µ
6
4π2
2π2
12π2
g2a + g2ω 6
2π2
g2ω
g2a
ga
1
1 2
8πT 3 ga
ga
1 i
2 ga
−
)b
+
c
−
2T
b
+
c
+
b
+ c3 + (9)
2
2
2
2
4πT 2
8π
8π 4πT 2
3(ga + gω ) 4πT 2
h 4πT gω T 2
g2ω
g2a
µ2
ga
1
8πT 3 gω
ga
1 i
aµ sgn(ωa) − 2
(
+
+
+
)b
+
c
+
b
+ c3 ,
2
2
2
2
2
2
ga + gω 6
2π
8π
8π 4πT 2
3(ga + gω ) 4πT 2
h j5µ i =

1

T2 +

where b·c is the integer part. For T > TeU , where TeU is
ga
TeU =
,
2π

(10)

formula (9) gives
h j5µ i =

1
6

T2 +

a2 − ω2  µ2 
1
+ 2 ωµ +
(ωa) aµ .
2
4π
2π
12π2

3

(11)
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In the linear approximation in ∂µ uν , we have standard formula for CVE [1–8]
h j5µ i =

T2
6

+

µ2 
ωµ .
2π2

(12)

ω
Thus, CVE is a direct consequence of the Wigner function. Note that the term 24π
2 ωµ was
obtained previously [1, 9], in particular, its relationship with the gravitational anomaly was
shown [9].
2

4 Angular velocity as chemical potential
Let’s consider the limit aµ = 0, T = 0. Then the formula (7) can be exactly integrated and
expressed in the terms of Heaviside function
h j5 i =





1 n
Ω
Ω
Ω
Ω
θ(µ + − m) (µ + )2 − m2 3/2 − θ(µ − − m) (µ − )2 − m2 3/2 +
2
2
2
2
6π2



 o
Ω
Ω
Ω
Ω
θ(−µ + − m) (µ − )2 − m2 3/2 − θ(−µ − − m) (µ + )2 − m2 3/2 e Ω . (13)
2
2
2
2

It is known that in a stationary environment at T = 0 different physical quantities are zero for
|µ| < m. Taking into account the replacement (8), we can expect similar effects for the angular
velocity. Indeed, analysing (13), we see that the axial current is zero in a two-dimensional
region Ω < 2(m − |µ|) in the coordinates Ω and µ. The corresponding graph is shown on
Fig. 1, on the left hand side.
T

θ = 0, π
0 < θ < π/2
θ = π/2

allowed

forbidden

Ω

||

Figure 1. Left: axial current (13), as a function of the chemical potential and angular velocity at zero
temperature. Right: curves corresponding to the appearance of instability in axial current on the plane
|a|, T . The area below these curves, presumably, is the forbidden region of the values of acceleration
and temperature

Such suppression of the axial current at low temperatures in the region of Ω < 2(m − |µ|)
may be of interest from the experimental point of view.

5 Acceleration as imaginary chemical potential
It is known that in theories with an imaginary chemical potential, the periodicity of the partition function as a function of the imaginary chemical potential occurs [19]. It can be expected
that a similar periodicity will occur for average values of the observed quantities, as functions
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|a|
of acceleration. Indeed, the axial current in (7) turns out to be periodic with |a|
2 → 2 + 2πT n,
n = 0, ±1, ±2...
On the other hand, in [10] it was shown that the Unruh temperature is the minimum
possible temperature for an accelerated medium of scalar particles (similar prediction, with
twice Unruh temperature, obtained in [11] for fermions). The question arises, what will
happen for the fermion medium, and how does the addition of rotation affect this effect? To
answer these questions, it is necessary to analyse the formula (9). Due to the terms with
integer part, cusps and discontinuities appear in axial current at T < TeU . More precisely,
periodic instabilities occur for g2a = (2n + 1)πT , n = 0, 1, 2...
The expression (10) sets the boundary temperature for a medium of fermions with rotation
and acceleration, below which instabilities appear. In this sense, (10) can be viewed as a
generalization of the result [10, 11]. The boundary temperature for different angles between
acceleration and angular velocity θ is shown on Fig. 1, right. For two cases: Ω || a and a = 0,
|a|
we get that TeU → T U = 2π
, that is the usual Unruh temperature.
The occurrence of periodic instabilities in (9) corresponds to the theories with an imaginary chemical potential, in which these periodic instabilities are called Roberge-Weiss phase
transitions. On the other hand, apparently, these instabilities are associated with UnruhHawking radiation.
An important question is whether the results survive with account of interaction. A full
answer would require efforts which go beyond the scope of the present paper. However some
comments can be made. When applied to a spinor field in an irreducible representations the
boost operator results in a complex number, see, e.g., [20]. Indeed, the angular momentum Jˆ
and boost generator K̂ are combined into

N̂ = Jˆ + iK̂, N̂ † = Jˆ − iK̂ ,

(14)

where the corresponding eigenvalues N , 0, N † = 0 for left-handed spinors and N † , 0, N =
0 for right-handed spinors. This leads to opposite signs of the (imaginary) acceleration for
left- and right-handed fermions. Thus, emergence of the imaginary acceleration in Eq. (7) is
rooted in general rules of constructing Lorentz-invariant Lagrangian of fermionic fields and,
apparently, is not specific for the approximation of free fields.

6 Conclusions
In the framework of the quantum-statistical approach [12], we obtained the exact nonperturbative expression for the axial current in a non-stationary medium with thermal vorticity. In the linear approximation, this formula reproduces the well-known expression for
CVE. Higher-order corrections were also obtained, with the third-order term in angular velocity corresponding to the expression in the literature.
It is shown that the angular velocity plays the role of an actual chemical potential. Due
to this, there is an effect of suppression of axial current in the two-dimensional region Ω <
2(m − |µ|) at low temperatures.
On the other hand, acceleration appears in the form of imaginary chemical potential. This
leads to the appearance of a boundary temperature TeU , below which instabilities arise in the
axial current. For cases Ω || a and a = 0, these instabilities arise at temperatures below the
Unruh temperature, which apparently indicates the occurrence of Unruh-Hawking radiation.
Thus, the CVE is a direct consequence of the distribution functions (3) used in the calculation of the polarization in [12–14]. And since, on the other hand, just CVE underlies
the approach to calculating the polarization used in [15], this can be a source of consistency
between these two approaches.
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