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Abstract. Recently, there have been rapid developments in lattice-QCD calculations of
proton structure, especially in the parton distribution functions (PDFs). We overcame a
longstanding obstacle and for the first time in lattice-QCD are able to directly calculate
the Bjorken-x dependence of the quark, helicity and transversity distributions. The PDFs
are obtained using the large-momentum effective field theory (LaMET) framework where
the full Bjorken-x dependence of finite-momentum PDFs, called “quasi-PDFs”, can be
calculated on the lattice. The quasi-PDF nucleon matrix elements are renormalized nonperturbatively in RI/MOM-scheme. Following a nonperturbative renormalization of the
parton quasi-distribution in a regularization-independent momentum-subtraction scheme,
we establish its matching to the MS PDF and calculate the non-singlet matching coefficient at next-to-leading order in perturbation theory. In this proceeding, I will show the
progress that has been made in recent years, highlighting the latest state-of-the art PDF
calculations at the physical pion mass. Future impacts on the large-x global PDF fits are
also discussed.

1 Introduction
Parton distribution functions (PDFs) are important quantities describing the probability densities of
quarks and gluons within hadrons. They are not only fundamental properties of quantum chromodynamics (QCD) but also are key inputs to predict cross sections in high-energy scattering experiments
and to aid new-physics search large hadron collider. Calculating the x-dependence of PDFs from first
principles has long been a holy grail for nuclear and high-energy physics. In modern parton physics,
the PDFs are defined from the lightcone correlations of quarks and gluons in the hadron, so they involve strong infrared dynamics and can only be solved by nonperturbative methods such as lattice
QCD. However, the direct calculation of PDFs on a Euclidean lattice has been extremely difficult
because the real-time dependence of the lightcone makes it infeasible to extract them from lattice
simulations with imaginary time. Early lattice-QCD studies based on the operator product expansion (OPE) could only access the lower moments of the PDF.A similar situation also occurs in lattice
calculations of other parton observables, such as the distribution amplitudes (DAs) and generalized
parton distributions (GPDs).
In recent years, there has been a promising proposal, large-momentum effective theory
(LaMET), [1] wherein the PDFs and other parton observables can be directly extracted from the
lattice by calculating the matrix elements of certain static operators in a boosted hadron state. For the
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unpolarized quark PDF,
is OΓ (z) = ψ̄(z)ΓU(z, 0)ψ(0), where the spacelike Wilson
 the

R z static operator
line U(z, 0) = P exp −ig 0 dz′ Az (z′ ) so that under the infinite Lorentz boost along the z-axis, OΓ approaches the lightcone correlation operator that defines the PDF. The hadron matrix element of OΓ (z)
can be directly obtained from lattice QCD, and its Fourier transformation is known as the quasi-PDF:
Z ∞
dz ixPz z
(1)
e
P OΓ (z) P .
q̃(x, Pz , µ̃) =
2π
−∞
The quasi-PDF is related to the lightcone PDF through a factorization theorem, where the former
can be factorized into a perturbative matching coefficient and the latter, up to power corrections suppressed by the nucleon momentum. This factorization theorem is founded in LaMET [1–5], where
the matching coefficient can be calculated exactly in perturbation theory.
Since the proposal of LaMET, there has been much progress; on the theoretical side, there are the
matching coefficients connecting the quasi-PDFs to the PDFs at one-loop orderthe nucleon-mass correction, and the renormalization properties of the quasi-PDF.There has also been progress on latticeQCD simulation, such as the isovector quark PDF of the nucleon [6–10], the meson DAs [11, 12]
and the nonperturbative renormalization in the regularization-independent momentum subtraction
(RI/MOM) scheme [13, 14]. Certain technical issues regarding the nonperturbative renormalization
were raised and addressed in Refs. [10, 13–18]. In parallel, there have also been other proposals to
calculate the PDFs in lattice QCD [19–27] which are subject to their own systematics; nonetheless,
they can be complementary to each other as well as to the LaMET approach.
In this proceeding, I report on state-of-the-art lattice calculations of the unpolarized, longitudinally and transversely polarized isovector quark distributions at physical pion mass using the LaMET
method. The quasi-PDFs with nucleon momenta as large as 3.0 GeV are calculated and multiple
source-sink separations are used to remove excited-state contamination. The nucleon matrix elements
are renormalized using RI/MOM scheme, and a corresponding matching calculation is used to connect the RI/MOM quasi-PDF to the MS renormalized lightcone PDF. Our result shows a significant
improvement compared to previous lattice studies, in particular in the moderate to large-x region. It
also signals a promising trend that the precision of lattice calculations is approaching the precision of
phenomenological studies with increasing computing resources.

2 Parton Distribution Functions at Physical Pion Mass
2.1 LaMET

On the lattice one computes a time-independent spatially displaced matrix element that can be connected to the PDF. A convenient choice for leading-twist PDFs is to take the hadron momentum and
quark-antiquark separation to be along the z direction
hΓ (z, pz ) =

2
Rz
1 X
′
′
hp, s| ψ̄(z)Γeig 0 Az (z )dz ψ(0) |p, si ,
4pz s=1

(2)

where pz is the hadron momentum boosted in the z direction, s its spin, and z is the separation of the
quark and antiquark fields ψ̄ and ψ. There are multiple choices of operator in this framework that will
recover the same lightcone PDFs when the large-momentum limit is taken. For example, Γ can be γz
or γt [21, 28–30]; both will give the unpolarized PDFs in the infinite-momentum frame.
With the matrix elements obtained on the lattice, one can calculate a “quasi-PDF” by
Z
dz −ixzpz
e
f (x, 1/a, pz ) =
e
pz hΓ (z, pz ),
(3)
2π

2
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where a is the lattice spacing. In the context of LaMET, this can be related to PDFs using the matching
condition

 2
!
Z 1
 ΛQCD M 2 
dy x µ Λ
e
q(x, Λ, pz ) =
Z , ,
(4)
q(y, Q2 ) + O  2 , 2  ,
y pz pz µ2 =Q2
pz
pz
−1 |y|

where
µ is the renormalization scale, Z is a matching kernel
and M
 is the hadron mass. Here the


O M 2 /p2z terms are target-mass corrections and the O Λ2QCD /p2z terms are higher-twist effects,
both of which are suppressed at large hadron momentum. Early exploratory works have shown great
promise in obtaining quantitative results for the unpolarized, helicity and transversity quark and antiquark distributions [6, 8, 31, 32].
2.2 Lattice Details and Procedure

We perform lattice calculations of the bare isovector quark unpolarized, helicity, and transversity
quasi-PDF using clover valence fermions on an ensemble of 884 gauge configurations with lattice
spacing a = 0.09 fm, box size L ≈ 5.8 fm, and with pion mass Mπ ≈ 135 MeV and N f = 2 + 1 + 1
(degenerate up/down, strange and charm) flavors of highly improved staggered dynamical quarks
(HISQ) [33] generated by MILC Collaboration [34]. The gauge links are one-step hypercubic (HYP)smeared [35] to suppress discretization effects. The clover parameters are tuned to recover the lowest
pion mass of the staggered quarks [36–39]. We use multigrid algorithm [40, 41] in Chroma software
package [42] to speed up the clover fermion inversion of the quark propagator at physical pion mass,
allowing a high-statistics calculation.
P
We use Gaussian momentum smearing [43] for the quark field ψ(x) + α j U j (x)eikê j ψ(x + ê j ),
where k = 6 is the input momentum parameter, U j (x) are the gauge links in the j direction, and α
is a tunable parameter as in traditional Gaussian smearing. Such a momentum smearing is designed
to increase overlap of the lattice sources with the ground-state proton of the desired momenta, which
allows us to reach higher-momentum states than was previously possible [10]. This calculation em~ = {0, 0, n 2π }, with n ∈ {10, 12, 14}, which correspond to 2.2, 2.6 and 3.0 GeV
ploys sources with P
L
proton momenta, respectively.
We first calculate the equal-time three-point correlator along
z-axis with
operator Ô(z, a) =


Rthe
z
ψ̄q (z)iΓU(z, 0)ψq (0) with the Wilson line U(z, 0) = P exp −ig 0 dz′ Az (z′ ) and subscript q as a
flavor index. We calculate the flavor combination δe
u − δde so that the disconnected diagrams
cancel on the lattice. For the nucleon matrix elements of Ô(z, a) at a given boost momentum,
e
h(z, Pz , a), we calculate six source-sink separations tsep ∈ {0.54, 0.72, 0.81, 0.90, 0.99, 1.08} fm, with
{16, 32, 32, 64, 64, 64} thousand measurements among 884 gauge configurations, respectively. Fol(3pt)
lowing the work in Ref. [39], each three-point correlator, CΓ (Pz , t, tsep ) can be decomposed as
3pt

CΓ (Pz , t, tsep ) = |A0 |2 h0|OΓ |0ie−E0 tsep
+ |A1 |2 h1|OΓ |1ie−E1 tsep

+ A1 A∗0 h1|OΓ |0ie−E1 (tsep −t) e−E0 t

+ A0 A∗1 h0|OΓ |1ie−E0 (tsep −t) e−E1 t + . . . ,
where the source point has been shifted to zero for each measurement, the operator is inserted at time
t, and the nucleon state is annihilated at the sink time tsep , which (after shifting) is also the sourcesink separation. The state |0i represents the ground state and |ni with n > 0 the excited states. In
our two-state fits, the amplitudes Ai and the energies Ei are functions of Pz and can be obtained
from the corresponding two-point correlators. Here we investigate the excited-state contamination
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by performing fits with and without the h1|OΓ |1i contribution (and labeled them as “two-simRR” and
“two-sim” methods, respectively) and using different inputs of source-sink separations tsep shown in
Refs. [44–46]. The two-simRR analysis using tsep as small as 0.54 fm gives consistent results with the
two-sim analysis using tsep = 0.81 fm, with approximately the same statistical errors after removing
the excited-state contamination. Similar results are given by two other fits with larger error as they
use fewer three-point proton correlators. Our final result uses the “two-simRR” fit with three-point
correlators data of tsep ranging from 0.72 to 1.08 fm.
e pRz , µR , a)
As a second step, we calculate the nonperturbative renormalization (NPR) factor Z(z,
from the amputated Green function of Ô(z, a)with a similar procedure to that defined in Ref. [46,
47], where pRz and µR are the Euclidean quark momentum in the z-direction and the off-shell quark
momentum, respectively. The bare matrix element of Ô(z, a), e
h(z, Pz , a), has ultraviolet (UV) power
and logarithmic divergences as a → 0 and must be nonperturbatively renormalized to have a well
defined continuum limit.
The NPR factor Z̃(z, pRz , µR , a) is calculated using the off-shell quark matrix element of Ô(z, a)
and requiring that all the loop corrections are canceled by Z̃(z, pRz , µR , a) at given pRz and µR . It is
computed in Landau gauge using the same lattice ensemble to compute e
h. The renormalized matrix
e−1 (z, pRz , µR , a)e
h(z, Pz , a) inherits the dependence on pRz and µR , which is
element e
hR (z, Pz , pRz , µR ) = Z
supposed to be canceled after the later matching step. However, since our matching coefficient is only
available at one-loop order, there will be remnant dependence on pRz and µR in the final δq(x, µ). On
the other hand, the lattice discretization effects of order O(apRz , aµR ) or higher are also expected, since
we do not take the continuum limit. Both factors will lead to systematic uncertainties in our analysis,
so we estimate them by varying the values of pRz from 1.3 to 3 GeV, and µR between 2.3 and 3.7 GeV.
Our results show an insensitivity to µR but noticeable dependence on pRz for all three PDFs [44–46].
We choose e
hR (z, Pz , pRz , µR ) at µR = 3.7 GeV and pRz = 2.2 GeV to be the central value; we include the
variation of µR and pRz as sources of systematic uncertainties.
Next, we Fourier transform the e
hR (z, Pz , pRz , µR ) into x-space to obtain the quasi-distribution
R
δe
q(x, Pz , pz , µR ). As shown in Refs. [44–46], the long-range correlation, which dominates the smallx distribution, has much larger statistical uncertainty, and the higher-twist effects as well as finitevolume effects will also become important with larger |z|. Therefore, we have to truncate the Fourier
transform at a finite |zmax |, which will limit our prediction for the small-x distribution and introduce
an unphysical oscillation in x-space. This can be removed using the “derivative” method proposed in
our earlier work [10]:
Z +zmax
R
dzeixPz z h̃′R (z, Pz , pRz , µR )/x,
(5)
Q̃(x, Pz , pz , µR ) = i
−zmax

where Q̃ is quasi-PDFs (q(x), ∆q(x) and δq(x) respectively), h̃′R is the derivative of the renormalized
matrix elements for the corresponding operators. At the end of the day, we vary |zmax | to estimate the
remaining corresponding error, which turns out to be small compared with other systematics.
2.3 Unpolarized PDF

For the unpolarized PDF, we use the Γ = γt operator, which is free from mixing, and the corresponding
matching derived in Ref. [44]. The matching raises the antiquark (i.e. negative-x region) distribution
to the same asymmetry for x < −0.05, and lowers the positive mid-x to large-x quark distribution,
compared with our exploratory study and heavier-pion PDF. We study the dependence on the nucleon
boost momentum, shown on the left-hand side of Fig. 1. Within the statistical errors, the distribution
seems to converge across the three momenta. However, the central values shift noticeably from 2.2
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to 3.0 GeV, moving the antiquark distribution toward the asymmetry measured in experiment: d̄(x) >
ū(x). LP3 ’s final unpolarized PDF, shown on the right-hand side of Fig. 1, significantly improves
on the previous results at physical pion mass [10]. We increase the nucleon momenta used in the
calculation from 0.4, 0.8, 1.3 GeV to 2.2, 2.6 and 3.0 GeV. We use Oγt operator here rather than
the Oγz used in Ref. [13]. (Though we showed in Ref. [13] that the final PDF is consistent when
including the scalar matrix elements.) We extend our matrix-element analysis to include an extra term
due to excited states. We increase statistics by more than a factor of 10. We also include the complete
matching needed to convert the RI/MOM quasi-PDF into the MS lightcone PDF.
Pz  2.2 GeV
Pz  2.6 GeV
Pz  3.0 GeV
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Figure 1. (Left) Nucleon boost-momentum dependence of the matched unpolarized isovector PDFs. For the
quark asymmetry, the shape is consistent throughout most x regions. However, in the antiquark region, there is
a significant change in distribution as momentum increases. (Right) Our final PDF renormalized at 3 GeV and
compared with CT14 [48], which is consistent with NNPDF3.1 [49] and CJ15 [50]. Our results agree nicely with
the global-analysis PDF. More details about these figures can be found in Ref. [44].

2.4 Helicity

The isovector quark helicity distribution, obtained at the largest proton momentum of 3 GeV, is shown
on the left-hand side of Fig. 2. The statistical error (with the excited-state contamination subtracted
based on two-state fits) is shown as the red band. The systematic uncertainty, shown combined with
the statistical one as the gray band in Fig. 2, is obtained by varying the scales in the NPR for µR ∈
{2.3, 3.7} GeV and pRz ∈ {1.3, 3} GeV, and includes the error from the one-loop matching inversion.
Since we only have configurations with one lattice spacing and volume, the associated systematic
errors are beyond our estimation. The target-mass correction from Ref. [8] is found to be negligible
for all three nucleon momenta, again indicating small higher-twist contributions. Also shown in the
figure are the phenomenological fits from NNPDFpol1.1 [51] and JAM [52]. The present calculation
is consistent with experiment within 2σ in the large-x region. For x very close to 1, the calculation is
in principle limited by the finite lattice spacing effect at large Pz , where the proton needs be resolved
with a finer longitudinal scale because of Lorentz contraction. For x < 0.1, the present calculation is
limited by the accuracy of large-zPz data. As in experiment, determining the small-x PDFs requires
large-momentum hadrons.
The present calculation shows the potential impact of lattice simulations combined with the
LaMET approach in determining PDFs. The JLab 12-GeV program is well positioned to make largex determinations of polarized and unpolarized parton distributions, which are extremely valuable to
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interpret large PT events at the Large Hadron Collider. Lattice calculations at 10% level will already
be very useful in deciding the large-x behavior, cross-checking with the experimental data.
2.5 Transversity

LP3 ’s transversity result [46] (taken from the physical transversity with Pz = 3.0 GeV) is compared
with semi-elastic DIS (SIDIS) fits from JAM17 and LMPSS17 [53] on the right-hand side of Fig. 2.
The error bands of LP3 ’s transversity, shown in Fig. 2, contain two types of systematics: First, using
the continuum and infinite-volume extrapolations of gT in Ref. [54], which includes the same lattices
used in this work, we conservatively estimate our lattice systematics due to gT used in normalization
(4%), finite volume (0.5%), nonzero lattice spacing (enlarged from a to 3a to compensate for the
length contraction of a moving proton) (3.5%), which add up to 5.4%. Second, the renormalizationscale dependence in the NPR procedure, which is the dominant systematic. These two types of systematics are combined in quadrature to give our final result. Our prediction for δq(x, µ) is consistent
with the global analysis of JAM17 but with a significantly smaller uncertainty and an unequivocally
positive-definite isovector distribution over the range 0 < x < 1. Compared to the LMPSS17 constrained fit using lattice averaged gT , our result shows a remarkable agreement within 2σ. Moreover,
in contrast to the recent calculation by ETMC [55], our antiquark distribution favors a vanishing flavor
asymmetry in the antiquark sea, which has been assumed in all global analyses so far. Based on our
earlier works [10, 13, 18], we speculate that this is due to a systematic error from the truncation in
the Fourier transformation. As shown in Fig. 4 of Ref. [10], the antiquark region is highly sensitive to
the proton momentum used in the calculation. In this work, our proton momentum Pz = 3.0 GeV is
about factor of 2 larger than that in ETMC’s (1.4 GeV), which could also explain the difference in our
results.
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Figure 2. (Left) LP3 ’s isovector quark helicity PDF [45] matched in MS-scheme at scale µ = 3 GeV, extracted
from LaMET at the largest proton momentum (3 GeV), compared with fits by NNPDFpol1.1 [51] and JAM [52].
The red band contains statistical error, while the gray band√also includes systematics. (Right) LP3 ’s proton
isovector transversity PDF [46] at renormalization scale µ = 2 GeV (MS scheme), extracted from lattice QCD
and LaMET at Pz = 3 GeV, compared with global fits by JAM17 and LMPSS17 [53]. The blue error band
includes statistical errors (which fold in the excited-state uncertainty) and systematics.

3 Lattice Constraints for Global PDFs Fits
How can the current lattice-QCD isovector PDFs calculation contribute to the global PDF fits in the
next 5 years? Currently, the large-x region of the PDF is not well constrained by the experimental data
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in the global fits, or suffers hard-to-quantify nuclear-theory uncertainty. The lattice isovector PDFs
at large-x region, does not have large boost-momentum dependence (unlike the small-x region), so it
should be able to provide good constraints to the global PDF fit.
The whitepaper [56] from the first joint-community workshop between the LQCD and global
analysis have gives an estimation of the precision needed and its corresponding impacts on the global
PDF fits for the most-studied unpolarized PDF and helicity cases.
Firstly, a set of pseudo-data for the isovector combinations at Q2 = 4 GeV2
u(xi , Q2 ) − d(xi , Q2 )

and

ū(xi , Q2 ) − d̄(xi , Q2 ) ,

and

∆ū(xi , Q2 ) − ∆d̄(xi , Q2 ) ,

i = 1, . . . , N x ,

(6)

for the unpolarized case, and for
∆u(xi , Q2 ) − ∆d(xi , Q2 )

i = 1, . . . , N x ,

(7)

for the polarized case, with N x being the number of points in x-space that are being sampled. For this
study, we choose the N x = 5 points to be
xi = 0.70 , 0.75, 0.80, 0.85, 0.90 .

(8)

for lattice-QCD computations.
Three scenarios for the total uncertainty of δ(i)
L = 12%, 6% and 3% are denoted by scenario D, E,
and F, respectively. For each scenario, we assume the same relative error for each value of {xi }, and
we neglect possible correlations between neighboring x-points.
We summarize the results of this exercise in Fig. 3, where we plot the ratio of the PDF uncertainties
in each scenario D, E and F to the uncertainty of the original NNPDF3.1 (NNPDFpol1.1) set. We show
the impact on the PDF uncertainties in ū and d̄ at large-x in the upper plots, with the corresponding
comparison for ∆ū and ∆d̄ in the lower plots. We concentrate on the results for the individual quark
flavors, even though the constraints are imposed on differences between flavors, since the former are
of the more direct interest for phenomenology.
From this comparison, we find that lattice-QCD calculations of the x-dependence of PDFs can
significantly reduce the uncertainties for both unpolarized and polarized antiquarks in the large-x
region. Taking into account that the PDF uncertainties on the large-x antiquarks are rather large, and
that they enter a number of important beyond-the-Standard Model (BSM) search channels (such as,
for instance, production of new heavy gauge bosons W ′ and Z ′ ), our analysis demonstrates that such
calculations would have direct phenomenological implications. In a Monte-Carlo approach such as
NNPDF, the PDF uncertainties themselves fluctuate, particularly at low scales, explaining the wiggles
in these plots.
Fig. 3 shows that in the unpolarized case, the large-x PDF uncertainties could be reduced to 60%
of their original value. We also find that there are no large differences between the three scenarios,
probably because the constraint is on quark differences rather than on individual flavors, so there is
freedom for ū and d̄ to vary in a correlated fashion while still satisfying the constraint. However, it
does suggest that a direct lattice-QCD calculation of xū − xd̄ does not need to reach uncertainties at
the few-percent level to influence global fits. For the polarized PDFs, Fig. 3 demonstrates that the
reduction in PDF uncertainties could be significantly more marked. For instance, in the case of ∆d̄, at
x ≃ 0.8 the resulting PDF uncertainty from scenario F is less than 50% of the original uncertainty.

4 Conclusion and Outlook
We have presented latest lattice-QCD results for the isovector (that is, the up-down quark asymmetry
in the proton), unpolarized, helicity and transversity PDFs which have much potential impact on PDF
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Figure 3. The ratio of PDF uncertainties to the original NNPDF3.1 (NNPDFpol1.1) in the fits where latticeQCD pseudo-data on x-space PDFs have been added to the global unpolarized (polarized) analysis. Specifically,
we show the impact on the PDF uncertainties in ū and d̄ at large-x in the upper plots, with the corresponding
comparison for ∆ū and ∆d̄ in the lower plots.

estimates in the near future: 1) The isovector PDF at large x can be used as a constraint in global PDF
analyses. The large-x experimental data are often contaminated by nucleus effects, which are hard to
cleanly remove. Many current PDF analyses rely on extrapolation in these regions. There are ongoing
LHCb measurements that can potentially improve and constrain the large-x PDFs in the large-x region,
but the precision of these data are not yet good enough to make a difference. A recent community
whitepaper among lattice and global analysis practitioners [56] predicted that a calculation of the
large-x isovector with 10% final error can improve on the current PDF, especially in the antiquark
regions where experimental inputs are even scarcer. Currently, we are able to reproduce the global
PDF results; the next step will be to plan improved calculations with total uncertainty less than 10%.
2) With the promising results shown here, we can proceed with similar analyses for the less known
polarized PDFs, such as transversity (the transversely polarized PDFs), where the isovector PDFs
needed to make impacts for global analyses are less demanding than the unpolarized ones.
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