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Abstract. We discuss the differential elastic pp cross-section data measured at

13 TeV, through the Coulomb Nuclear Interference region until past the dip.
We show that data are consistent with the asymptotic predictions from an empirical model and examine the presence of a zero for the real part of the elastic
amplitude near the Coulomb region, well before the dip.

1 Introduction
The TOTEM group has produced a remarkably precise determination of the proton-proton
elastic nuclear amplitude at LHC energies [1–4]. In particular, through the Coulomb nuclear
interference (CNI) at very small momentum transfer, TOTEM has reported direct measurements of the ρ parameter (that is, the√ratio of the real to the imaginary part of the nuclear
amplitude in the forward direction at s = 8 &13 TeV. Thus, we now have data for the modulus (through the elastic differential cross-section) and the phase (through CNI) of the near
forward nuclear amplitude. In a recent paper[5], we have analyzed the CNI region thoroughly
pointing out certain subtleties involved in extracting a value of ρ. We shall elaborate upon it
later in the present paper.
The unexpectedly low value of ρ ∼ (0.9 ÷ 0.1) measured by TOTEM at 13 TeV, have
pointed to a possible “anomaly”: If the Froissart limit is indeed saturated, that is if σtot (s) ∼
L2 (s) for large L >> 1, where L = ln(s/so ), then Khuri-Kinoshita theorem[6] forces ρ(s) ∼
π/L(s). Thus, we expect, ρ ∼ 0.165 at 13 TeV, quite a bit larger than the TOTEM value. We
assume s0 = 1 GeV 2 , in the analysis presented here, following the old convention of early
asymptotic particle physics and the scale here is not a free parameter.
There are apparently two ways out of the above dilemma[4]:
• 1. The Froissart limit is not saturated. That is, if the rise is fractal -less than quadratic- in
L, then ρ still decreases linearly as [1/L], but the coefficient is smaller[7]. More precisely:
If σtot (s) ∼ L(s)1/p for L >> 1; [1/2 ≤ p < 1];


π
=⇒ ρ(s) =
.
(2p) × L(s)
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For example, if
3π
p = 2/3 : σtot ∼ L3/2 ; ρ ∼ [ ];
4L
√
=⇒ ρ ≈ 0.124 @ s = 13 TeV.

(2)

• 2. There is a sizeable C = −1 contribution even at asymptotic energies. In QCD language,
it is usually interpreted as follows. The leading exchange for hadronic (color singlet) scatterings is provided by the simplest C = +1 entity provided by two gluons in a color singlet
state. The next step is a C = −1 exchange provided by three gluons in a color singlet
state[8, 9]. The latter are called odderons and they have been carefully catalogued and analyzed by Block in his review[10]. The near equality of high energy particle-particle and
particle-antiparticle total cross-sections confirms the naive belief that the leading term is
indeed through the C = +1 term. The presence or absence of the C = −1 component has
generated much controversy in the past. Naturally, the old debate has been considerably
fuelled by the recent TOTEM data.

2 The asymptotic empirical model for the differential elastic
cross-section
In our previous work [11], we had found that the LHC data @ 8 TeV could be well described
by a modified version of the original Barger and Phillips model [12]. In this contribution,
we shall apply the above model to the differential scattering data@ 13 TeV presented at the
LHCC Meeting in May 2018 [13].
Let the elastic amplitude A (s,t) be related to the total cross-section as
√
σtot (s) = 4 π Im (A (s, 0)) ,
(3)
so that the elastic differential cross-section reads
dσ
(s,t) = |A (s,t)|2 .
dt

(4)

The amplitude of our modified BP model is [11]
h
i
√
√
A (s,t) = i F 2 (t,t0 ) A eBt/2 + eiφ C eDt/2 .

(5)

In Fagundes et al. [11], the energy dependence of the parameters was discussed on the basis
of asymptotic theorems, as follows.
• The s-dependence of A was chosen so as to satisfy the Froissart bound, as a polynomial in
L(s), with coefficients determined by fits to the proton-proton scattering data from ISR to
LHC7 :
p

4 π A(s) = 0.398 L2 (s) − 3.80 L(s) + 47.8 mb; L(s) = ln(s/s0 ) , s0 ≡ 1 GeV2 . (6)
• The s-dependence of the C term is more complicated due to its large variation from low
to high energies. A function of L(s) was phenomenologically determined , choosing
p an
asymptotically constant C, with coefficients obtained from the fits as in the case of A(s),
namely
4

p
9.60 − 1.80 L(s) + 0.01 L3 (s)
π C(s) =
mb .
1.200 + 0.001 L3 (s)

2

(7)
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• The proton form factor was defined in terms of the standard dipole expression
F(t,t0 ) =

1
.
(1 − t/t0 (s))2

(8)

• While the phase φ , introduced in Eq. (5), is very slowly varying through the energy range
from ISR to LHC7, the value of the pole t0 (s) of the form factor shows a not negligible
dependence on the energy, as it is shown in Fig. 3 of Ref. [11]. However, for large values
of s, it tends to the usual value of 0.71 GeV2 . Hence, for high energies, we had frozen both,
phase and pole position, as
φ = 2.74 ,

t0 = 0.71 GeV2 .

(9)

• As for the two slope parameters in the model, we parametrized them on the
√ basis of on two
asymptotic sum rules [14], which were shown to be almost saturated at s = 7 TeV [11],
namely we proposed

B(s) = 0.028 L2 (s) − 0.230 GeV−2 ; D(s) = (0.29 L(s) − 0.41) GeV−2
(10)
We stress that the asymptotic behaviour of the slope B(s) chosen above, differs from the usual
ln(s) behaviour expected from Regge or Pomeron pole trajectories. Namely, in this empirical
model, the slope in the forward region increases faster than a logarithm, in agreement with an
earlier study by Ryskin and Shegelsky [15],[see, also [16], [17], [18] and predicting a higher
energy behaviour as confirmed by the recent TOTEM observations at LHC13.
In the following subsections, we shall apply this model to the recent TOTEM data, starting
with the CNI region.
2.1 The Coulomb interference region

In a recent paper [5], we have presented results for the CNI region at 8 and 13 TeV from
the empirical model described above. The basic observation following from this model and
relevant to the study of the ρ parameter, is that besides the well-known diffraction dip due to
a zero in the absorptive part of the amplitude, there is also a zero in the real part of the nuclear
amplitude [19]. What is important here is that at LHC energies, the real part vanishes in the
CNI region thereby complicating the extraction of the ρ parameter.
For a phenomenological analysis of the CNI region involving small momentum transfer
t, we use Eq. (17) of Ref. [4], where an amplitude A G (s,t) is defined that has the standard
nuclear amplitude A (s,t), as described above, times an order-α complex phase ∼ αG(s,t),
with respect to the real Coulomb amplitude. Explicitly:


A G (s,t) = A (s,t) 1 − iαG(s,t)
(11)
where
h t 0 dF 2 (t 0 )  A (s,t 0 )
 I(t,t 0 ) i
0
(dt ) ln( )[
]−
−1
;
0
t
A (s,t)
2π
dt
−s+4m2
√
0
Z 2π 2
0
F [t + t + 2 tt cos(φ )]
√
dφ .
I(t,t 0 ) =
0
0
0
t + t + 2 tt cos(φ )

Z 0

G(s,t) =

(12)

The complete elastic differential cross-section is defined as
2
dσ
(s,t) = A G (s,t) + A C (s,t) ,
dt

(13)

3
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where A c (s,t) is the Coulomb amplitude, defined in terms of the electromagnetic form factor,
as
√
2 πα 2
C
A (s,t) =
F (t);
t
1
F(t) =
(14)
[1 − 0.71 tGeV 2 ]2
As stated earlier, the CNI has been measured with great precision by the TOTEM group
at 8 and 13 TeV. Numerical values of the elastic differential cross-section for the momentum
transfer region 8.8 × 10−4 GeV2 < |t| < 0.1 GeV2 , for the 8 TeV data are presented in Table
3 of Ref. [2] and for the 13 TeV data in Table III of Ref. [4].
To isolate CNI, TOTEM [4] shows the 13 TeV data in the following way:
1. in their Fig. 14 covering momentum transfer up to |t| ≤ 0.15 GeV2 .
2. In their Fig. 15 up to |t| ≤ 0.07 GeV2 .
3. A fractional quantity X is plotted using differential cross-section data up to |t| ≤
0.15 GeV2 , after subtracting from it a reference term formed from the sum of the
purely nuclear and Coulomb differential cross-sections.
Explicitly
[dσ /dt]data − Ref4 (s,t)
,
Ref4 (s,t)
√
where the reference value at s = 13 TeV is defined as in Ref.[4], i.e.,
X (s,t) =

2

Ref4 (s13 ,t) = 633(mbGeV −2 ) e20.4 t/GeV + [

dσ
]C ,
dt

(15)

(16)

is the sum of the exponential fit and the Coulomb cross-section
[

2
dσ
]C = A C (s,t) ,
dt

(17)

where the Coulomb amplitude A C (s,t), defined in Eq. (14), is negative.
In the CNI region, TOTEM [4] uses the following parametrization for the nuclear amplitude,
called A N ,
A N (s,t) = |A N (s,t)|eiΦ(s,t) ;
|A N (s,t)| =
Φ(s,t) =

√
1 Nb
a exp[ ∑ bnt n ];
2 n=1

π
− tan−1 ρ(s,t) = [Constant].
2

(18)

In the above, b1 is the “large” diffraction slope and b2,3 are supposed to account for minor
fluctuations in the low-t data. It is interesting to note that for the data in Ref. [4] covering a
smaller t-interval, |t|max = 0.07 GeV2 , for Nb = 1, 2, 3, the χ 2 per degree of freedom, χ¯2 ,
have roughly the same value: χ¯2 = 0.7, 0.6, 0.6, respectively; whereas data that cover a larger
t-interval, |t|max = 0.15 GeV2 , the fit with just one term Nb = 1 has a much larger χ¯2 = 2.6
compared to χ¯2 = 1.0 for Nb = 2 and χ¯2 = 0.9 for Nb = 3. In fact, as the authors of Ref. [4]
note themselves, the quality of fit is bad and no values for ρ are displayed for Nb = 1 and

4
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|t|max = 0.15 GeV2 . As we shall see below, this is due to their chosen parametrization of the
nuclear amplitude in Eq. (18). For example, the form of the nuclear amplitude adopted in
Eq. (18),with ρ assumed constant, leaves no room for the real part of the nuclear amplitude
to vanish near the CNI region, whereas our model does.
Using the model of Eq. 5, with the asymptotics as discussed above, we now define 4-sets
of rotated amplitudes through the following substitution possibilities. For further details,
see [5]. We have considered all four possibilities with the following four sets of nuclear
amplitudes:
s → se−iπ/2 ; ln(s) → ln(se−iπ/2 ) = ln(s) − iπ/2;
j = 0 : A0 (s,t) : no rotation at all ;

−iπ/2

j = 1 : A1 (s,t) : only A(s) → A(se

) & C(s) → C(se−iπ/2 ) rotated;

[no rotation of the phases] B & D;

j = 2 : A2 (s,t) = A (se−iπ/2 ,t); complete rotation ;

1
j = 3 : A3 (s,t) = A (s,t) + A se−iπ ,t ; (s ⇔ u symmetric)
2
(19)
The j-th differential cross-section is obtained as
2
dσ j
(s,t) = A j (s,t) + A C (s,t) ;
dt

(20)

where the nuclear j-th and Coulomb √
amplitudes are given in Eq. (19) and (14) respectively,
and residuals for the two data sets at s = 8 TeV and 13 TeV,


M(s)
dσ
dσ
tk ,
(s,tk )data , δ
(s,tk )data
,
dt
dt
k=1

(21)

are defined as
R j (s,tk ) =

dσ j
dσ
dt (s,tk )data − dt (s,tk )
dσ j
dt (s,tk )

s = s8 , s13 ,
j = 0, 1, 2, 3 ,
k = 1, . . . , M(s) .

,

(22)

As one can see in Fig.(1), the agreement with data is excellent for the nuclear amplitudes
A1,2,3 (s,t) (red, green, blue areas and lines), whereas A0 √
(black area and line) is essentially
ruled out. The corresponding residuals R1,2,3 (s,t) both at s = 8 and 13 TeV are practically
zero all the way up to |t|max = 0.2 GeV2 .
It was shown in[5] that both the real and imaginary parts of the nuclear amplitude are
practically identical for A2 and A3 , but they are substantially different from Ao and A1 .
Moreover, the predictions from the amplitudes A2 and A3 are in remarkable accord with the
TOTEM data in the CNI region whereas those from Ao and A1 are decidedly inferior. We
used the values of the parameters from[11] for the four nuclear amplitudes. Hence, these are
predictions for the absolute differential cross-section near the forward region at 8 and 13 TeV.
2.2 ρ and mean ρ̄

TOTEM assumes that ρ is a constant and uses CNI data over 0 ≤ |t| ≤ |t|max (with |t|max =
0.07&0.15 GeV2 ) to extract a value for ρ @ 8 & 13 TeV. On the other hand, if there is a
zero in the real part of the nuclear amplitude within or nearby the CNI region [vedi Sec(2.1)],

5
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dσj
(s13, t) (mb GeV−2 )
dt

dσj
(s8, t) (mb GeV−2 )
dt
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Figure 1. Model analysis of TOTEM data in the small −t region, at s = 8 and 13 TeV, in left
and right figures. Upper panel: Data on the differential cross-section and superimposed the predictions
corresponding to the parametrisations of the nuclear amplitude given in Eq. (19). Lower panel: residuals
as defined in Eq. (22).
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Figure 2. The ρ(s,t) values at 8 (left), 13 TeV (right) from the rotated mBP2 model described in the
text.

this would influence the extraction of ρ, as one can see from Fig. 2. ρ(s,t) for our preferred
solutions j = 2, 3. indeed have a zero around t = −0.15 GeV 2 for 8 & 13 TeV. We construct an
average [ρ̄] over a t region, that can be compared to the TOTEM ρ that is assumed constant:
Ro

ρ̄ j (s,t) ≡

t

(dt)ρ(s,t) j (dσ /dt) j
Ro
; ( j = 0, 1, 2, 3).
t (dT )(dσ /dt) j

(23)

These are shown in Fig.(3). It is satisfactory that while ρ2,3 = 0.133, ρ̄2,3 (0 ≤ |t| ≤
0.15 GeV 2 ) ≈ 0.09 at 13 TeV, remarkably close to the value [0.09 ± 0.01] found by TOTEM
for ρ assumed to be a constant in this t-interval. This bolsters our confidence in that the real
part does possess a zero near the CNI region. Further evidence for such a zero in the real
part -at a smaller |t| value than where the zero for the imaginary part lies- also follows from
geometrical scaling[19].
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Figure 3. Mean values of ρ j (s,t) at 8 and 13 TeV

2.3 The structure outside the Coulomb region

We have seen in Subsec.(2.2) that the TOTEM data in the CNI region are consistent with
the empirical model if crossing symmetry is implemented in the asymptotic expression for
the model constants, what we call the rotated model (in its different versions). However, it
leaves moot the question whether the form factor multiplies just the first (A) term of the BP
amplitude as discussed above, called mBP2, or both (A & C) terms as in the model labelled
as mBP2-1 and discussed in the Appendix of [11], where it was also pointed out that both
versions of the model would give good fits to the data from ISR to 7 TeV. We show in the
left panel of Fig. 4 the application to the 13 TeV TOTEM data in the full −t range, of model
mBP2 in both the rotated and unrotated version. The value of the parameters follows the
parametrization in Eqs.(5-10). The result is shown in the left panel and indicates that, while
the small −t behaviour is satisfactorily reproduced, the model fails both at the dip and beyond.
Given the simplicity of the empirical model, it is worth inquiring further about its applicability to present and future LHC high-t data. it We illustrate it by presenting a free parameter
fit to the 13 TeV data where (i) both (A & C terms) are multiplied by the form factor [as in the
model labelled mBP2-1]; (ii) no additional phase between Coulomb and nuclear amplitudes
is assumed [as in Eq.(20)]. Explicitly, we have used the following expression: :
√
dσ
2 πα
1
1
√
= |A (s,t) +
|2 ;
dt
t
(1 − 0.71 tGeV 2 )4 2.56819
√
√
√
√
1
ℜeA (s,t) =
{[ρ( A + C cos φ ) + C sin φ )]eB(s)t/2 − C sin φ eD(s)t/2 };
4
(1 + |t|/t0 )
√
√
1
ℑmA (s,t) =
[ AeB(s)t/2 + C cos φ eDt/2 ],
4
(1 + |t|/t0 )
and fix the value of ρ to the reported experimental value, all the other parameters are let to
vary. The result is shown in the right panel of Fig. 4, where the resulting χ 2 /Ndo f = 0.838
indicates that the fit with the form factor factorized outside the full nuclear amplitude can
indeed reproduce very well the 13 TeV data.
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Figure 4. Left panel: application to the 13 TeV TOTEM data, read from [13], of the asymptotic
empirical model described in the previous subsection, in the original and in the rotated version using
model mBP2 from [11], and t0 = 0.71 GeV 2 . In the right panel, we show a free parameter fit of pp data
using the mBP2-1 model with the Form Factor multiplying both terms in the amplitude. The expression
used for the free fit includes the Coulomb term, but no additional phase between the Coulomb and the
nuclear amplitude. The χ 2 /do f = 0.838.

A more complete analysis shall be undertaken when definitive high-t data @ 13 TeV
become available.

3 The total cross-sections
We shall include here our analysis of the asymptotic behavior of the total cross-section following a QCD model which explicitly shows that the high energy limit, i.e. saturation of the
Froissart bound, has not been reached. In this model, which includes an eikonalized minijet cross-section with infrared gluon resummation, the Froissart bound need not be reached.
Our model for the total cross-section is built through a one-channel real eikonal function,
inclusive of mini-jets to drive the rise and infrared soft gluon resummation to tame it, i.e.
Z

σtotal = 2

d 2 b[1 − e−n̄(b,s)/2 ] = 2

Z

d 2 b[1 − e−[n̄so f t (b,s)+n̄mini− jets (b,s)]/2 ]

1
d 2 qeiq·b [Fp (q)]2 σso f t (s)
(2π)2
σso f t (s) = constant or slowly decreasing f unction

(25)

Z

n̄so f t (b, s) = AFF (b)σso f t (s) =

n̄mini− jets (b, s) = ABN (b, s)σmini− jets = R

e−h(b,s)
d 2 b e−h(b,s)

σmini− jets (s; ptmin , PDF)

(26)
(27)
(28)

This model is called BN model as its most distinctive feature is given by resummation ( down
into the kt ≈ 0 region) of all the Poisson distributed soft gluons which are emitted during a
semi-hard (mini-jet) parton parton collision. The impact parameter distribution of partons
in this simplified model is schematically divided into two components, partons which mirror
the distribution of partons in each individual proton (through the Fourier transform of the
proton form factor) and partons which are correlated to partons in the other proton through
semi-hard collisions. This model, recently described in [20], was developed through the
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years [21–23], and focuses on the behaviour of the resummed and regularized soft gluon
distribution h(b, s). Under the ansatz that the coupling of very soft gluons to their source can
be phenomenologically described to be no more singular than kt−2p with 1/2 < p < 1, we had
been able to show that the total cross-section asymptotically behaves as [23]
σtotal ∼ [ln s]1/p

as → ∞

(29)

σ(mb)

Thus, since p > 1/2, the above limit can satisfy the Froissart bound, although not being close
to saturate it yet. In Fig. 5 we show the result of applying this model to present data for the
total cross-section, both for pp and p̄p. In the figure, the blue band represents the result of
the BN model for two types of parton densities, as indicated, and the dotted lines the results
from the empirical model described at the beginning of this note.

180
σtotal(blue), σinel (red), σel (green), σSD(purple) and σDD(black) data
160
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ATLAS
TOTEM (L-indep.)
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LHCb
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pp accelerator data

140
120
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60

BN-model-one-channel
Top MSTW: ptmin=1.3 GeV,p=0.66
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σtot,inel,el: empirical model
PRD 88 (2013) 094019
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√s ( GeV )

Figure 5. The rise of the total, elastic and inelastic proton proton cross-sections: comparing data with
two models described in the text.

We should point out, before concluding this note, that the BN model as described in
this section in the one-channel eikonal mini-jet formulation, cannot yet be applied to the
description of the differential elastic cross-section. While it gives a good description of the
imaginary part of the elastic amplitude at t = 0, and hence of the total cross-section, if fails
so far in two respects: i) its does not adequately describe the dip structure, and ii) it does
not properly separate elastic and diffraction channels, which are usually described in a twochannel formalism. As a consequence, as seen in Fig. 5, the BN does not reproduce the full
inelastic cross-section (blue band), but only the contribution to non-diffractive part of the
phase space [20]. We are working to understand how to extend the model to clarify these
points.
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Note added in proof
After this presentation, the TOTEM group has released high-t data at 13 TeV [24].
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