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Schwarzschild-Tangherlini black holes in five-dimensional
massive (bi-)gravity

Tuan Q. Do *

!Faculty of Physics, VNU University of Science, Vietnam National University, Hanoi 120000, Vietnam

Abstract. We will present main results of our recent investigations on the
existence of the Schwarzschild-Tangherlini black holes in a five-dimensional
(nonlinear) massive gravity as well as in its dynamical extension, a five-
dimensional massive bi-gravity. In particular, we will show how to use the
well-known Cayley-Hamilton theorem to construct five- and higher dimen-
sional massive graviton terms. Then, we will present the proof of the existence
of the Schwarzschild-Tangherlini black holes in the five-dimensional massive
(bi-)gravity.

1 Introduction

In 1939, Fierz and Pauli proposed a modification of the Einstein’s general relativity (GR), in
which the graviton is assumed to have a tiny but not vanishing mass m, [1]. However, this
massive gravity theory was shown by van Dam-Veltman and Zakharov (vDVZ) in 1970 that
it will not reduce to the GR in the limit m,; — 0 [2, 3]. This problem has been well known as
the vDVZ discontinuity. Two years later, Vainshtein proposed that nonlinear massive graviton
terms might solve this discontinuity once they are introduced to the FP theory [4]. Soon after
the publication of the Vainshtein’s paper, however, Boulware and Deser (BD) showed that
the nonlinear terms might introduce the existence of ghost mode, which is the sixth degree of
freedom of the massive graviton [S]. As a result, this ghost mode was shown to has a negative
kinetic energy, which causes an instability. Hence, it should be removed in order to ensure that
the corresponding nonlinear massive gravity is stable. Unfortunately, building a nonlinear but
ghost free massive gravity has been a great challenge to physicists for several decades [6].
From 2009 to 2010, based on some seminal works in Ref. [6], de Rham, Gabadadze, and
Tolley (dRGT) proposed a version of nonlinear massive gravity [7], which was later shown
to be free of the BD ghost by several different proofs [8]. Consequently, many physical
and cosmological aspects have been studied in the context of this nonlinear massive gravity
theory [9]. For example, the old cosmological constant problem and the dark energy problem
might be solved in the context of the dRGT theory [9]. Furthermore, the Schwarzschild, Kerr,
and charged black holes have been shown to exist in the dRGT theory, e.g., see Ref. [10].
In addition, a bi-gravity extension of the dRGT theory, in which a non-dynamical reference
metric is introduced to be fully dynamical as a physical one, was proposed by Hassan and
Rosen in Ref. [11]. Along with the dRGT theory, the bi-gravity has been discussed widely.
Interested readers should read an interesting review [12] for more details.
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It turns out that almost published papers on the (nonlinear) massive (bi-)gravity have
worked only in four-dimensional (4D) spacetimes rather than higher dimensional ones [9, 12].
Of course, there have been some papers on higher dimensional massive (bi-)gravity but they
did not deal with any specific physical or cosmological solutions [13, 14]. In addition, some
papers have studied higher dimensional black holes in the framework of the dRGT theory
with only the first three massive graviton terms £, L3, and L4 [15]. As we will show later,
the contributions of higher dimensional graviton terms, e.g., Ls, should not be ignored be-
cause these terms do exist in higher-than-four dimensional spacetimes, although they actually
vanish in any 4D ones. Hence, we have proposed to study both higher dimensional nonlin-
ear massive gravity and massive bi-gravity involving a full set of massive graviton terms in
Refs. [16, 17]. Fortunately, we have found an effective way to construct arbitrary higher
dimensional massive graviton terms for the dRGT theory by using the well-known Cayley-
Hamilton theorem [18]. Then, we have chosen five-dimensional (5D) scenarios of massive
(bi-)gravity with L5 as specific models to seek the well-known Schwarzschild-Tangherlini
black holes [19].

This article is devoted to summarize some important results published in Refs. [16, 17].
It is organized as follows: (i) An introduction has been written in this section. (ii) Basic
setup of the dRGT massive gravity and massive bi-gravity will be shown in Sec. 2. (iii) A
construction of higher dimensional graviton terms will be presented in Sec. 3. (iv) Next,
the Schwarzschild-Tangherlini black holes in the context of 5D massive (bi-)gravity will be
shown to exist in Sec. 4. (v) Finally, concluding remarks will be given in Sec. 5.

2 Basic setup of the dRGT massive gravity and massive bi-gravity

In this section, we will present very briefly the basic setup of the dRGT massive gravity
theory [7, 9] along with its important extension, the massive bi-gravity [11, 12]. As a result,
an action of the dRGT massive gravity is given by [7]

M;
S dRGT4d = 7’ fd“x \/—_Q{R +m} (Ly + a3 L3 + (14134)}, )]

where M, is the reduced Planck mass, m, # 0 is the graviton mass, and a3 4 are free param-
eters. In addition, £; (i = 2 — 4) are the massive graviton terms (a.k.a. interaction terms)

defined as
L = [K]* - [K7, 2)
1 2
L= 3[%]3 — [KIK?] + 5[7<3], A3)
_ i 4 _ l 2 2 l 212 % 371 _ l 4
Ly = SIKI = SIKPIK + Z1ICP + SIKNK] = 1K, )

Here, square brackets stand for the trace of K*, = ", — gt fup0ad?0,¢P, i.€.,
[K] = rKH,; [KT" = @rKH)" s [K'] = tr (K, ... KY). (®)]

Note that in the definition of K*,, g,,, is regarded as the physical metric, while f;,;, the ref-
erence (or fiducial) metric, and ¢* (@ = 0 — 3) the Stiickelberg scalar fields added to give a
manifestly diffeomorphism invariant description [6, 7]. It is noted that the reference metric in
the dRGT massive gravity is non-dynamical, in contrast to the physical one, which is dynam-
ical. Therefore, the field equations of f,;, will turn out to be algebraic rather than differential.
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It is noted that if the reference metric is introduced to be fully dynamical as the physical one,
we will have the massive bi-gravity (or bi-metric gravity), whose action is given by [11]

S Bigravity,4d = M; fd“x \/—_QR(Q)"'M]% fd4xv—fR(f)+2m;M§ﬁ~ fd4x \/—_g((LI2+a3(L{3+a4(LI4),

(6)
where U; = L;/2, while R(g) and R(f) denote the corresponding Ricci scalar of the physical
metric g, and reference metric f,,, respectively. It is noted that Mg is an effective Planck
mass defined in terms of two different Planck masses of the physical and reference sectors
M, and My, respectively, as follows [11]

M2—[1 N ‘)_1 7
ff — e vy .
e M2 MJ%.

It is also noted that we do not need the existence of the Stiickelberg scalar fields, i.e., K*, =
o, — /g1 f, in the context of bi-gravity theory. As a consequence, the corresponding field
equations of reference metric in the bi-gravity will no longer be algebraic but differential as
that of physical metric. Itis clear that S igravity4d — S drGT,4a under the limit My — 0. It turns
out that both nonlinear massive gravity and massive bi-gravity theories have been shown to be
free of the BD ghost via different approaches [8]. Furthermore, many cosmological aspects
have been investigated in the framework of these theories, e.g., see Refs. [9, 12] for more
details.

3 Construction of higher dimensional graviton terms

In mathematics, there exists the well-known Cayley-Hamilton theorem in linear algebra, e.g.
see Ref. [18], whose statement is that any nXn matrix K must obey its characteristic equation:

PK) = K" = D, 1 K"+ Dy K" =+ (1) DK + (=1)"det(K)I, =0, (8)

where D,_; = rK = [K] and D,_; (2 < j < n — 1) are coefficients of the characteristic
polynomial. Surprisingly, it is straightforward to see that the forms of the first three graviton
terms, L,, L3, and L, look similar to the determinants of Kryo, K3x3, and Kyxg, respectively.
This is indeed a key observation to construct not only the 4D massive graviton terms but
also any higher dimensional ones, i.e., L;>4 [12-14, 16, 17]. As a result, it turns out that
L; = 2detKix; with i = 2 — n. For example, we have constructed five-, six-, and seven-
dimensional graviton terms as specific demonstrations [16, 17]:

% =${[(K15 — 10[KP[K?] + 20[KP[K°] - 20[ K1 K°] + 15[ KK
— 30[K K] +24[%°1), ©)
% =%{[7<]6 — I5[KT K] + 40[K TP (K] — 90[K P [KH + 45[KP[K2? - 15[K2P
+40[K° 1 - 120[KIK[K] + 90[K[K?] + 144[K°|[K] - 120[K°]}, (10)
% =W140{[7<]7 — 21[KP[K?] + TO[KTK] = 210[KP[KH] + 105[KP[K2

— DO[KPIKK3] + 504[KPIK] - 105[K2P K] + 210[K 1P [KC3] - 504[K 2K
+ 280[FC1P[K] — 420[FC[KH] + 630[ KKK — 840[KO[K] + 720[7(7]}.
(11)
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Note that these terms all disappear identically in any lower-than-five dimensional spacetimes.
However, £, would not vanish in any spacetimes, whose number of dimensions is greater
than or equal to n. This fact can be easily verified using the Cayley-Hamilton theorem.
Unfortunately, some papers investigating black holes solutions of higher dimensional dRGT
gravity have ignored this important result [15].

4 Schwarzschild-Tangherlini black holes

In this section, we will show how the Schwarzschild-Tangherlini black holes [19] do appear
in both 5D massive gravity [16] and bi-gravity [17].

4.1 5D massive gravity
First, we would like to investigate the 5D dRGT gravity with the following action [16],
M2
S dRGT,5d = TP fdjx ‘V—Q{R +m) (L +a3Ls +asLly + asLs)}, (12)

here a5 is an additional field parameter introduced for the additional massive graviton term
L5 defined in Eq. (9) with K = K. As aresult, varying the action (12) w.r.t. the inverse metric
g"” leads to the corresponding Einstein field equations for the physical metric [13, 14, 16]

1
(RW 2Rgﬂy) +m (X + 0V + as W) = 0, (13)
where
X = -3 (G-EZ +ﬁ£3) Guv + pv’ (14)

va = 7(/1\/ - [W]g/tv - {7(3\/ - [7(]7(/”} +ﬂ{ [7(]7(2 £2 Wyv} s (15)

Yy = _%gﬂv + Y#v; Y#v = %(](/“’ - £27<2 + [(](]7(3 (](3"’ (16)
Wuv = _%gﬂv + W,uv; W,uv = %7( £3 7(2 LZ [7(]7(4 +%K /1V’ (17)

with @ = 1+ a3, B = @3 + @4, and 0 = @4 + @5 being additional parameters introduced for
convenience. On the other hand, the corresponding constraint equations associated with the
existence of reference metric turn out to be

- ~ ~ 1
t,uv = X,uv + O-Y,uv +as Wyv - z (a'3£2 + (}'4.[:3 + a’5-£4) JGuv = 0. (18)

Furthermore, the modified Einstein field equations (13) can be reduced to [20]

1 my
(Ryv - ERg;lv) - 7‘£Mguv =0, (19)

with Ly = L5 + a3 L3 + @s L4 + a5 Ls as the total massive graviton Lagrangian. The equa-
tion (19) shows an interesting result that the massive graviton terms can play as an effective
cosmological constant, i.e., Ay = —m LM/ 2, as a consequence of the Bianchi identity, i.e.,

0" Ly = 0. Indeed, this result has been shown to be valid for a large class of physical and
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compatible reference metrics [16]. It turns out that the corresponding values of A, could be
figured out once the constraint equations (18), which are indeed algebraic rather than differ-
ential, are solved [16].

In order to seek the Schwarzschild-Tangherlini metric for the 5D dRGT gravity, let us
consider the general forms for both physical and reference metrics [16],

2 r2dQ2 dr? r2dQ>
ds2(g) = =N? (r)di* + t —3. ds2 (f) = =N2 (r)df* + + 30
& 1 Fr(r)  Hi()' ’ F3(r) ~ H3 (1)

with d§22 d6? + sin® dy? + sin® Osin” edy®. Here, N, (r) and N,(r) are the lapse functions,
which are introduced to obtain the following Friedmann equations from their Euler-Lagrange
equations [20]. Consequently, the corresponding £ now reads

3 2
.EM =2 {[0'5 (7(22) + 3CL/4 (7(22) + 3(137(22 + l] 7(007(11
2 2
+7<22 [0'4 (7(22) + 30'37(22 + 3] (7(00 + 7(1 1) + (7(22) (037(22 + 3)} , (21)
where KO (r) = 1 = Na/Ny; K'i(r) =1 = Fi/Fa; K*a(r) = K353(r) = K*a(r) = | — Hi/H,.
Note that the unitary gauge for the Stiickelberg scalar fields, i.e., ¢* = x* (a = 0 — 4), has
been used in order to derive the above results of K*, and £,,. Next, we derive explicitly
the following constraint equations for the 5D dRGT gravity 7,, = 0. As a result, these

equations are indeed equivalent to the corresponding Euler-Lagrange equations 9L, /0K’y =
0Ly /0K = 0Ly /0K?, = 0, which can be easily defined to be

((Y57<11 + 04) (7(22)3 +3 (047(11 + 03)( 22)2 + (037(11 + ])7(22 + 7(11 = O, (22)

(0'57(0() + Q4) ((](22)3 +3 (0’47(00 + 03) (7(22 ?

+3 (3K + 1) K2 + K% =0, (23)
[0'5 ((](22)2 + 2(147(22 + 03] 7(0()7(11 + [04 (7(22)2 + 261137(22 + l] ((](O() + 7(1 )
+ (@K +2) K% =0, (24)

respectively. As a result, combining two Eqs. (22) and (23) leads to
3 2
s (%2)" + 30 (K) + 30352 + 1| (K% - 1) = 0, 25)
which implies two possible cases:
K =K1, (26)
3 2
as (K%) +3as (K%) +3a3K% +1=0. 27)
As a result, these equations are non-linear of K%, K}, and K?,. Therefore, solving them
will imply several values of L.

Case I: K% =K',
For this case, we have been able to obtain two solutions such as

K' =K, (28)
4 (7(22)2 + 2(13(](22 +1

K'Y =- 2 ) (29)
as ((](22) + 2&47(22 + a3
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For the first solution (28), we arrive at the following equation for K2,
3 2
s (K%) +daq (K%) +6a3K* +4 =0 (30)
along with the value of an effective cosmological constant derived from £,

it
2

AME

= -2 (K%2)" | (K% + 402 + 6. 31)

It is clear that once Eq. (30) is solved, the value of A, will be obtained accordingly.
For the second solution (29), the following equation for %2, reads

(asas - a3) (K%)" +2(as - aza) (K2) + (204 - 303) (K2%)” —205%% — 1= 0. (32)

And of course, once K?, is solved, the corresponding K 09 and K, and therefore A, will be
determined consistently.

3 2
Case 2: a5 (‘](22) + 3ay (7(22) +3a3K% +1=0.
As a result, we have figured out the corresponding results such as

3as + ([9a2 — 12y 802 | (90 - 804) ¥ 3as 903 - 1204
K>y = " ;s = 3
! (3013 F (902 - 12a/4)
3m?2
Ay = Twz 903 — 18ajay + 603 F a3 (3(1% - 404) \J9a3 - 12a4]. (34)
4

It appears that the value A, has been obtained without knowing that of K°; and K!;, which
can be found from the remaining constraint equation

, (33)

((137(22 + 2) [7(22 (7(22 - 7(0() - 7(1]) + 7(007(1 1] =0. (35)

As a result, solving this equation implies two solutions, one is that

—3as + 1l9oz§ —12ay4

Ko =K' =K* = : (36)
20’4
while the other is given by
2 3a? al
2 _ _“, — 3. - 3
7( 2 = a,3 ’ (Y4 4 B 05 2 > (37)
which implies that
4m? 2
AMZ——29<O; 7(0():'](11 =7<22=——. (38)

aj a3

In short, the massive graviton term £, always acts as an effective cosmological constant A ;.
Hence, the 5D Einstein field equations (19) can be reduced to the following simple form as

1
(R,uv - ERgpv) + AMgpv =0, 39
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here Ay = —mé.CM /2 can be either negative or positive or even zero definite depending on the
values of field parameters a; (i = 3 — 5). It has been shown that in Ref. [19] the SD Einstein
equations with a cosmological constant Ay, as shown in Eq. (39) do admit the following

metric,
ds* = —f(r)df* + ar + r2dQ? (40)
f(r) ¥
with A SGM
NA(t,r) = F2(6,r) = f(r) = 1 - % - S H ) = L= = (41)

as their solutions [19]. Here M and G5 stand for the mass of source and the 5D Newton
constant, respectively. As a result, this solution is called the Schwarzschild-Tangherlini-de
Sitter black holes if Ay, > 0, the Schwarzschild-Tangherlini-anti-de Sitter black holes if
Ay <0, and the Schwarzschild-Tangherlini black holes if Ay, =0 [19].

4.2 5D massive bi-gravity

The corresponding action of 5D massive bi-gravity has been given by [17]

Suigmissa = M2 [ dxvoR@) + M} [ ExTRD)
+2m; M2 f d’x \/—_g("uz +asUs + Uy + a/5(L15>, (42)

with U; = L;/2 (i = 2 —5) and therefore Uy, = Uy + azsU3 + asUy + asUs = Ly /2. Asa
result, the corresponding SD Einstein field equations turn out to be [13, 14, 17]

1
M (R,,V<g> - Egﬂvkw)) +myMegH) (g) = 0, 43)

where ng)(g) = X,y + oYy, + asW,,. In addition, the tensors X,,,, Y,,, and W, have been
defined in Egs. (14), (16), and (17), respectively. It is clear that Eq. (43) will become identical
to Eq. (13) if My = 0. Now, for the reference metric, we can derive its field equations to be

1
V-M? (R,w(f) - zf,,vR(f)) + V=gmgMsii)(f) = 0, (44)

where the tensor sl(fv)( f) is given by

S;(lSV)(f) = —(f(w, + {[7(] + 6237/12 + 0’4(113 + a{lh}fw +a {(i(iv - [7(]7%”,,}
- B{K, - (KIKE, + UnKo | - o (UK, — UK, + [KIKS, - K )
= a5 (UK, - UK, + UK, - KK, + K, ) 45)

where the hatted tensors are defined as ‘]A(,,V = K fovs-- ,7A(va = KLIOK] KK for for
convenience. It is clear that Eq. (44) will no longer be algebraic but differential. Hence, it
is not easy to have the constant-like behavior of graviton terms in the context of bi-gravity.
Note, however, that there are two constraint equations due to the Bianchi identities for the
physical and reference metrics in the 5D bi-gravity [13, 14, 17]

[ﬂs(s)(f )} =0, (46)

N

DyH; () = 0; D
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where we use notations D/, and D‘; for the covariant derivatives in the physical and reference
sectors, respectively. Given the metrics shown in Egs. (20), we have been able to define
explicitly components of Eq. (46) to be

9" [0, — 2T} (Y HY | = 6% [Too (oMY + TG, (9)H |
[wﬂf? + 15, HY | - 6% [Th@H) + T (HS |
—g* [Ml@H +Th@H ]| =0, @47
P M@H + Th@HS | + 6% [TL@H + Th@H | =0, @8)
g* D@ HS + Th@H | =0, (49)
f‘l{ar{%s§§> \/":f () <5>} \/\/:ff"(’ [CHs® + T, (NsC)]
\/":f P2 [T + 1258 - ‘/\/:ff” [P (s + 3,58
—%f‘” [Ca(Dsf) +ThH(Ns | =0, (50)
P05 + TH(NsY | + £ DS + Th(Hsy] =0, 1)
TS +Ta(Hsy)] = 0. (52)

Note that the following definition of (Hffv)(g) is given by

93 = o0 () B (90, +5) 4 309 (K )+ 5 3

(53)
7‘{3) = —[0'7(00 (7(22)3 +ﬂ(7(22)2 (37(00 + 7(22) + 361’7(22 (7(00 + 7(22) + 7{00 + 37(221911,

(54)
7‘(2) = —{07(007(11 ((](22)2 +,8(](22 (27(007<11 + (](007(22 + (](1 17(22)

+ a [7(00‘}(11 + 7(22 (27(00 + 27(11 + 7(22)] + 7(00 + 7(11 + 27(22}922, (55)
Hy =+ = Hy), (56)
along with that of sffv) (f) defined as

SE)Z) = (1 - 7(00) [0’5(](11 (7(22>3 + a4 (7(22)2 (37(11 + ‘7(22) + 3&’37(22 (7(11 + 7(22)
+ 7(11 + 37(22]f00, (57)

$9 = (1=%") [asK% (K2) + aa (K22) (3K + K2) + 3asK (K0 + K2)

+ K + 3K | fir, (58)
$9 = (1K) [asKOoK (K2%) + aak (2K00K + KK + K 1K)

s () 29 (K + K1)+ HOGK |+ KO+ K+ 2K e, (59)

S _ O _ 05
Sqq = S33 = 52 (60)
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These Bianchi constraint equations look very complicated to solve. Fortunately, a simple
solution to them can be found to be

fuv =1 =C) gy, (61)

which corresponds to K2 =K' = K% = C, where C is a constant. It is noted that this
solution has been discussed extensively for a number black hole solutions of the 4D massive
bi-gravity, e.g., see Ref. [12]. Consequently, the massive gravitons of the 5D massive bi-
gravity turn out to be an effective cosmological constant. In particular, the corresponding
effective cosmological constant for the physical and reference metrics are defined to be

_ C _ _ _ _ _ _ _
9 _ __—_ 3 2 CAS = 3 2
A= I (0C* +4BC% + 6aC +4); A] = Wi =0y (@5C% + 404 C? + 603C +4),
(62)
respectively. As a result, the value of the constant C can be found from the equation [\g =

(1 = €)*A!, which can be expanded to be

~2(0 = 2B)C* + (0 — 88+ 6a + asM*) C* + 4 (B - 3 + ayM* + 1) C°
+2(3a + 303 M — 4) C + 4 (F* + 1) = 0. (63)

Here M2 = Mz/(sz ) M2 = M2/(m2M2 ), and M? = M2/M2 being additional parame-
ters. Hence the Einstein ﬁeld equatlons (43) and (44) for the physwal and reference sectors
become

1 _
Ru(9) = 59R(@) + Rjgu = 0: Ru() - fWR<f> + A fur =0, (64)

respectively. As a result, Eq. (64) of the physical metric does admit the Schwarzschild-
Tangherlini-(anti)-de Sitter black holes as its solution, whose metric is given by [17, 19]
dr? Aj
= —f(rdf* + Il r2dQ3; Ni(r)= Fi(r)= f(r)=1- ﬁz - ?r Hi(r)=1. (65)
- r

5 Conclusions

We have shown that the Cayley-Hamilton theorem is the effective method to construct any
n—dimensional (n > 4) graviton terms, which vanish identically in any 4D spacetimes but
will not disappear in m—dimensional (i > n) ones. Then, we have proposed to study the 5D
nonlinear massive gravity as well as massive bi-gravity with a full set of graviton terms, i.e.,
L; (i =2-5)[16, 17]. In particular, we have pointed out that the Schwarzschild-Tangherlini-
(anti)-de Sitter black holes do exist in not only the 5D nonlinear massive gravity but also the
5D massive bi-gravity thanks to the constant-like behavior of the massive graviton terms. We
hope that our research could shed more light on higher dimensional massive (bi-)gravity.
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