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Abstract. We will examine the Bianchi Type I universe under the Rainbow
Gravity formalism and calculate various quantities like the dynamical equation
for the energy density and the negative energy density. Finally, we apply the
analysis to a specific Rainbow Gravity model.

1 Introduction

Rainbow Gravity is a phenomenological theory of quantum gravity. It was proposed by
Maguejio and Smolin [1] to solve some puzzles in the cosmological observations like the
threshold anomalies in the ultra high energy cosmic rays and TeV photons. Further studies
have shown that certain Rainbow Gravity models predict a Big Bounce which give plausible
resolution to the problem of Big Bang singularity [2–4].

Recent high-precision cosmological observations indicate anisotropies in the Cosmic Mi-
crowave Background (CMB) [5]. This suggests that the early universe might be anisotropic.
The simplest model to desribe this is the Bianchi Type I model.

In this paper, we will probe the early Bianchi Type I universe under the effect of Rainbow
Gravity model. In the next section, we will give a brief overview of the Rainbow Gravity
model and the Bianchi Type I model. In section 3, we explore the modification of the Bianchi
Type I model under the Rainbow Gravity formalism and obtain the general solution of the
directional Hubble parameters. In section 4, we examine the Big Bounce solution and probe
a specific Rainbow Gravity model [2, 3]. Finally, we end with a conclusion and the possible
future works.

2 Background

2.1 Rainbow Gravity (RG)

Under the RG model, the background spacetime observed by the probe particle depends on
it’s energy. This leads to a modification to the energy dispersion relation given by

E2 f 2(E/Ep) − p2g2(E/Ep) = m2
0, (1)

where E, p and m0 are the energy, momentum and rest mass of the probe particle, respectively.
Here f 2(E/Ep) and g2(E/Ep) are some rainbow functions that depends on the energy E.
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We have expressed the energy by a factor of the Planck’s energy Ep to render the rainbow
functions dimensionless.

The Einstein’s field equations are modified to be

Gµν(E) = 8πG(E)Tµν(E) + gµνΛ(E), (2)

where G(E) and Λ(E) are the modified Newtonian gravitational constant and cosmological
constant, respectively. They can be expressed as λ(E) = h2

1(E)Λ0 and G(E) = h2
2(E)G0,

where G0 and Λ0 are the conventional Newtonian gravitational and cosmological constants,
respectively. Again, h2

1(E) and h2
2(E) are some rainbow functions. In the low energy limit

(E � 1), the rainbow functions f 2, g2, h2
1 and h2

2 become unity.

2.2 Bianchi Type I (BI) universe

The BI model describes a spatially flat homogeneous and anisotropic universe. The line
element is given by ds2 = −dt2 + a2

1(t)dx2
1 + a2

2(t)dx2
2 + a2

3(t)dx2
3 where ai’s are the time

dependent scale factors. The standard BI Friedmann-Robertson-Walker (FRW) equations are
given by

H1H2 + H2H3 + H3H1 = 8πG0ρ + Λ0, (3)

Ḣi + Ḣ j + H2
i + H2

j + HiH j = −8πG0P + Λ0. (4)

Here i, j = 1, 2, 3 and i , j. ρ and P are the energy density and the pressure of perfect fluids,
respectively. We have defined the directional Hubble parameters as Hi = ȧi/ai.

3 Modified Bianchi Type I universe under the Rainbow Gravity
formalism

The line element for a spatially flat homogeneous and anisotropic universe under the RG
formalism is given by

ds2 = −
1

f 2(E)
dt2 +

∑
i=1,2,3

a2
i (t)

g2(E)
dx2

i . (5)

We define F = ḟ / f and ai,e = ai/g. The Hubble parameter can be rewritten as Hi,e = ȧi,e/ai,e.
The Rainbow BI FRW equations become

H1,eH2,e + H2,eH3,e + H3,eH1,e =
8πh2

2

f 2 G0ρ +
h2

1

f 2 Λ0, (6)

Ḣi,e + Ḣ j,e + H2
i,e + H2

j,e + F
(
Hi,e + H j,e

)
= −

8πh2
2

f 2 G0P +
h2

1

f 2 Λ0, (7)

where i, j = 1, 2, 3 and i , j.
The general solution of the directional Hubble parameter Hi,e is given by

Hi,e(t) =
1
µ(t)

Ki +

∫
µ(t)

4πh2
2G0(ρ − P)

f 2 +
h2

1Λ0

f 2

dt
 (8)

where µ = exp
[∫ t

t0
(3He(t′) + F (t′)) dt′

]
. Here Ki’s are the integration constants. We can see

that the Ki’s are the origin of the anisotropy. They are constraint by K1 + K2 + K3 = 0. Note
that He =

(
H1,e + H2,3 + H3,e

)
/3.
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The Bianchi Identity gives a modified local energy conservation as follows

ρ̇ +
∑

i=1,2,3

Hi,e(ρ + P) = −
ḣ1h1Λ0

8πh2
2G0
−

2ḣ2h2

h2
2

ρ. (9)

Note that certain cosmological models has the relation − ḣ1h1Λ0

8πh2
2G0
−

2ḣ2h2
h2

2
ρ = 0. These models

satisfy both the Bianchi Identity and the energy conservation.
By substituting the general solution (8) into the Shear Scalar σ2 = 3

2
∑

i=1,2,3

(
H2

i,e − H2
e

)
,

we obtain the dynamical equation for ρ. It is given by

1
24πG0(1 + ω)2

1 + ρΛ

∂ρ(h2
1)

h2
1

+
∂(h2

2)

h2
2

ρ

2 (
ρ̇

ρ

)2

= (10)

h2
2ρ + h2

1ρΛ

F 2 + K2
0

 f 2
0

f 2

 ( ρρ0

)  h2
2

h2
2,0

 exp
ρΛ

∫
∂ρ(h2

1)

h2
2ρ

dρ
2/(1+ω)

,

where the vacuum energy is ρΛ = (Λ0)/(8πG0) and K0 = −(K1K2 + K2K3 + K3K1)/(8πG0).
The subscripts “0” in hi’s, f ’s and ρ’s are at time t = t0.

4 Big Bounce Solution

We assume there exist a bounded maximum ρmax (at the Big Bounce) and let ρ0 = ρmax. That
is the universe contracts until it reaches the threshold ρmax and bounce back (the collapse to
the singularity is avoided). The bounded maximum ρmax exist at ρ̇ = 0. At t = t0, Eq. (10)
becomes

h2
2,0ρ0 + h2

1,0ρΛ

f 2
0

+ K2
0 = 0. (11)

The negative vacuum energy density ρΛ is then

ρΛ = −

h2
2,0

h2
1,0

ρ0 +
f 2
0

h2
1,0

K2
0

 . (12)

Now, we consider a specific RG model [2, 3] given by

f 2 =
1

1 − λρ
, h2

1 = 1 + λρ , h2
2 = 1 − λρ, (13)

where λ is some parameter. The negative vacuum energy density and the integration constant
are given by

ρΛ = −
1 − λ
λ

and K2
0 =

(1 − λ)2

λ
, (14)

respectively.
The following shows the plot of ρ against time where we let 0 < λ < 1 and ω = 1/3 for

radiation dominated universe. It shows that small λ (higher |ρΛ| and K2
0 ) will cause ρ to decay

faster (faster volume expansion).
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Figure 1: Plot of ρ against time.

Next we plot ρ̇ against ρ with the same parameters as in the previous plot.

Figure 2: Plot of ρ̇ against ρ.

Here ρ̇ diverges at ρ = 0.5. This is due to the modified energy conservation. It shows
that right after the Big Bounce, the radiation particles will observe a “pseudo-contracting”
universe. It could be explained by the plausible scenario that the universe’s expansion rate at
the beginning is less than the speed of light.

5 Conclusion

We have examined the BI universe under the RG formalism and obtained the modified FRW
equations. We also derived the dynamical equation for the energy density and the negative
energy density needed to satisfy the Big Bounce. Finally, for a specific Rainbow model, we
have shown that the large anisotropy cause the energy density to decay faster and there exist a
“pseudo-contracting” universe after the Big Bounce. For future work, we can compare other
Rainbow Gravity models and attempt to fit them with current observations.
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