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Abstract. We review and attempt to constrain the ΛCDM and XCDM mod-
els using 26 Hubble parameter against redshift data points from [1], [2], [3], [4]
and [5]. Also known as the cosmic chronometers approach, these constraints are
now almost as restrictive as or less than those from Type 1a Supernova (SN1a)
apparent magnitude versus redshift data [6]. Then, we attempt to constrain the
Holographic Dark Energy model [7] using the aforementioned 26 H(z) mea-
surement. Although interesting, errors for the H(z) could be less well estimated
as it is a relatively new measure relative to SN1a data, which has been studied
for a much longer time.

1 Main Objectives

In this research, we attempt to test the ΛCDM, XCDM, and Holographic Dark Energy models
with the Hubble parameter measurement using a modified χ2 test to ascertain which of the
three above best matches the observational data. This modified χ2 test involves the use of a
posterior likelihood function to remove any dependence on the nuisance parameters.

2 ΛCDM Model

The standard model of cosmology is the spatially-flat ΛCDM model [8]. Roughly 73% of
the energy budget in this model is dark energy, represented by Λ, more famously known as
Einstein’s cosmological constant. Cold Dark Matter (CDM) makes up of majority of the
remaining energy budget. The rest is made up of non-relativistic baryonic matter. The dark
energy density is constant in time and space.

Even though most predictions made from the ΛCDM model align reasonably with exper-
iments, there are some inconsistencies, such as the coincidence puzzle. In this model,

H2(z) = H0
2[Ωm0(1 + z)3 + ΩΛ + (1 −Ωm0 −ΩΛ)(1 + z)2]. (1)
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3 XCDM Model

We use a parametrization, known as XCDM, to describe slowly changing dark energy den-
sity, decreasing for quintessence, increasing for phantom energy. In XCDM, dark energy
is modeled as a spatially homogeneous X-fluid with an equation of state pX = wXρX . The
parameter wX < − 1

3 is independent of time. pX and ρX are the pressure and energy density
of the X-fluid. When wX = −1, the XCDM model reduces to the ΛCDM model. However,
the XCDM model is incomplete as it is unable to describe spatial inhomogeneties [9]. For
computational simplicity, we assume a spatially flat XCDM model. In this model,

ρX ∝ a−3(1+ωX ), (2)

H2(z) = H0
2[Ωm0(1 + z)3 + (1 −Ωm0)(1 + z)3(1+ωX )]. (3)

4 Holographic Dark Energy

This model arises from a theoretical attempt of applying the holographic principle to dark
energy [7]. As the holographic principle originates from string theory, it is hoped that the suc-
cessful application of the holographic principle to dark energy would translate into quantum
gravity, thus allowing for further unification in physics. Basically, the holographic principle
proposes that any information regarding an N dimensional volume can be encoded on the
surface of N−1 dimenions on its boundary [10]. For example, all information regarding a 3D
sphere can be gleaned from just studying its 2D surface. As recent observations have shown
that the universe is flat, we consider only a flat Universe when constraining dark energy with
the Holographic model. In this model

H2(z) = H2
0[Ωde0X(z) + (1 −Ωde0)(1 + z)3], (4)
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5 χ2 Test

Using the χ2 test, we attempt to constrain the various aforementioned models;

χ2
H(H0, p) =

26∑
i=1

[Hth(zi; H0,p) − Hobs(zi)]2

σi
2 (8)

where Hth(zi; H0,p) is the theoretical value of the Hubble parameter predicted by the model
and Hobs(zi) is the observed value of the Hubble parameter. To remove the nuisance parameter
H0, we assume H0 has a Gaussian distribution with one standard deviation σH0 and mean H̄0.
We then marginalize over H0 with a posterior likelihood function LH(p) that only depends
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on the model parameters, p, by integrating the product of e−χ
2
H/2 and the H0 prior likelihood

function e−(H0−H̄0)2/2σ2
H0 [11]. We define
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2 , (9)

er f (x) =
2
√
π

∫ x

0
e−t2

dt (10)

where E = Hth/H0. Thus, the integral can be expressed in terms of the error function (erf),
as follows:

LH(p) =
1
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)]
. (11)

6 χ2 Contours

After applying the above equations and methods, we arrive at the results presented below.

Figure 1. Constraint contours for the ΛCDM (left), XCDM (middle), Holographic model (right) for
H0 = 68.0 ± 2.0kms−1, from H(z) data.

7 Conclusions

We are able to conclude that the cosmic chronometers is a very robust method of constraining
dark energy. It gives very consistent constraints with prediction of spatially flat cosmological
model with an energy budget dominated by a time independent cosmological constant, the
standard ΛCDM model, which has become tighter with the addition of newer, later data
points. However, one must note that we arrive at similar χ2 values for all 3 models, meaning
that we are unable to conclusively state which model is the best. After some exploration into
whether conformal gravity is compatible with the Holographic model, we have found it to be
incompatible due to the formation of singularities.
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Future Works

Data fitting using the Hubble parameter measurement is fundamentally different due to it
being cosmology independent and its differential nature, and a combined constraint with other
methods could prove fruitful. Other papers such as [6], [2] and [3] have done the combined
constraints for the ΛCDM, XCDM and φCDM models. However, a combined constraint for
the Holographic model mentioned here has yet to be done. Even though the χ2 values for all 3
models that we tested are similar and there is a clear incompatibility with conformal gravity,
Holographic Dark Energy remains a strong and unique contender to resolve the dark energy
problem.

We thank Lim Yen Kheng for useful discussions.
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