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Abstract. As the energy of an incident neutrino cannot be accessed experimen-
tally, muon neutrino energy spectra have to be inferred from energy-dependent
observables, using deconvolution algorithms. This paper discusses the chal-
lenges associated with the application of deconvolution algorithms and presents
two examples of spectral measurements obtained using the IceCube neutrino
telescope in the 59- and 79-string configuration.

1 Neutrino Energy Spectra and Challenges in Deconvolution

In IceCube muon-neutrinos are not detected directly, but via secondary muons produced
in charged-current (CC) interactions of the incident neutrino with nuclei in the ice or the
bedrock. The neutrino energy spectrum dN/dEν is therefore experimentally inaccessible and
has to be inferred using the energy spectrum of secondary muons dNµ/dEµ. The production
of a muon of energy Eµ from an incident neutrino of energy Eν is a stochastical process and
its chance probability is given as dP(Eν)/dEµ, which also contains details on the neutrino-
nucleon interaction. dNµ/dEµ and dNν/dEν are connected by the following equation [1],
which mathematically corresponds to a Fredholm integral equation of the first kind:

dNµ
dEµ
=

∫ ∞
Eµ

(
dNν
dEν

) (
dP(Eν)

dEµ

)
dEν. (1)

The energy of the muon, however, cannot be accessed experimentally either, but has to be
obtained either from energy-dependent observables, like the number of detected photons or
length of the track or from the estimated energy of the muon. The finite resolution of these
quantities, with respect to the muon energy and the limited acceptance of the detector further
complicate the problem. Muons of the exact same energy, may create significantly different
signatures in the detector, depending on whether they, for example, cut the detector close to
a corner or traverse the entire instrumented volume. The νµ energy spectrum therefore has to
be obtained via a deconvolution procedure.

The overall spectrum of νµ is expected to be a superposition of three components. The
first component are so-called conventional atmospheric neutrinos, originating from the decay
of pions and kaons produced in cosmic ray airshowers. Due to the relatively long lifetime
of pions and kaons τ ≈ 10−8 s [2], the spectrum of conventional atmospheric neutrinos is
approximately one power steeper than the cosmic ray energy spectrum (dNconv/dEν ≈ E−3.7).
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(a) Correlation of the number of photons with
small time residuals with the energy of the
neutrino.
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(b) Correlation of the reconstructed muon en-
ergy with the energy of the neutrino.

Figure 1. Correlation of the input variables with the true energy of the neutrino for the IC-79 
analysis.

The second component are prompt atmospheric neutrinos, from the decay of charmed par-
ticles. Due to their short lifetime τ ≈ 10−12 s [2], prompt atmospheric neutrinos inherit the
cosmic ray spectrum more directly and the resulting flux is dNprompt/dEν ≈ E−2.7. Although
prompt atmospheric neutrinos are expected theoretically, they have not yet been detected
experimentally. The third component arises from a diffuse flux of high energy astrophysi-
cal neutrinos (see for example [3]). For the simplest assumption of Fermi-acceleration, the
energy spectrum of astrophysical neutrinos is expected to be dNastro/dEν ≈ E−2.0. A contri-
bution of astrophysical neutrinos to the overall spectrum of νµ is therefore expected to cause a
flattening of the spectrum at high energies. Atmospheric muons are a significant background
in neutrino searches and need to be efficiently rejected.

2 Deconvolution Algorithms

As it is usually sufficient to obtain the νµ energy spectrum in a discretized form, deconvolution
algorithms generally do not aim at directly solving (1). Instead, they are preceded by a
discretizing operation, which transforms (1) into a matrix equation of the form

�f (E) = A(E, y)�g(y), (2)

where �f (E) is the sought after energy spectrum and �g(y) represents the distribution of an
energy-dependent observable. A(E, y) is the so-called response matrix, generally obtained
from simulated events. In addition to the physics of neutrino-nucleon interaction, A(E, y) also
contains all other effects, such as the propagation of secondary muons through the detection
medium and all smearing introduced by the detector itself. Solving (2) is not straight-forward
as small eigenvalues in the inverse or pseudoinverse A−1 will lead to oscillating non-physical
contributions to �f (E) (see for example [4]).

Several algorithms for solving (2) exist, Iterative Bayesian Unfolding (IBU) [5, 6], Sin-
gular Value Decomposition (SVD) [4] and TRUEE [7] being the most common ones. SVD
and IBU are also part of the RooUnfold package [8], available for the ROOT [9] data analysis
framework. While IBU is based on Bayes’ theorem, SVD obtains the inverse A−1 via a factor-
ization of the form A = US VT and the subsequent suppression of small eigenvalues (see [4]
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energy spectrum of astrophysical neutrinos is expected to be dNastro/dEν ≈ E−2.0. A contri-
bution of astrophysical neutrinos to the overall spectrum of νµ is therefore expected to cause a
flattening of the spectrum at high energies. Atmospheric muons are a significant background
in neutrino searches and need to be efficiently rejected.

2 Deconvolution Algorithms

As it is usually sufficient to obtain the νµ energy spectrum in a discretized form, deconvolution
algorithms generally do not aim at directly solving (1). Instead, they are preceded by a
discretizing operation, which transforms (1) into a matrix equation of the form
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where �f (E) is the sought after energy spectrum and �g(y) represents the distribution of an
energy-dependent observable. A(E, y) is the so-called response matrix, generally obtained
from simulated events. In addition to the physics of neutrino-nucleon interaction, A(E, y) also
contains all other effects, such as the propagation of secondary muons through the detection
medium and all smearing introduced by the detector itself. Solving (2) is not straight-forward
as small eigenvalues in the inverse or pseudoinverse A−1 will lead to oscillating non-physical
contributions to �f (E) (see for example [4]).

Several algorithms for solving (2) exist, Iterative Bayesian Unfolding (IBU) [5, 6], Sin-
gular Value Decomposition (SVD) [4] and TRUEE [7] being the most common ones. SVD
and IBU are also part of the RooUnfold package [8], available for the ROOT [9] data analysis
framework. While IBU is based on Bayes’ theorem, SVD obtains the inverse A−1 via a factor-
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Figure 2. Deconvolution results obtained for IceCube in the 59- (orange) and 79-string con-
figuration (black), compared to an IceCube parameter fit (blue). Energy spectra obtained by
ANTARES (red) and AMANDA (green) complete the picture.

for details). TRUEE is based on the RUN-algorithm [10] and uses a maximum likelihood
method.

The overall success of a deconvolution depends on the selection of appropriate input vari-
ables. These input variables should be well correlated with the energy of the incident neutrino
over the entire energy range. Two of the three input variables (the number of photons with
small time residuals and the reconstructed energy of the muon) are shown in Fig. 1 In ad-
dition to suitable input variables, a deconvolution requires a highly pure sample of neutrino
candidates to prevent muons prevent high energy bins (small statistics) from the contamina-
tion with atmospheric muons, which might alter the physical interpretation of this particular
region of the spectrum. This is due to the steeply falling spectrum of conventional atmo-
spheric neutrinos, which implies that even a small number of atmospheric muons, passing
the event selection may mimic the contribution of an additional component to the spectrum
at high energies.

3 Selected Deconvolution Results

Recent νµ energy spectra were obtained using IceCube in the 59- [11] and 79-string [12] con-
figuration of the detector. The results are depicted in Fig. 2 and compared to results from
ANTARES [13] and AMANDA [14] as well as an IceCube parameter fit [15]. For the data
obtained with IC-79 a flattening of the spectrum is observed for neutrino energies exceeding
Eν = 105 GeV. This flattening was found to be consistent with an additional component to
the overall flux of neutrinos, which can be attributed to a diffuse flux of high energy neutrinos
from astrophysical sources. For IC-59 no such flattening of the spectrum could be observed
due to the smaller statistics in the neutrino candidate sample and the larger systematic uncer-
tainties. Furthermore, the IC-79 result extends energy range of the muon neutrino spectrum
measured by IceCubce by more than a factor of three, compared to IC-59.

The results for IC-59 and IC-79 were obtained using the TRUEE algorithm. For IC-59 the
length of the track insided the detector, the number of unscattered photons and the number
of responding DOMs were used as input variables. For IC-79 the number of hit DOMs was
replaced by the reconstructed energy of the muons. In both cases, none of the input variables
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was found to have the best correlation with the energy of the neutrino. It was, however,
found that the most accurate unfolding result could be obtained using these combinations of
variables. For the IC-79 analysis, the correlation of the input variables with the true neutrino
energy is depicted in Fig. 1. One finds that all three input variables are reasonably well
correlated with the energy of the incident neutrino. In both analyses a high purity sample of
neutrinos was obtained using a dedicated event selection chain (see [11] and [12] for details).

4 Discussion and Outlook

Although the reconstruction of νµ energy spectra using data from neutrino telescopes is gen-
erally rather challenging, due to the large smearing, accurate results are routinely achieved.
Especially in the high energy region, the results are, however, still limited by small statistics,
which leads to relatively large statistical uncertainties. This limitation can be overcome in
the near future by utilizing multiple years of data taken with IceCube in the final 86-string
configuration.

Although the energy spectra obtained in a deconvolution are generally rather precise,
the information on individual events is lost during deconvolution. The deconvolution algo-
rithms discussed in Sec. 2, therefore, do not allow the user to investigate which event con-
tributed to what energy bin and how much. The Dortmund Spectrum Estimation Algorithm
(DSEA) [16], which is based on machine learning techniques poses a promising alternative
for overcoming this limitation in the future.
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