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Abstract. We review the phenomenology of relativistic nuclear collisions in the light of ultra-high energy
cosmic ray physics. A novel phase of quantum chromodynamics called quark-gluon plasma is expected to
appear in nuclear collisions at high energies. The produced hot matter is found to be well-described as a
relativistic fluid with small viscosity. We show that the transport coefficient can be quantitatively extracted by
comparing theoretical estimations of viscous hydrodynamic models to experimental data.

1 Introduction

The physics of relativistic nuclear collisions and that of
ultra-high energy cosmic ray (UHECR) events share a
common ground since the former has its roots in the study
of multi-particle production introduced in the context of
cosmic ray analyses [1]. Experimental nucleus-nucleus
collisions were first achieved at Bevalac in Lawrence
Berkeley National Laboratory in 1971. Following con-
struction of upgraded facilities, the beam energy has been
increased by orders of magnitude since then; the top
center-of-mass energy of proton-proton collisions at the
CERN Large Hadron Collider (LHC) is now

√
s = 13 TeV.

While this is still lower than the typical energy scale of
UHECR, which is about

√
s = 300 TeV, we have in col-

lider experiments the unique opportunity to perform de-
tailed analyses of the nuclear collision events under a con-
trolled environment.

An interesting observation arise by comparing proton-
proton and heavy ion – such as gold (Au) or lead (Pb) nu-
clei – collisions. The BNL Relativistic Heavy Ion Collider
(RHIC) was the first to observe clear evidences of the cre-
ation of quark-gluon plasma (QGP) in Au-Au collisions at√

sNN = 200 GeV [2–5]. The QGP is a high-temperature
phase of quantum chromodynamics (QCD) where quarks
and gluons are deconfined from hadrons above 2 trillion
degrees [6]. It has been now shown at RHIC and LHC
that the QGP can be realized over various energies. The
presence of the hot QCD medium has been considered to
make heavy ion collisions qualitatively different from the
naïve scaling of proton-proton collisions. Recent exper-
imental results also suggest that a hot medium could be
produced in the collisions of lighter nuclei at top beam
energies. This implies that the insight obtained though
QCD collider experiments is also relevant to the analyses
of UHECR, where light nuclei collide at very high ener-
gies.
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One evidence for the existence of the quark fluid is the
large elliptic flow [7, 8] observed in off-central collisions.
Elliptic flow can be understood as the second harmonics
v2 of the Fourier series expansion of azimuthal momentum
distribution, which denotes the momentum anisotropy of
the particle yield in transverse directions, as defined in

dN
dφ
=

N
2π

[1 + 2vn cos(nφ − nψn)], (1)

where N is the particle number, φ is the azimuthal mo-
mentum angle and ψn is the participant plane of the n-
th harmonics in which the sine component is embedded.
Odd-order flow harmonics, such as triangular flow v3, is
also non-vanishing when the initial geometry is fluctuat-
ing. The heavy ion systems have little initial momentum
anisotropy but it can be transferred from spatial anisotropy
of the overlapping region of colliding nuclei if there is a
medium and if it is strongly coupled. It is found in the
experiments that the observed elliptic flow is large and it
strongly reflects the spatial anisotropy. The data show an
excellent agreement with the nearly-perfect fluid picture,
which indicates that the QGP is strongly coupled and lo-
cally thermalized. This implies that one can use a rela-
tivistic hydrodynamic model for the effective description
of the dynamical evolution of non-perturbative QCD sys-
tems. Low momentum hadrons below pT ∼ 2 GeV are
understood to be produced mostly by the hot medium and
by the decay processes of massive hadrons. Here pT de-
notes the transverse momentum.

The application of relativistic hydrodynamics to the
nuclear collision events dates back to the Landau model
[9] albeit in the context of proton-proton collisions. The
full-stopping picture of the model is later improved with
the transparent picture by Bjorken [10]. In the most
state-of-art hydrodynamic modeling for heavy ion col-
lisions, the system is understood to go through several
stages (Fig. 1). The colliding nuclei at relativistic ener-
gies are considered to be dominated by saturated gluons
called color glass condensate [11, 12]. After the colli-
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Figure 1. Schematic of the space-time evolution of a high-energy heavy ion collision.

sion, the system reaches local thermal equilibrium in less
than 1 fm/c and starts to behave as a fluid with extremely
small viscosity. The exact mechanism of the early ther-
malization is not fully understood, but it speculated that
longitudinal color electric and magnetic fields are formed
during the process [13]. This stage is often referred to
as “glasma”, which is a combination of the terms “glass”
and “plasma”. The hydrodynamic evolution remains valid
until about 10 fm/c before the system cools down and
hadrons decouple from thermal equilibrium. This is called
freeze-out [14], which can be regarded as the “clear-up” of
the heavy ion system in terms of strong interaction. The
system then is described as a weakly-interacting hadronic
gas until the particles reach detectors. The transport and
decay processes can be described using hadronic cascade
models.

2 Relativistic hydrodynamics and
transport coefficients

Relativistic hydrodynamic equations of motion are given
by energy-momentum and net baryon number conserva-
tion laws ∂µT µν = 0 and ∂µN

µ
B = 0 in inviscid systems.

The energy-momentum tensor and the net baryon number
current can be decomposed in terms of the hydrodynamic
flow uµ as

T µν = (ε + P)uµuν − Pgµν, (2)
NµB = nBuµ, (3)

where ε is the energy density, P is the hydrostatic pressure
and nB is the net baryon number. gµν is the mostly-minus
Minkowski metric. The physical properties of the fluid is
characterized by the equation of state P = P(ε, nB), which
is a static relation between thermodynamic variables. nB

is typically small at high-energy nuclear collisions near
the center of the medium since most particles are created
through pair productions and thus the quantity is some-
times neglected in numerical estimations.

Off-equilibrium corrections, on the other hand, are en-
coded in viscosity in hydrodynamic systems. The consti-
tutive relations among the additional macroscopic quanti-
ties are derived from the second law of thermodynamics
[15]. The off-equilibrium energy-momentum tensor and
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Figure 2. Schematic of the thermodynamic forces for the shear
viscosity and the bulk viscosity.

net baryon number current are

T µν = (ε + P + Π)uµuν − (P + Π)gµν + πµν, (4)
NµB = nBuµ + VµB, (5)

and the minimalistic constitutive equations for the dissipa-
tive currents can be expressed as

πµν = 2η∂〈µuν〉 − τπuρ∂ρπ〈µν〉, (6)
Π = −ζ∂µuµ − τΠuµ∂µΠ, (7)

where πµν is the shear stress tensor and Π is the bulk pres-
sure. Here the flow is defined in Landau frame where it
is in the direction of the energy flux. Baryon diffusion VµB
[16, 17] is assumed to be vanishing for simplicity. The
corrections to the energy density and the baryon number
density can also be kept finite [18]. The angle brackets
on indices denote traceless symmetrization. The medium
properties are characterized by transport coefficients; η is
the shear viscosity, ζ is the bulk viscosity, τπ and τΠ are
the relaxation times introduced in relativistic formulation
of hydrodynamics for preserving causality and stability.
More non-linear terms are present in a complete relativis-
tic formulation of viscous hydrodynamics, which is later
discussed. One can see in the linear response regime that
the shear viscosity is the response to medium deformation
and the bulk viscosity is the response to volume change
(Fig. 2). The shear viscosity provides larger contribution
because the bulk viscosity is small except around the QCD
crossover region where the conformal condition is explic-
itly broken T µµ � 0.

The equation of state can be estimated at the van-
ishing density using the first principle approach with the
advent of lattice QCD techniques [19, 20]. The quark-
hadron transition of (2+1)-flavor QCD is now known to
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properties are characterized by transport coefficients; η is
the shear viscosity, ζ is the bulk viscosity, τπ and τΠ are
the relaxation times introduced in relativistic formulation
of hydrodynamics for preserving causality and stability.
More non-linear terms are present in a complete relativis-
tic formulation of viscous hydrodynamics, which is later
discussed. One can see in the linear response regime that
the shear viscosity is the response to medium deformation
and the bulk viscosity is the response to volume change
(Fig. 2). The shear viscosity provides larger contribution
because the bulk viscosity is small except around the QCD
crossover region where the conformal condition is explic-
itly broken T µµ � 0.

The equation of state can be estimated at the van-
ishing density using the first principle approach with the
advent of lattice QCD techniques [19, 20]. The quark-
hadron transition of (2+1)-flavor QCD is now known to

be crossover-type. At finite density, on the other hand, it
cannot be calculated owing to the fermion sign problem.
The model estimation based on chiral perturbation the-
ory suggests that the crossover transition becomes a first-
order phase transition at some finite density, implying the
existence of a critical point. This is now being actively
searched theoretically and experimentally.

Transport coefficients cannot be directly calculated
from QCD in the strongly coupled regime. One approach
to strong-coupling field theories was proposed in the con-
text of string theory; Anti-de Sitter/conformal field theory
(AdS/CFT) correspondence conjectures that the 5 dimen-
sional AdS black hole is dual to the 4 dimensional N = 4
super Yang-Mills theory [21]. This allows one to cal-
culate the shear viscosity and the universal lower bound
η/s = 1/4π was proposed [22]. Here s is the entropy den-
sity. The value is found to be smaller than the viscosity of
known matter, and this naturally attracted attention of the
heavy ion community in regards to its application to QCD
physics since the heavy ion collision system is experimen-
tally suggested to be a nearly-perfect fluid. Many studies
assume that η/s of QCD is constant based on the AdS/CFT
conjecture, but there remains large uncertainty since QCD
is not a conformal field theory. It is thus quite important
to extract the temperature dependence of the QCD trans-
port coefficients from experimental data quantitatively by
comparing them to theoretical estimations.

3 Numerical analyses of heavy ion
collisions

We show that the shear viscosity can be constrained from
experimental data using a relativistic hydrodynamic model
for heavy ion collisions as done by Denicol, Monnai and
Schenke [23]. Comparison between the experimental data
and the results of numerical simulation with model viscous
coefficients allows one to indirectly extract the information
of QCD transport coefficients from the data of relativistic
nuclear collisions. A state-of-art relativistic viscous hy-
drodynamic equations [24, 25] are solved using a (3+1)-
dimensional numerical hydrodynamic model [26].

An observable sensitive to the viscosity is elliptic flow
v2 because viscous correction is the deviation from local
thermal equilibrium. v2 quantifies how strongly the sys-
tem is coupled, i.e., how close the system is to local equi-
librium. Shear viscous corrections are known to make
the azimuthal momentum anisotropy smaller, reducing v2.
To investigate the temperature dependence of the transport
coefficient, the rapidity dependence of elliptic flow is used.
Here the rapidity is a measure of the longitudinal momen-
tum pz defined as

y =
1
2

log
E + pz

E − pz
. (8)

The QCD medium is typically hot near the central region
and becomes colder towards the peripheral regions in the
space-time coordinates, and this is reflected in momentum
space. Thus, the transport coefficients at higher tempera-
ture is expected to be probed in mid-rapidity regions and

that at lower temperature is in forward rapidity regions,
given that one knows the temperature dependence of the
equation of state.

One needs precise initial conditions that reflect the ge-
ometrical properties of heavy ion collisions. One conven-
tional choice for the transverse coordinate space distribu-
tions is given by the Glauber model. In the Monte-Carlo
version of the model, nucleons are distributed according to
a Woods-Saxon function. Sub-collisions of nucleons are
assumed when the distance between two nucleons from
different nuclei is smaller than

√
σnn/π where σnn is the

inelastic nucleon-nucleon cross section.
The longitudinal profile of the initial condition is re-

quired to estimate the rapidity distribution. The Glauber-
Lexus model [27] is a full three-dimensional model con-
structed by combining the aforementioned model to the
Lexus picture [28]. Valence quarks are considered instead
of nucleons to take account of the nucleon structure. Va-
lence quark parton distribution functions are used for con-
structing initial parton rapidity distribution. For each sub-
collision, longitudinal momentum is exchanged via the
probability

Q(y − yT , yP − yT , y − yP) = λ
cosh(y − yT )
sinh(yP − yT )

+ (1 − λ)δ(y − yP), (9)

where yP is the rapidity of the projectile parton before the
sub-collision, yT is the rapidity of the target parton and λ
is the parameter controlling the stopping power. This is
a most straight-forward extension of the two-dimensional
Monte-Carlo Glauber model.

The equation of state is based on lattice QCD calcula-
tions. Although the net baryon number has little effect in
high-energy collisions as mentioned earlier, they can still
be introduced to the model for theoretical completeness.
The equation of state at finite density is constructed [27]
by matching the Taylor expansion results of lattice QCD
[19, 29] to the hadron resonance gas model, which exhibits
excellent agreement with the lattice QCD estimations at
vanishing density, as

P
T 4 =

1
2

[
1 − tanh

(T − Tc(µB)
∆T

)]PHRS(T, µB)
T 4

+
1
2

[
1 + tanh

(T − Tc(µB)
∆T

)]Plat(Ts, µB)
T 4

s
. (10)

Here the connecting temperature is Tc(µB) = 0.166 GeV−
0.4 × (0.139 GeV−1µ2

B + 0.053 GeV−3µ4
B). This is moti-

vated by the chemical freeze-out curvature [30]. The con-
necting width is ∆T = 0.1 × Tc(0). The temperature shift
Ts = T +0.4×[Tc(0)−Tc(µB)] is introduced to ensure ther-
modynamic consistency at large µB. It has limited effect in
the current analyses since µB is small. This approach en-
sures that the energy-momentum and net baryon number
are conserved when fluids are converted into hadrons us-
ing relativistic kinetic theory [14] at thermal freeze-out.
The criterion for the freeze-out here is the energy density
of 0.1 GeV/fm3.

Several parameterizations are prepared for the model
of the shear viscosity. The entropy density is replaced by
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Figure 3. Parameterizations of the shear viscous coefficient. The
figure is from Ref. [23].

the enthalpy over temperature at finite density:

(ηT/(ε + P))(T ) = (ηT/(ε + P))min

+ a × (Tc − T )θ(Tc − T )
+ b × (T − Tc)θ(T − Tc), (11)

where a and b are parameters. The functional form has a
minimum around Tc for positive values of a and b. This
behavior [31] is partly motivated by the fact that pertur-
bative QCD calculations indicate that it rises in the QGP
phase [32] and that chiral perturbation theory implies that
it decreases in the hadronic phase [33]. ηT/(ε + P) as a
function of the temperature for several choices of the pa-
rameters are plotted in Fig. 3: (ηT/(ε + P))min = 0.04 with
(a, b) = (0, 10), (10, 0) and (10, 2), and (ηT/(ε + P))min =

0.12 with (a, b) = (0, 0). Since the focus is on the shear
viscosity, the bulk viscosity is simply parametrized as in
Ref [34]. Variation of the bulk viscosity can be found,
for example, in Ref. [35]. The relaxation times and other
higher-order transport coefficients are estimated using the
Boltzmann equation in the conformal limit.

For numerical estimations, Au-Au collisions at√
sNN = 200 GeV are considered. Here the pseudo-

rapidity

ηp =
1
2

log
|p| + pz

|p| − pz
, (12)

is defined for comparison to experimental data. The quan-
tity reduces to the rapidity in the massless limit and does
not require particle identification. The centrality is defined
as the groups of events per multiplicity ordered from the
most central to peripheral collisions. The initial conditions
are tuned to reproduce the charged particle rapidity distri-
bution for each parameter set of the shear viscosity.

The pseudo-rapidity dependence of the elliptic flow v2
of charged hadrons are plotted with PHOBOS data [36, 37]
for 0-40% centrality events in Fig. 4. The flow harmonics
vn(ηp) here is calculated using the event average

vn{2}(ηp) =
〈vnvn(ηp) cos[n(ψn − ψn(ηp))]〉√

〈v2n〉
. (13)

One can see that large hadronic viscosity and small QGP
viscosity are favored by the experimental data. The one

�
����
����
����
����
����
����
����
����
����

�� �� �� � � � �

����� ������ �����
�� � ���� ���

� �

��

������ �����
������������������ ��� ����
������������������ ��� ���
������������������ ���� ���
������������������ ���� ���

Figure 4. The elliptic flow v2 as a function of the pseudo-rapidity.
The data is from the PHOBOS [36, 37]. The figure is from
Ref. [23].

�
�����
����
�����
����
�����
����
�����
����

�� �� �� � � � �

����� ������ ������
�� � ���� ���

� �

��

���� ���
������ � ����������� ��� ���������� � ����������� ��� ��������� � ����������� ���� ��������� � ����������� ���� ���

Figure 5. The triangular flow v3 as a function of the pseudo-
rapidity. The data is from the STAR [39]. The figure is from
Ref. [38].

with large hadronic viscosity (a = 0, b = 10) and the con-
stant viscosity (a = b = 0) do not describe the data at for-
ward rapidity well. The quick drop of v2(ηp) in the large
ηp region is induced in the large hadronic viscosity sce-
narios because of the increased shear viscous correction
in colder regions. It should be noted that the minimum
value of shear viscosity near Tc, (ηT/(ε + P))min = 0.04, is
much smaller than that of the AdS/CFT conjecture η/s =
1/4π ∼ 0.08. Here the finite density effect is small, i.e.,
(ε + P)/T can be replaced with s at the collision energy
of interest. The result implies that one should be careful
about the applicability of the AdS/CFT correspondence to
QCD systems.

One can also calculate the triangular flow v3(ηp),
which is the third flow harmonics [38]. The quantity is
non-vanishing for event-by-event simulations of hydrody-
namics because of the initial fluctuations in the geometry.
The pseudo-rapidity dependence of v3 is shown in Fig. 5
for 10-20% centrality events. The STAR data is plotted
for comparison [39]. There are few data at forward ra-
pidity for the triangular flow, but the numerical result is
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with large hadronic viscosity (a = 0, b = 10) and the con-
stant viscosity (a = b = 0) do not describe the data at for-
ward rapidity well. The quick drop of v2(ηp) in the large
ηp region is induced in the large hadronic viscosity sce-
narios because of the increased shear viscous correction
in colder regions. It should be noted that the minimum
value of shear viscosity near Tc, (ηT/(ε + P))min = 0.04, is
much smaller than that of the AdS/CFT conjecture η/s =
1/4π ∼ 0.08. Here the finite density effect is small, i.e.,
(ε + P)/T can be replaced with s at the collision energy
of interest. The result implies that one should be careful
about the applicability of the AdS/CFT correspondence to
QCD systems.

One can also calculate the triangular flow v3(ηp),
which is the third flow harmonics [38]. The quantity is
non-vanishing for event-by-event simulations of hydrody-
namics because of the initial fluctuations in the geometry.
The pseudo-rapidity dependence of v3 is shown in Fig. 5
for 10-20% centrality events. The STAR data is plotted
for comparison [39]. There are few data at forward ra-
pidity for the triangular flow, but the numerical result is

still consistent for the scenario where hadronic viscosity is
large and QGP viscosity is small but slowing increasing.

4 Summary and outlook

We have studied collective properties of the hot QCD mat-
ter in relativistic nuclear collisions, which can be relevant
in the analyses of ultra-high energy cosmic ray events.
The quark-gluon plasma can be produced in relativistic
heavy ion collisions, and it is found to behave as a rela-
tivistic fluid with extremely small but non-vanishing vis-
cosity. Numerical estimations of relativistic viscous hy-
drodynamic models allow one to constrain the QCD shear
viscosity, a quantity which is difficult to estimate in the
first principle calculation, using the rapidity dependence of
the elliptic and the triangular flow, v2 and v3. The experi-
mental data are found to favor large hadronic viscosity and
small QGP viscosity. The minimum of the temperature de-
pendent shear viscosity can be smaller than the universal
lower bound conjectured in the AdS/CFT correspondence,
posing an intriguing question regarding the applicability
of the conjecture to QCD systems.

The viscosity extraction method may be extended for
fully exploring the transport properties at finite density us-
ing the experimental data from high-density nuclear col-
lisions where the baryon chemical potential is relevant.
Also it would be interesting to investigate other types of
transport coefficients, such as bulk viscosity and baryon
diffusion coefficient.

As briefly mentioned earlier, recently there have been
arguments that the QCD medium is created also in small
systems such as proton-lead and deuteron-gold collisions.
The relativistic hydrodynamic model turns out to be able
to describe the elliptic flow of those systems fairly well
[40] while a non-hydrodynamic model based on the color
glass condensate can also explain the data [41]. The exis-
tence of the smallest droplet of QGP is still controversial,
but may well be justified at the energy scale of UHECR.
The insights obtained through the analyses of heavy ion
collisions [42] would be quite useful for quantitative un-
derstanding of the cosmic ray events.
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