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Abstract. The Belle II detector underwent commissioning in 2018. Featuring
a state of the art vertex detector with innovative pixel sensors, it will record
collisions of e+e− beams from the SuperKEKB accelerator which is slated to
provide luminosities 40 times higher than KEKB.
This will bring new opportunities and challenges for physicists seeking to per-
form precision measurements, as increasingly precise vertex position recon-
struction and background rejection power is needed to take advantage of the
unprecedented statistics provided.
We discuss the vertex reconstruction techniques available that make such mea-
surements possible and present an approach to particle decay reconstruction
based on the global fit of the full decay chain, implemented using a Kalman Fil-
ter. This technique is especially well suited to the treatment of processes with
neutral decays. It allows for improved background rejection, access to a larger
number of decay modes and a flexible framework for consistent treatment of
measurement uncertainties.

1 Experimental Context

The Belle II experiment [1] is located at the SuperKEKB asymmetric electron-positron
collider at KEK, Japan, which was designed to provide an instantaneous luminosity of
8 × 1035 cm2s1 at or near a center of mass energy of 10.58 GeV, i.e. the Y(4S) bottomo-
nium resonance. This rate, a factor of 40 higher than previous colliders of this kind[2][3], is
exploited by Belle II to precisely measure the properties of the B mesons originating from the
Y(4S) decay. For this reason, experiments such as this and the one before it are often called
B-factories.

A full description of the Belle II detector is available elsewhere in [1]. Succinctly, Belle II
surrounds the collision point of the two charged beams with a cylindrically symmetric detec-
tor, composed of a barrel and two endcaps, immersed in a 1.5 T magnetic field. The barrel
is composed of, in outward order, a silicon pixel detector (PXD), a silicon strip vertex de-
tector (SVD), a wire drift chamber (CDC), a time-of-propagation Cherenkov counter (TOP),
an electromagnetic calorimeter (ECL) and a K-long and muon detector (KLM). The endcaps
contain an additional ECL each, as well as a ring-imaging Cherenkov detector (ARICH) in
the forward endcap.

∗e-mail: francesco.tenchini@desy.de

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

EPJ Web of Conferences 214, 06023 (2019)	 https://doi.org/10.1051/epjconf/201921406023
CHEP 2018



2 Reconstruction Paradigm
Belle II presents a relatively clean environment in which each stable decay product of the
initial interaction can be reconstructed individually:

• Charged particles are reconstructed as helicoidal tracks in the Belle II tracking volume.
Both momentum and impact parameter of these objects can be measured accurately.

• Neutral particles such as photons are observed as energy deposits in the Belle II elec-
tromagnetic calorimeter. Momentum is estimated using the cluster position, assuming
the particle to originate from the interaction point. This is not always a safe assumption,
as we will show.

Other detectors provide particle identification. A typical physics analysis is hypothesis-
based: candidates for the desired process are built out of the available final state particles;
then one attempts to use known physical properties of the decay to separate the real signal
from the combinatorial component, called "background". A powerful approach here consists
in fitting particle trajectories and 4-momenta together to determine whether they originate
from a common vertex, and to extract the kinematics of the composite particle that produced
it. This is commonly called "vertex fitting" and is a straightforward procedure when charged
tracks are involved; less so in the presence of neutrals.

The traditional and most simple approach to fitting a chain of several particle decays
is vertex by vertex (also known as "leaf by leaf"), where decay vertices are reconstructed
and fitted individually. We will discuss the B0 → K0

S(→ π+π−)J/ψ(→ µ+µ−) decay as an
example (Fig. 1). To fit this decay chain, we would first fit the K0

S → π+π− and J/ψ → µ+µ−
decay vertices, then proceed to fit B0 → K0

S J/ψ using the results from the fits above. In this
approach, the fit is blind to information two or more stages down in the chain: only partial
knowledge of the nature of final state tracks (π+π−µ+µ−) is retained in the final stage since
the covariance is linearly propagated.
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Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)
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Figure 1. (Left) Simple decay vertex with two daughter tracks. (Right) Complex decay tree with a
prompt decay and a displaced secondary vertex.

The Belle II analysis software framework (basf2) [4] provides several vertex fitting tools
to the user to perform hypothesis-based analysis. The key ones are:

• KFit: This is the simplest fitter which was inherited from the Belle software [5]. It relies
on least square minimisation and is well suited to fitting single vertices. While extended
versions have been considered in the past, they do not scale well (see Section 3).

2

EPJ Web of Conferences 214, 06023 (2019)	 https://doi.org/10.1051/epjconf/201921406023
CHEP 2018



2 Reconstruction Paradigm
Belle II presents a relatively clean environment in which each stable decay product of the
initial interaction can be reconstructed individually:

• Charged particles are reconstructed as helicoidal tracks in the Belle II tracking volume.
Both momentum and impact parameter of these objects can be measured accurately.

• Neutral particles such as photons are observed as energy deposits in the Belle II elec-
tromagnetic calorimeter. Momentum is estimated using the cluster position, assuming
the particle to originate from the interaction point. This is not always a safe assumption,
as we will show.

Other detectors provide particle identification. A typical physics analysis is hypothesis-
based: candidates for the desired process are built out of the available final state particles;
then one attempts to use known physical properties of the decay to separate the real signal
from the combinatorial component, called "background". A powerful approach here consists
in fitting particle trajectories and 4-momenta together to determine whether they originate
from a common vertex, and to extract the kinematics of the composite particle that produced
it. This is commonly called "vertex fitting" and is a straightforward procedure when charged
tracks are involved; less so in the presence of neutrals.

The traditional and most simple approach to fitting a chain of several particle decays
is vertex by vertex (also known as "leaf by leaf"), where decay vertices are reconstructed
and fitted individually. We will discuss the B0 → K0

S(→ π+π−)J/ψ(→ µ+µ−) decay as an
example (Fig. 1). To fit this decay chain, we would first fit the K0

S → π+π− and J/ψ → µ+µ−
decay vertices, then proceed to fit B0 → K0

S J/ψ using the results from the fits above. In this
approach, the fit is blind to information two or more stages down in the chain: only partial
knowledge of the nature of final state tracks (π+π−µ+µ−) is retained in the final stage since
the covariance is linearly propagated.

J/ 

µ̄+µ�

B0 decay vertex

J/ decay vertex

(a)

B0

J/ 
K0

S

µ�µ̄+

⇡�

⇡̄+

IP

(b)

Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)

5

K0
S

⇡+⇡�

K0
S

J/ 

µ̄+µ�

B0 decay vertex

J/ decay vertex

(a)

B0

J/ 
K0

S

µ�µ̄+

⇡�

⇡̄+

IP

(b)

Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)

5

Figure 1. (Left) Simple decay vertex with two daughter tracks. (Right) Complex decay tree with a
prompt decay and a displaced secondary vertex.

The Belle II analysis software framework (basf2) [4] provides several vertex fitting tools
to the user to perform hypothesis-based analysis. The key ones are:

• KFit: This is the simplest fitter which was inherited from the Belle software [5]. It relies
on least square minimisation and is well suited to fitting single vertices. While extended
versions have been considered in the past, they do not scale well (see Section 3).

• RAVE: A standalone package originating from the CMS libraries [6]. Also suitable
for single vertex fits, this algorithm uses a Kalman Filter [7] approach and allows for
adaptive vertex fitting, were outliers not belonging to the main vertex are progressively
downweighted and their contribution removed. This particular aspect is not useful in
hypothesis-based fitting, but has applications in inclusive B-tagging algorithms.

Let’s now consider a different example in B0 → K0
S(→ π0(→ γγ)π0(→ γγ))J/ψ(→ µ+µ−)

(Fig. 2)
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Figure 2. Variant of the Fig. 1(left) channel where the displaced K0
S vertex decays into a neutral-rich,

trackless topology.

As mentioned, neutral particles do not have associated tracks and are only identified by
their energy deposit in the ECL. Therefore their true momentum vector is unknown; recon-
struction assumes it to originate from the interaction point. This is problematic as the K0

S
vertex can be displaced from the interaction point by several centimeters; however, if fitting
leaf by leaf, the fitter is blind to this information until reaching that point. The first π0 → γγ
fits are performed under the naive assumption of no displacement, resulting in a biased 4-
momentum estimate. When progressing upstream to the K0

S → π0π0 vertex the fitter loses
access to the γ, meaning this bias cannot be corrected anymore.

3 Global Fit Challenges and Implementation

To solve this issue and generalise the vertex fitting concept, we consider an alternate, global
technique where the full decay tree is parametrised and fitted simultaneously. This is a more
organic approach which guarantees that constraints are applied in a consistent way across the
fit chain and, depending on the topology, can allow for fitting of such neutral-rich decays.

A first version of this approach was originally developed for the BaBar collaboration and
is described in [8] along with the underlying algebra. We build on this concept, implement it
and optimise it for the basf2 framework, under the name of TreeFitter.

The fundamental challenge of a global approach is of computational nature as the min-
imisation is limited by the speed at which large matrices can be inverted. A decay chain
can be described by the free parameters of each particle it is composed of; one particle can
have up to eight free parameters (E, px, py, pz, x, y, z and flight length λ). Given a N total
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parameters, an approach based on least square minimisation requires to solve a system of N
equations, which is equivalent to inverting a N ×N matrix. This rapidly stops being viable as
the decay complexity increases, as even for optimised algorithms the computation time scales
as O(N2.373) [9].

We solve this problem by using a Kalman filter. The requirements imposed on the fit
(constraints) are applied individually in iterative fashion until convergence is reached or di-
vergence is observed. Only a subset of the state vector is affected and therefore a large matrix
inversion is replaced with a series of smaller matrix operations.

We rely on the Eigen library [10] for fast treatment of matrix operations. This is the first
major implementation of the library within basf2, designed for speed and robustness of linear
algebra calculations. Past proof-of-concept implementations have shown up to an order of
magnitude improvement in execution speed compared to older approaches [11].

4 Practical Applications

4.1 Neutral-Rich Topologies

Let us return then to the neutral-rich topology in Fig. 2. In a global approach this problem is
naturally solved, as the K0

S origin is well defined by the short lived J/ψ vertex, allowing to
iteratively correct the mass measurement by propagating the information back.

We test this on a simulated sample; the results are visible in Fig. 3. The K0
S mass bias

present in the unfitted sample is corrected and the resolution is improved. A mass selection
could then allow for the separation of combinatorial background.
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Figure 3. (Left) K0
S invariant mass before and after the global fit. The bias is corrected and the resolution

is improved. A selection around the mass peak would allow rejection of combinatorial background
(in orange) from the sample. (Right) P-values of the global fit. Convergence fails for a significant
portion of the combinatorial component, represented by the negative bin; this already provides moderate
background suppression.

4.2 Direct Extraction of Observables

In a global approach, quantities relating to the decay chain can be parametrised in a simple
manner and saved as output for physics analysis. Thanks to TreeFitter having full access to
the covariance matrix of the parameters, propagation of uncertainties is straightforward and
consistent throughout. This greatly simplifies error treatment on the user side.
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4.2 Direct Extraction of Observables

In a global approach, quantities relating to the decay chain can be parametrised in a simple
manner and saved as output for physics analysis. Thanks to TreeFitter having full access to
the covariance matrix of the parameters, propagation of uncertainties is straightforward and
consistent throughout. This greatly simplifies error treatment on the user side.

As an example, we extract the D0 decay length from a simulated sample of B̄0 → D∗+(→
D0(→ K−π+)π+)π− (see Fig. 4). The result is visible in Fig. 5 and shows good agreement
with the generated values.
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In this example, the B̅0→ D*+µνµ decay chain 
cannot be trivially fit, as the undetected  
neutrino would introduce too many free 
parameters. Instead, the B̅0 origin vertex is 
constrained to a previously measured distribution 
to improve the D*+ vertex resolution.

TreeFitter is designed to allow a variety of personalised constraints to be 
designed and implemented according to the needs of the analyst.
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Neutral particles do not have associated 
tracks and are only identified by their 
energy deposit in the Belle II calorimeter. 
Therefore, their true momentum vector is 
unknown; reconstruction assumes it to 
originate from the interaction point. 
This introduces significant systematics in 
the case of a displaced, neutral rich vertex.

Fitting Neutral-Rich Topologies

The Belle II experiment [1] aims to 
exploit the asymmetric e+e- collider 
SuperKEKB at KEK, Japan, designed 
to provide an instantaneous luminosity 
of 8x1035 cm−2s−1 at the Υ(4S) mass 
resonance. 
The goal is a total data sample  
of 50 ab-1, two orders of magnitude 
larger than in first generation B 
Factories KEKB and PEP-II. 
The asymmetric beam design boosts 
collision products along the beam axis, 
increasing their flight lengths in the lab 
frame and facilitating the study of time-
dependent CP violating processes. 
Precise decay point reconstruction is a 
lynchpin of these studies, as well as an 
essential tool for background rejection 
and enhancing the size of the useable 
physics sample.
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The computational challenge of a 
global approach lies in the inversion of 
large matrices. 
A particle in the decay chain can have 
up to seven free parameters  
(E, px, py, pz, x, y, z) rapidly making a 
naive least square approach unfeasible 
as the decay complexity increases.  
We implement a twofold solution: 
• We use a Kalman Filter [5] approach 

to the minimisation. In this method, fit 
constraints are applied one by one 
iteratively to a subset of the state 
vector, replacing the inversion of a 
large matrix with a series of smaller 
matrix operations. 

• We rely on the the EIGEN library [6] 
for fast treatment of matrix 
operations. This significantly 
improves execution speed compared 
to other libraries in use by basf2.
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Vertex fitting techniques see 
widespread use in particle physics.  
Use cases include: 
• Precision measurements of decay 

vertex positions; 
• Combinatorial background rejection; 
• Improving particle mass and 

momentum resolution; 
• Indirect detection of resonant states. 
The Belle II analysis software 
framework (basf2) provides several 
vertex fitting tools, such as: 
• KFit, based on a least square 

minimisation, developed for Belle [2]. 
• RAVE, a standalone package 

originating from the CMS libraries [3].  
• TreeFitter, a tool based on a global 

approach, originally developed in 
BaBar [4].

TreeFitter allows for decay chain quantities 
to be parametrised in a simple manner and 
saved as output for physics analysis. 
The global approach provides access to 
the full decay covariance matrix, allowing 
straightforward and consistent treatment of 
errors. 
In this example from a simulated sample, 
the B̅0→ D*+(D̅0(K+π-)π+)π- decay chain is 
fitted to extract the D0 decay length.

A global approach is able to correct this bias by using 
information from the rest of the decay chain.  
In this example using simulated data, the B0→J/ψ Ks(π0π0) 
decay chain is fitted by applying a mass constraint on the π0 
and using information from the J/ψ vertex. 
The Ks mass bias present in the unfitted sample is corrected 
and the resolution is improved. A mass selection could then 
allow for the separation of combinatorial background.
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Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)
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Figure 3: Depiction of a B0 ! K0
S(! ⇡0(! γγ)⇡0(! γγ))J/ (! µ̄+µ�) decay. The red

lines show the track helix approximations obtained by the tracking detectors, the blue dashed
lines show the composite particle momentum vectors found by the fit. The dashed black lines
depict the photon momenta found by the fit. Note that these con only be extrapolated by
the fit as the directional information of the calorimeter is not sufficient. The initial guess is
that they point from the interaction point towards the calorimeter cluster. The decay lengths
of the J/ and ⇡0 are too short to be seen in the detector therefore the vertex position are
taken from the particle next higher in the hierarchy.

using the measurement covariance matrix V �1
k transported to the m � h sys-

tem as a weight, such that the hypothesis of each constraint k depends on the
outcome of the previous constraint. Minimizing this yields

C�1
k�1(x� xk�1) +GT

k V
�1
k (mk � hk(xk�1)) = 0 (4)

from which one can derive that

xk = xk�1 +Kkrk (5)

where the gain matrix K is defined as

Kk = Ck�1G
T
kR

�1
k (6)

in which R denotes covariance matrix of the residuals, defined as

Rk = Vk +GkCk�1G
T
k . (7)

and Vk is the covariance matrix of the measured parameters, transported into
the respective coordinate system. The intermediate global covariance matrix of
the state vector Ck is

Ck = (1�KkGk)Ck�1(1�KkGk)
T

= Ck�1 �Ck�1GkR
�1
k Gk

(8)

with the jacobian G being the derivatives of r with respect to the parameters
kept of the statevector

Gk :=
@hk

@x
= �@rk

@x
. (9)
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Approaches to Decay Chain Reconstruction

• Leaf-by-leaf approach to decay chain reconstruction:  
This is the simplest approach. Vertices in the chain are reconstructed 
individually;  In the example we first reconstruct Ks→π+π- and J/ψ→µ+µ-, then 
B0→J/ψ Ks. The fit is blind to information two or more stages down in the chain. 

• Global approach:  
The full tree is parametrised and fitted simultaneously. Challenging, but allows 
treatment of hard to fit processes such as those involving neutral particles.  
The full covariance matrix of all the observables is available to the user.

Charged tracks in a magnetic field 
fit to a common decay vertex.

Complex decay chain, comprising 
several individual vertices.
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4.3 Customised Constraints

Since that each constraint is filtered independently when applied the TreeFitter could be
designed in a modular way, allowing for further development and implementation of user-
defined constraints based on their needs. As an example, we present the case of B̄0 →
D∗+µ−νµ (see Fig. 6), with D∗+ → D0π+. This decay chain is difficult to fit due to the
many free parameters introduced by the undetected neutrino.

Instead, we limit the D∗+ production vertex (i.e. the B̄0 decay vertex) to an independently
measured spatial distribution from generic B decay events and do not fit the B̄0 explicitly. The
D∗+ decay vertex resolution is improved as a consequence (Fig. 7).
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Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)
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Neutral particles do not have associated 
tracks and are only identified by their 
energy deposit in the Belle II calorimeter. 
Therefore, their true momentum vector is 
unknown; reconstruction assumes it to 
originate from the interaction point. 
This introduces significant systematics in 
the case of a displaced, neutral rich vertex.

Fitting Neutral-Rich Topologies

The Belle II experiment [1] aims to 
exploit the asymmetric e+e- collider 
SuperKEKB at KEK, Japan, designed 
to provide an instantaneous luminosity 
of 8x1035 cm−2s−1 at the Υ(4S) mass 
resonance. 
The goal is a total data sample  
of 50 ab-1, two orders of magnitude 
larger than in first generation B 
Factories KEKB and PEP-II. 
The asymmetric beam design boosts 
collision products along the beam axis, 
increasing their flight lengths in the lab 
frame and facilitating the study of time-
dependent CP violating processes. 
Precise decay point reconstruction is a 
lynchpin of these studies, as well as an 
essential tool for background rejection 
and enhancing the size of the useable 
physics sample.

Global Fit Implementation

Decay Chain Reconstruction in Belle II. 
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The computational challenge of a 
global approach lies in the inversion of 
large matrices. 
A particle in the decay chain can have 
up to seven free parameters  
(E, px, py, pz, x, y, z) rapidly making a 
naive least square approach unfeasible 
as the decay complexity increases.  
We implement a twofold solution: 
• We use a Kalman Filter [5] approach 

to the minimisation. In this method, fit 
constraints are applied one by one 
iteratively to a subset of the state 
vector, replacing the inversion of a 
large matrix with a series of smaller 
matrix operations. 
• We rely on the the EIGEN library [6] 

for fast treatment of matrix 
operations. This significantly 
improves execution speed compared 
to other libraries in use by basf2.
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Vertex fitting techniques see 
widespread use in particle physics.  
Use cases include: 
• Precision measurements of decay 

vertex positions; 
• Combinatorial background rejection; 
• Improving particle mass and 

momentum resolution; 
• Indirect detection of resonant states. 
The Belle II analysis software 
framework (basf2) provides several 
vertex fitting tools, such as: 
• KFit, based on a least square 

minimisation, developed for Belle [2]. 
• RAVE, a standalone package 

originating from the CMS libraries [3].  
• TreeFitter, a tool based on a global 

approach, originally developed in 
BaBar [4].

A global approach is able to correct this bias by using 
information from the rest of the decay chain.  
In this example using simulated data, the B0→J/ψ Ks(π0π0) 
decay chain is fitted by applying a mass constraint on the π0 
and using information from the J/ψ vertex. 
The Ks mass bias present in the unfitted sample is corrected 
and the resolution is improved. A mass selection could then 
allow for the separation of combinatorial background.
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Figure 2: a) Depiction of a J/ ! µ+µ� decay. The red lines show the track helix ap-
proximations obtained from the tracking detectors, the blue dashed lines show the decaying
particle momentum vectors found by the fit. Since the decay length of the J/ is too short
to be seen in the detector its decay vertex is taken to be the one of the B0. b) Depiction of a
B0 ! J/ (! µ+µ�)K0

S(! ⇡+⇡�) decay. Track helices do not necessarily overlap in three
dimensions. The depicted length ratios are not to scale.

we present can fit this topology by taking into account the position of the decay
point and constraining the mass of the ⇡0 candidates.

3. Kalman Filter

We use a Kalman Filter in the gain matrix formulation as an iterative ap-
proach to solving a least squares estimator (LSE) [6] [7]. The computational
challenge in solving this type of problem lies in the inversion of large matrices.
Since the computation to perform this operation scales with the dimension of
the matrix cubed, it is desirable to keep the dimension small. A Kalman Filter
formulates the LSE as an iterative chain of constraints that are filtered such
that the matrix inversions are reasonable. The state vector x is parametrised
by the particle parameters to extract from the fit. The parameters depend on
the type of particle. The most general parametrisation takes the form

x = {x1, y1, z1, ✓1, px,1, py,1, pz,1, E1, ..., xn, yn, zn, ✓n, px,n, py,n, pz,n, En} (2)

where vertex coordinates of the i-th particle are denoted as {xi, yi, zi}, its decay
length is denoted as ✓i and the four momentum is {px,i, py,i, pz,i, Ei}, and n is
the number of particles in the fitted topology. Instead of solving the LSE for
x and all of its parameters, the problem is split into k constraints (see section
4 for the definitions of the measurement m and hypothesis h for each of the
di↵erent constraints). The minimized χ2 can be expressed as a weighted sum

χ2 =(m1 � h1(x0))
TV �1

1 (m1 � h1(x0)) + ... +

(mk � hk(xk�1))
TV �1

k (mk � hk(xk�1))
(3)
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lines show the track helix approximations obtained by the tracking detectors, the blue dashed
lines show the composite particle momentum vectors found by the fit. The dashed black lines
depict the photon momenta found by the fit. Note that these con only be extrapolated by
the fit as the directional information of the calorimeter is not sufficient. The initial guess is
that they point from the interaction point towards the calorimeter cluster. The decay lengths
of the J/ and ⇡0 are too short to be seen in the detector therefore the vertex position are
taken from the particle next higher in the hierarchy.

using the measurement covariance matrix V �1
k transported to the m � h sys-

tem as a weight, such that the hypothesis of each constraint k depends on the
outcome of the previous constraint. Minimizing this yields

C�1
k�1(x� xk�1) +GT

k V
�1
k (mk � hk(xk�1)) = 0 (4)

from which one can derive that

xk = xk�1 +Kkrk (5)

where the gain matrix K is defined as

Kk = Ck�1G
T
kR

�1
k (6)

in which R denotes covariance matrix of the residuals, defined as

Rk = Vk +GkCk�1G
T
k . (7)

and Vk is the covariance matrix of the measured parameters, transported into
the respective coordinate system. The intermediate global covariance matrix of
the state vector Ck is

Ck = (1�KkGk)Ck�1(1�KkGk)
T

= Ck�1 �Ck�1GkR
�1
k Gk

(8)

with the jacobian G being the derivatives of r with respect to the parameters
kept of the statevector

Gk :=
@hk

@x
= �@rk

@x
. (9)
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Approaches to Decay Chain Reconstruction

• Leaf-by-leaf approach to decay chain reconstruction:  
This is the simplest approach. Vertices in the chain are reconstructed 
individually;  In the example we first reconstruct Ks→π+π- and J/ψ→µ+µ-, then 
B0→J/ψ Ks. The fit is blind to information two or more stages down in the chain. 
• Global approach:  

The full tree is parametrised and fitted simultaneously. Challenging, but allows 
treatment of hard to fit processes such as those involving neutral particles.  
The full covariance matrix of all the observables is available to the user.

Charged tracks in a magnetic field 
fit to a common decay vertex.

Complex decay chain, comprising 
several individual vertices.
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Figure 7. D∗+ → D0π+ vertex resolutions from simulated sample, before (left) and after (right) con-
straining the B̄0 decay vertex

5 Conclusions

We implemented a global fitting technique designed for B-factory environments which is es-
pecially suited for the treatment of neutral-rich topologies and the fit of underconstrained
vertices. It will provide a powerful tool for future Belle II analyses due to its ability to sup-
press combinatorial backgrounds; treat constraints - and therefore uncertainties - consistently
across the fit; and allowing reconstruction of hard to fit neutral decays, facilitating their in-
clusion in physics measurements and therefore increasing their statistical power.

An article [12] describing the implementation in greater detail is currently under internal
collaboration review.
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