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Abstract. We discuss status and prospects of a dispersive analysis of theπ0, η, andη′

transition form factors. Particular focus is put on the various pieces of experimental
information that serve as input to such a calculation. These can help improve on the
precision of an evaluation of the light pseudoscalar pole contributions to hadronic light-
by-light scattering in the anomalous magnetic moment of the muon.⋆⋆

1 Hadronic light-by-light scattering and the anomalous magnetic moment
of the muon

The uncertainty of the Standard-Model prediction of the anomalous magnetic moment of the muon is
entirely dominated by hadronic contributions [2]. While thedominant hadronic vacuum polarization
can be expressed, via a dispersion relation, in terms of measurablee+e− → hadrons total cross sec-
tions, the situation for theαQED-suppressed hadronic light-by-light scattering is less straightforward.

This presentation is part of an effort to analyze also the hadronic light-by-light scatteringtensor
using dispersion theory [3, 4]. Dispersion theory makes maximal use ofanalyticity and unitarity,
two fundamental consequences of relativistic quantum fieldtheories that mathematically incorporate
the principles ofcausality and probability conservation. The various (in principle infinitely many
different) contributions to hadronic light-by-light scattering are organized in terms of their analytic
structure, according to the cuts and poles in the different energy variables that are dictated by the
above principles. This has the advantage that all contributions will be given in terms of on-shell
form factors and scattering amplitudes, hence observablesthat can to a large extent again be related
to experimentally accessible quantities [5]. An ordering principle will be to consider intermediate
states in terms of increasing masses, hence the lightest pseudoscalar pole terms (π0, η, η′) as well as
pion–pion intermediate states are expected to give the largest individual contributions. In addition, all
such form factors and scattering amplitudes can in turn alsobe analyzed using dispersion theory: they
are reconstructed from their discontinuities or imaginaryparts, whose most important contributions
are determined by the leading hadronic intermediate states. One therefore interrelates a larger set of
possible data, and often can avoid the direct use of amplitudes with leptons in the final state that are
strongly suppressed by powers of the fine structure constantαQED. We will here concentrate on the
π0, η, andη′ transition form factors that determine the corresponding pole terms; parallel efforts exist
for the pion loop including rescattering effects [6, 7].
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2 Dispersion relation for π0, η, η′ singly-virtual transition form factors

2.1 Intermediate states

In order to write down dispersion relations for the transition form factorsFPγ∗γ∗ (q2
1, q

2
2) that describe

the processesP→ γ∗γ∗, P = π0, η, η′, we first decompose these in terms of isospin: while the neutral
pion always needs to decay into one isovector and one isoscalar photon (vs), theη(′) decay is given by
the sum of an isovector–isovector (vv) and an isoscalar–isoscalar (ss) contribution,
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We need to identify the dominant intermediate states at low energies, where high precision is of
paramount importance. For the isovector photons, the most important intermediate state consists of a
pair of charged pions, while for the isoscalar ones, three pions are the lightest option. The isovector
dispersion relation will then express the transition form factor in terms of the product of the pion vector
form factor FV

π (s) and the amplitudeγ(∗)π0 → π+π− in the case of theπ0 / the decay amplitude(s)
η(′) → π+π−γ(∗) for the η(′). The most general description of the three-pion intermediate state for
the isoscalar photons, in contrast, would be a lot more complicated, and certain approximations at
least for the transitions 3π→ γ(∗)π0/η(′) are almost unavoidable [8]. Fortunately, the vector–isoscalar
spectral function at low energies is strongly dominated by the narrowω andφ resonances, such that a
vector-meson-dominance approximation is justified here toa large extent.

2.2 Universality of final-state interactions, η(′)
→ π+π−γ

Final-state interactions between two strongly interacting particles can be described in terms of form
factors, which can be linked to the properties of scatteringamplitudes using analyticity and unitarity.
The unitarity relation for a pion form factorF I

J(s) of isospinI and angular momentumJ reads

discF I
J(s) = 2i Im F I

J(s) = 2i F I
J(s) × θ

(

s − 4M2
π

)

× sinδI
J(s)e−iδI

J (s) , (2)

from which one deduces Watson’s theorem: the form factor shares the phaseδI
J(s) of the (elastic)

scattering amplitude. The solution to Eq. (2) is obtained interms of the Omnès functionΩI
J(s),

F I
J(s) = PI

J(s)ΩI
J(s) , ΩI

J(s) = exp
{ s
π

∫ ∞

4M2
π

dx
δI

J(x)

x(x − s)

}

, (3)

wherePI
J(s) is a polynomial that needs to be determined by other methods, e.g. by matching to chiral

perturbation theory. The pion vector form factorFV
π (s) as extracted fromτ− → π−π0ντ decays, e.g.,

can be described very accurately by a representation (3) up to
√

s = 1 GeV, employing alinear
polynomialR(s) ≡ P1

1(s) = 1+ αV s—at higher energies, the nonlinear effects of inelastic resonances
become important [9]. The slope parameterαV therein is relatively small,αV ∼ 0.1 GeV−2.

The power of the universality of final-state interactions lies in the fact that an Omnès representa-
tion (3) will apply everywhere where two pions are produced from a point source in a relativeP-wave;
the process-dependence can be reduced to the coefficients of the multiplicative polynomial. Such a
representation can in particular be used for the decaysη(′) → π+π−γ [10]: they are driven by the chiral
anomaly and require the pion pair to be in an odd partial wave,hence the assumption of dominance
by theP-wave f1(s) is entirely justified. For the decay of theη, an ansatz with a linear polynomial,
f1(s) = A(1+ αs)Ω1

1(s), was shown to be sufficient to describe the data in the physical decay region,
however with a large slope:α ∼ 1.5 GeV−2 [11–13]. This is somewhat remarkable: whileαV can
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Figure 1. Left panel: representation of the decay distributionη → π+π−γ [12] to allow for comparison to the
(normalized) polynomialP̄(s) = 1 + αs (blue dashed curve). The full red curve includes the effects ofa2-
exchange in addition. Right panel: the same distribution forη′ → π+π−γ [14], showing the theoretical fit of
Ref. [15] without (blue dashed) and with (red) effects ofρ–ω mixing. The vertical dashed lines in both cases
denote the boundaries of phase space ats = 4M2

π ands = M2
η(′) .

be understood as the low-energy tail of higher resonances inthe region 1 GeV.
√

s . 2 GeV, such
an interpretation seems implausible for theη → π+π−γ decay. Given that the dispersion integral to
calculate the transition form factor formally extends to infinity, deviations from the linear rise inP(s)
may become important. In order to judge how reliable such an approximation is, we may consider
the possible effects of nontrivialπη dynamics—so-called left-hand cuts or crossed-channel effects,
something that has been neglected so far. The lowest-lying resonance to contribute inη → π+π−γ

turns out to be theD-wavea2(1320) [13]. The result of a dispersive solution including the effects of
a2-exchange is shown in Fig. 1(left): the left-hand cut induces a curvature inP(s) that has only very
small effects in the decay region; however, if one evaluates a sum rulefor the slope of the form factor
at q2 = 0, one finds that thea2 effects reduce this slope by 7–8%.

The same reasoning can equally be applied to an analysis of the decayη′ → π+π−γ, for which a
new measurement by BESIII [14] is even more conclusive than theη decay data, as the larger phase
space of theη′ decay allows one to see deviations from a linear polynomial much more clearly. The
data demonstrate the need of aquadratic term therein to very high significance; moreover, they are
so precise that even the isospin-breakingρ–ω-mixing effect is clearly discernible [15]. The fit to
pseudo-data generated according to preliminary results isshown in Fig. 1(right).

2.3 Dispersive prediction for η(′)
→ ℓ+ℓ−γ

With the input to the isovector dispersion relation fixed, wecan calculate the singly-virtualη(′) tran-
sition form factors. The resulting prediction includes thepropagated uncertainties both from the
experimental input employed and due to the high-energy continuation of the dispersion integral [9].
It can be compared to the experimental data on the decaysη(′) → ℓ+ℓ−γ [16–20]. In Fig. 2, we ob-
serve one of the main strengths of the dispersive approach: by fixing the input to the singly-radiative
decaysη(′) → π+π−γ (with the decay rate scaling according to∝ αQED), we gain a huge statistical
advantage over the direct measurements ofη(′) → ℓ+ℓ−γ (rate∝ α3

QED). A direct measurement of
the transition form factors of comparable precision to the theoretical calculation based on dispersion
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Figure 2. Left panel: Comparison of the dispersive prediction for|F̄ηγ∗γ∗ (q2,0)|2 to data from the A2 [16]
(green) and NA60 [19] (blue) collaborations. Figure courtesy of C. Hanhart. Right panel: Dispersion-theoretical
prediction for the singly-virtualη′ transition form factor (blue band), compared to a vector-meson-dominance
model (orange), as well as the data points taken by the BESIII collaboration [20]. Figure courtesy of S. Holz [21].

relations will be enormously difficult. One observes in Fig. 2(right) that the isoscalar contribution for
theη′ is larger; the narrowω peak on top of the broad resonance shape due to theρ enhancement is
clearly visible. However, it can be modeled well using the vector-meson-dominance assumption, with
the necessary coupling constants extracted directly from the partial decay widths forη′ → ωγ and
ω→ ℓ+ℓ− as well asφ→ η′γ andφ→ ℓ+ℓ−.

2.4 Dispersive analysis of the π0 transition form factor

As outlined in Sec. 2.1, the processγπ→ ππ plays the analogous role for theπ0 transition form factor
that η(′) → π+π−γ has for theη(′). A dispersive description ofγπ → ππ is discussed in Ref. [22];
due to full crossing symmetry, it is even more restrictive and can be solved using Khuri–Treiman
techniques. In addition to serving as an input to the transition form factor analysis, the dispersive
representation can also be used to extract the chiral anomaly, which determines the amplitude at zero
energy (and quark mass), from the upcoming high-precision experimental data of the COMPASS
collaboration [23].

The generalization of this amplitude to virtual photons is intimately related to the isoscalar-vector-
meson decay amplitudesω/φ → 3π [24], which can be constructed similarly, taking into account
certain complications in the analytic structure due to the decay kinematics. The resulting predictions
of the corresponding Dalitz plot distributions have been compared favorably to the high-statistics
φ → 3π Dalitz plot measured by the KLOE collaboration [25], while the first Dalitz plot data for
ω→ 3π by WASA-at-COSY are not yet conclusive as far as the subtle, non-trivial rescattering effects
beyond two-body interactions are concerned [26].

Starting from the 3π decay amplitudes, predictions for the vector-meson transition form factors
ω→ π0γ∗ andφ→ π0γ∗ have been calculated dispersively [27, 28] (see also Ref. [29] for an extension
to J/ψ→ π0γ∗), which, despite a significant enhancement beyond the naivevector-meson-dominance
picture, cannot explain the steep rise in theω → π0µ+µ− spectra measured in heavy-ion reactions by
NA60 [18, 19], while more recent measurements ofω → π0e+e− [17] andφ → π0e+e− [30] show no
such conflict (but are also less precise). The NA60 data may actually violate very general unitarity
bounds [31, 32].
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Figure 3. Left panel:e+e− → π0γ cross section predicted frome+e− → 3π, compared to the data of Refs. [33–
35]. Right panel: Singly-virtual pion transition form factor in the space-like region, compared to CELLO [36]
and CLEO [37] data. Figures taken from Ref. [8].

The full prediction for theπ0 transition form factor is obtained by generalizing the vector meson
decays to an appropriate parametrization of the cross section e+e− → 3π, from which the singly-
virtual, timelike transition form factor as measured ine+e− → π0γ can then be directly calculated [8].
The result agrees very well with the existing measurements,see Fig. 3(left). As the dispersive form
factor representation naturally allows for analytic continuation, the spacelike transition form factor
is easily obtained from the timelike one—the very precise prediction in particular at low spacelike
momenta, see Fig. 3(right), the most relevant kinematic range for the muon’s anomalous magnetic
moment, still is to be tested by a forthcoming BESIII measurement.

3 Outlook

The efforts described above to obtain a model-independent, data-driven description of theπ0, η, and
η′ transition form factors is currently still being extended in various directions. In the case of the
(dominant)π0 pole contribution, efforts are underway to merge the dispersive low-energy description
to the correct asymptotic high-energy behavior. For theη and theη′, more detailed investigations are
necessary to understand the doubly-virtual transition form factors: attempts in this direction consider
data on the reactione+e− → ηπ+π− [38, 39], as well as building a double spectral function fromthe
purely hadronic decay amplitudeη′ → π+π−π+π− [40, 41]. The combination of further theoretical
development along the lines sketched above, and improved experimental input for such a data-driven
approach will therefore pave the way to a determination of the pseudoscalar pole contributions to
hadronic light-by-light scattering with controlled uncertainties.
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