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Abstract. The calculations of three-dimensional composite bodies based 

on the finite element method with allowance for their structure and 

complex shape come down to constructing high-dimension discrete 

models. The dimension of discrete models can be effectively reduced by 

means of multigrid finite elements (MgFE). This paper proposes a 

generating finite element method for constructing two types of three-

dimensional complex-shaped composite MgFE, which can be briefly 

described as follows. An MgFE domain of the first type is obtained by 

rotating a specified complex-shaped plane generating single-grid finite 

element (FE) around a specified axis at a given angle, and an MgFE 

domain of the second type is obtained by the parallel displacement of a 

generating FE in a specified direction at a given distance. This method 

allows designing MgFE with one characteristic dimension significantly 

larger (smaller) than the other two. The MgFE of the first type are applied 

to calculate composite shells of revolution and complex-shaped rings, and 

the MgFE of the second type are used to calculate composite cylindrical 

shells, complex-shaped plates and beams. The proposed MgFE are 

advantageous because they account for the inhomogeneous structure and 

complex shape of bodies and generate low-dimension discrete models and 

solutions with a small error. 

1 Introduction  

The finite element method (FEM) [1, 2] is widely used to study the stress-strain state (SSS) of 

complex-shaped elastic composite bodies. In order to simplify calculations, the deformation of 

bodies of a certain type (for example, beams, plates, shells) is described using engineering theories 

based on hypotheses [3–9]. However, engineering solutions do not always meet modern 

requirements. Calculating composite bodies on the basis of the FEM in the formulation of a three-

dimensional problem of the elasticity theory [10] with account for their structure can be reduced to 

constructing high-dimension discrete models, of the order of 
129 1010  . For such discrete 

models, it is difficult to use computational software such as ANSYS, NASTRAN, etc. [2]. The 

dimension of discrete models can be effectively reduced by means of the MgFE [11–18], which 

also serve as a basis for the multigrid finite element method (MFEM) [13–17], based on the FEM 
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algorithms. The main advantages and features distinguishing the MFEM from the FEM are as 

follows. 

1. In the MFEM (without increasing the dimension of MgFE), one can use arbitrarily small 

basic partitions of bodies, i.e., MgFE, which allows one to arbitrarily accurately account for their 

complex shape and inhomogeneous structure, as well as the complex nature of fixing and loading 

bodies. In the FEM, it is impossible to use arbitrarily small basic partitions because the PC 

resources are limited, which means that the MFEM is more effective than the FEM.  

2. Application the MFEM (based on the basic models of bodies) requires a significantly 

smaller amount of RAM ( 63 1010   times) and time compared to the FEM used for  basic 

models, i.e., the MFEM is more economical than FEM.  

3. The MFEM uses homogeneous and composite MgFE constructed using nested grids, which 

expands the field of application of this method. The FEM uses single-grid homogeneous finite 

elements (FE). It is noteworthy that boundary-value problems can always be solved using the 

MFEM instead of the FEM because MgFE can always be used instead of single-grid FE. As mgFE 

are constructed using m nested grids instead of one (m>1), the MFEM can be regarded as the 

generalization of the FEM, i.e., the FEM is a special case of the MFEM. Hence, if the FEM-based 

calculations of bodies are carried out using MgFE, then this case is essentially the implementation 

of the MFEM.  

In this paper, the two types of complex-shaped three-dimensional composite MgFE are 

designed using the generating FEM. According to this method, the MgFE domain is obtained 

using the specified displacement of a given complex-shaped plane single-grid FE (below referred 

to as a generating FE) in a three-dimensional space. The MgFE domain of the first type is obtained 

by rotating the generating FE around a specified axis at a specified (small) angle, and the MgFE 

domain of the second type is obtained by the parallel displacement of the generating FE along a 

specified straight line at a given distance. The nodes of the generating FE are the nodes of a coarse 

grid of the MgFE, and the nodes of any cross section of the coarse grid of the MgFE are the nodes 

of the generating FE. This approach simplifies the construction of approximating displacement 

functions on the coarse grids of the complex-shaped MgFE, where the basis functions of the 

generating FE are used, and Lagrange polynomials are applied along the direction of the generating 

FE. The MgFE of the first type are used to calculate the composite shells of revolution, and the 

MgFE of the second type are used to calculate the composite cylindrical shells of revolution (with 

a variable curvature radius) and complex-shaped plates and beams. It is assumed that there are 

ideal bonds between the components of the inhomogeneous structure of the MgFE. The calculation 

of composite shells of double curvature using the MgFE of the first type is described in [16], and 

the application of the MgFE of the first and second types for determining the power elements of 

standard designs is demonstrated in [18]. 

2 Multigrid FE of the first type. Complex-shaped composite 
shells of revolution 

The fundamental principles of constructing the MgFE of the first type, applied to analyze a 

three-dimensional SSS of composite shells of revolution, are considered on the example of a 

complex-shaped shell two-grid FE (2gFE), Fig. 1. For the dV  2gFE, the following local 

coordinate systems are introduced: Cartesian Oxyz , curvilinear O , and integer ijk  for 

the nodes of the coarse grid dH  of the 2gFE. The nodes of the dH  grid for the 2gFE are 36 in 

number and marked by dots in Fig. 1, with cd  denoting the shell axis. The generating single-

grid FE (1gFE) a
dV  for the dV  2gFE has 12 nodes of the coarse grid dH , denoted by dots in 

Fig. 2. The lateral sides of the a
dV  1gFE are parallel and extended by a dotted line to an the 
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intersection with the cd  axis. The dV  2gFE domain is obtained by rotating the generating 

complex-shaped 1gFE a
dV  around the cd  axis at the specified angle 0  (corresponding to 

partitioning the shell into 2gFE), and 0  is the apex angle of the dV  2gFE. The basic partition 

dR
 
of the dV  2gFE comprises three homogeneous

 eV  1gFE of the first order (described in 

detail in [12]), M,...,e 1 , and M is the overall number of the eV  FE. The partition dR
 

accounts for the inhomogeneous structure and shape of the 2gFE and forms a fine grid dh , 

where dd hH  . It is noteworthy that some nodes of the coarse grids of the MgFE can 

generally fail to match the nodes of the fine grids. We construct the eV  1gFE
 
by using the 

equations of the three-dimensional problem of the elasticity theory [10], written in the local 

Cartesian coordinate system of the eV  FE
 
[12]. Thus, a three-dimensional SSS is implemented 

in the 2gFE. Radii 1R  and 3R  ( 2R  and 4R ) describe the bottom (top) boundaries of the lateral 

edges of the 2gFE. In the dH  grid, the displacements functions du , dv , and dw , used to 

reduce the dimension of the basic partition dR , are calculated.  

  

Fig. 1. Shell 2gFE dV .      Fig. 2. Generating 1gFE 
a

dV . 

The basis function ijk  for the k,j,i  node of the coarse grid dH  of the dV  2gFE is 

sought in the form 

)(),(),,(  ijkijk LyNy  ,     (1) 

where ),( yN jk  denotes the basis functions of the k,j  node of the a
dV  1gFE, 

corresponding to the polynomial ),( yPd  of the form [2] 
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 , where p  ( i ) is the apex angle of the p  node 

( i node),  31,...,i  , Fig. 1, and   is the apex angle of the M  point lying in the dV  2gFE 

domain.  

Thus, the basis functions ijk  of the dV  2gFE of the first type are represented by power 

polynomials, which are the shape functions of the generating FE a
dV , and by the Lagrange 

polynomials in the direction of rotation of the generating FE around the specified axis. 
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Denotations ijkN   , where 31,...,i  ; 41,...,k,j  ; 361,..., . Then, using (1), we 

write the displacement functions du , dv , and dw  as  






36

1

 uNud ,   




36

1

 vNvd ,   




36

1

 wNwd ,    (2) 

where N , u , v , and w  denote the basis function and displacements of the  -th 

node of the dH  grid. 

The functional of the total potential energy dП  of the base partition dR  of the 2gFE is 

written in the form 

)  ][
2

1
(

1

e
T
e

M

e

ee
T
ed KП Pδδδ



 ,      (3) 

where ][ eK , eP , and eδ  denote the stiffness matrix, nodal force vectors, and 

displacement vectors of the eV 1gFE, corresponding to the coordinate system Oxyz
 
of  the 

dV  2gFE. 

Equations (2) are used to express the nodal displacement vector eδ  
of the base 1gFE 

eV  through the nodal displacement vector dδ  
of the coarse grid dH  

( T
d wvu },,{ δ ), i.e. 

 d
d
ee A δδ ][ ,       (4) 

where ][ d
eA  denotes the rectangular matrix,  Me ,...,1 . 

Equation (4) is substituted into Eq. (3) and the condition 0/)(  dddП δδ  yields the 

relationship dddK Fδ ][ , where 
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Here ][ dK  is the stiffness matrix, and dF is the nodal force vector of the 2gFE dV .  

Let the vector dδ  be determined. Equation (4) is used to calculate vector eδ  
of the 

nodal displacements of the eV  1gFE in the coordinate system Oxyz
 
of the dV  2gFE. The 

displacement vector *
eδ  

of the eV  1gFE
 
(corresponding to the local Cartesian coordinate 

system of the eV  1gFE) is sought for by the expression eee M δδ ][*  , where ][ eM  is the 

rotation matrix [2]. The vector *
eδ  and the known algorithms of the FEM [1, 2] are used to 

calculate the equivalent stress at the center of the eV  1gFE domain. 

The calculations of the elastic composite round cylindrical shells and panels, carried out 

using MgFE, are described in [12]. The base functions of the coarse grids of the 2gFE of 

these shells are determined in the form of Lagrange polynomials and using the power 

polynomials ),,( zyxP  of the first, second, and third orders [12], written in the local 

Cartesian coordinate systems. The MgFE of the shells of revolution are verified using the 

known numerical method [2, 12]. 

Note 1. In view of Eq. (4), the dimension of the vector dδ  
(i.e., the dimension of dV  

2gFE) is independent of M , which is the total number of the base FE eV  that comprise the 
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dV  2gFE domain. Consequently, it is possible to use arbitrarily small basic partitions dR , 

allowing one to arbitrarily exactly account for the complex shape and inhomogeneous 

(microinhomogeneous) structure of the 2gFE dV  and its complex fixing and loading, as 

well as to arbitrarily exactly describe a three-dimensional SSS in the dV  2gFE domain 

(with no increase in the dimension of the dV  2gFE, which is noteworthy).  

As shown by the calculations, as the basic partitions of the MgFE become finer, the 

solution errors decrease. Similarly, the procedures described in Sec. 2 are used to design the 

composite 2gFE for calculating complex-shaped composite rings and shafts with central 

circular holes. Three-grid FE (3gFE) of the first type are designed using the 2gFE of the 

first type with the help of procedures similar to those in Sec. 2 

You are free to use colour illustrations for the online version of the proceedings but any 

print version will be printed in black and white unless special arrangements have been 

made with the conference organiser. Please check whether or not this is the case. If the print 

version will be black and white only, you should check your figure captions carefully and 

remove any reference to colour in the illustration and text. In addition, some colour figures 

will degrade or suffer loss of information when converted to black and white, and this 

should be taken into account when preparing them. 

3 Multigrid FE of the second type 

3.1 Multigrid FE for calculating complex-shaped composite beams 

The main provisions of the construction procedure for the MgFE of the second type used to 

analyze the three-dimensional SSS of composite beams are considered on the example of 

the pV  2gFE (Fig. 3), which is a complex-shaped rectilinear composite beam with a hole, 

with the hole section hatched in the figure. The domain of the pV  2gFE is obtained by the 

parallel displacement of the generating complex-shaped 1gFE 
a
pV  (Fig. 4) with a hole 

(hatched) along the Oy  axis at the specific distance d . The basic partition pR  of the pV  

2gFE consists of the homogeneous 1gFE
 eV  of the first order, Me ,...,1 . The partition 

pR  accounts for the inhomogeneous structure and complex shape of the pV  2gFE and 

forms a fine grid ph , in which the coarse grid pH  of the 2gFE is nested, and the nodes of 

the pH  grid are marked by points (48 nodes, Fig. 3). The stress state in the eV  1gFE is 

described by the equations of the three-dimensional problem of the elasticity theory [10], 

written in the local Cartesian coordinate system of the eV  FE. Consequently, a three-

dimensional SSS is implemented in the pV  2gFE domain. The nodes of the 
a
pV  1gFE of 

the third order are the nodes of the coarse grid pH , marked by points (12 nodes). For the 

nodes of the pH  grid, a coordinate system ijk  is introduced, in which 4,...,1,, kji . 
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Fig. 3. Beam 2gFE pV .      Fig. 4. Generating 1gFE 
a
pV . 

The basis function ijk  for the kji ,,  node of the coarse grid pH  is determined as 

)(),(),,( yLzxNzyx jikijk  ,     (6) 

where ikN  denotes the basis function of the ki,  node of the generating FE 
a
pV , 

corresponding to a polynomial of the form [2]  
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4,...,1, ki , )(yL j  is the Lagrange polynomial of the third order, having the form    
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where 4,...,1j , py  is the coordinate of the node p  of the coarse grid pH , lying on the 

Oy  axis (Fig. 3). Using Eq. (6), we write the displacement functions pu , pv , and pw  for 

the pH  grid in the form  






48

1

uNu p ,   




48

1

 vNv p ,   




48

1

 wNwp ,     (9) 

where pu , pv , and pw  denote the displacements of the  -th node of the coarse grid pH , 

where 48,...,1 . 

It is noteworthy that the displacement functions pu , pv , and pw  are only used to 

reduce the dimension of the basic partition pR  of the pV  2gFE. The displacement 

functions (9) and algorithms similar to those in Sec. 2 are used to determine the stiffness 

matrix and the nodal force vector of the pV  2gFE of the second type.  

Note 2. The proposed method allows designing 2gFE whose one characteristic 

dimension is significantly larger or smaller than all the others. In the Oy  direction of the 

large dimension of the pV  2gFE, it is reasonable to use the high order of displacement 

approximation (i.e., the high order of the Lagrange polynomials )(yL j ), which allows 

constructing solutions with a small error 
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3.2 Multigrid FE for calculating complex-shaped composite cylindrical shells 

The construction procedure of the 2gFE of the second type, used to analyze the three-

dimensional SSS of cylindrical shells of an inhomogeneous structure and complex shape, is 

considered on the example of the a
eV  2gFE with characteristic dimensions of 

hhh 182417   (Fig. 5), which has a hole and the section of which is hatched in the figure. 

The generatrix (straight line) of the median surface of the a
eV  2gFE is parallel to the Oy  

axis (Fig. 5). The a
eV  2gFE domain is obtained by the parallel displacement of the 

generating complex-shaped 1gFE aV  (Fig. 6) (the hole section is hatched) along the Oy  

axis at a specified distance hd 24 . The basic partition aR  of the a
eV  2gFE consists of 

cube-shaped homogeneous 1gFE
 eV  of the first order with side h , Me ,...,1 , where 

M denotes the total number of the eV  FE. The partition aR  accounts for the 

inhomogeneous structure and complex shape of the a
eV  2gFE and forms a fine grid ah , in 

which the coarse grid aH  of the 2gFE is nested ( aa hH  ). The nodes of the coarse grid 

aH  are marked in Fig. 5 by points (60 nodes). The nodes of the aV  1gFE of the third order 

are the nodes of the coarse grid aH , marked by points (12 nodes, Fig. 6). A stress state in 

the eV  1gFE is described by the equations of the three-dimensional problem of the 

elasticity theory [10] (written in the local Cartesian coordinate system of the eV  FE). 

Consequently, the three-dimensional SSS is implemented in the a
eV  2gFE domain. 

 

Fig. 5. 
a

eV  2gFE.         Fig. 6. Generating 1gFE aV . 

 

For the pair of numbers ji, , where 12,...,1i , 5,...,1j , we determine an integer 

1 , 60,...,1 . The basis function ),,( zyx  for the  -th node in the coarse grid of 

the a
eV  2gFE is sought in the form  

)(),(),,( yLzxNzyx ji ,      (10) 

where 60,1 , ),( zxN i  is the shape function of the i th node of the generating 1gFE aV , 

12,...,1i , corresponding to the polynomial ),( zxP , presented in the local Cartesian 

coordinate system Oxz  (Fig. 6), of the form (7), )(yL j  is the fourth-order Lagrange 

polynomial (Eq. (8)), where 5,...,1j , py  is the coordinate of the p  node of the coarse 

grid aH , lying on the j  axis, which is parallel to the Oy  axis (Fig. 5).  
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In Eq. (10), the basis functions   2gFE a
eV  of the second type are represented by 

power polynomials, i.e., functions of the form ),( zxN i  of the generating FE aV , and by 

the Lagrange polynomials )(yL j  in the direction of the generating FE (along the Oy axis). 

Using Eq. (10), we write the displacement functions au , av , and aw  for the coarse grid 

aH  as  






60

1

uNua ,   




60

1

 vNva ,   




60

1

 wNwa ,    (11) 

where N , u , v , and w  denote the basis function and displacements of the  -th 

node of the aH  grid. 

 It is noteworthy that the displacement functions au , av , and aw  are only used to 

reduce the dimension of the basic partition aR  of the 2gFE a
eV . We use the displacement 

functions (11) and the algorithms similar to those in Sec. 2 to determine the stiffness matrix 

and the nodal force vector of the a
eV  2gFE of the second type.  

3.3 Multigrid FE for calculating complex-shaped composite plates  

We consider the construction procedure for the 2gFE of the second type in order to analyze 

the three-dimensional SSS of plates with an inhomogeneous structure on the example of the 

complex-shaped composite laminated 2gFE 
b
gV  (Fig. 7), where Oxyz is the Cartesian 

coordinate system. The characteristic dimensions B  and H of the 
b
gV  2gFE significantly 

exceed the dimension of h , with h  being the thickness of the 2gFE. The 
b
gV  2gFE domain 

is obtained by the parallel displacement of the generating 1gFE gV  (Fig. 8) along the Oy  

axis at the given distance h . The coarse grid of the 
b
gV  2gFE has 27 nodes marked by 

points in Fig. 7. The basic partition of the 
b
gV  2gFE consists of cube-shaped homogeneous 

FE of the first order (rectangular parallelepiped [2]), in which a three-dimensional SSS is 

implemented. It is noteworthy that the basic partitions of the 2gFE can be arbitrarily small, 

i.e., can arbitrarily exactly account for the inhomogeneous structure and complex shape of 

the 2gFE. The base function ),,( zyx  for the  -th node in the coarse grid of the 
b
gV  

2gFE is sought in the form (6), where 27,...,1 , ),( zxNi  is the shape function of the  

i -th node of the generating 1gFE gV , 9,...,1i , corresponding to a polynomial of the 

form 
22

9
2

8
2

7
2

6
2

54321),( zxaxzazxazaxaxzazaxaazxPg  , presented 

in the local Cartesian coordinate system Oxz , Fig. 8, and )(yL j  denotes the Lagrange 

polynomials of the second order. 
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Fig. 7. Laminated 2gFE 
b
gV .     Fig. 8. Generating 1gFE gV . 

The stiffness matrix and nodal force vector of the laminated 2gFE 
b
gV  are determined 

using procedures similar to those in Secs. 3.1 and 3.2. The discrete models of the plates are 

generally comprised of complex-shaped 2gFE (such as curvilinear 2gFE 
b
gV ) and 2gFE 

shaped as a rectangular parallelepiped, constructed with the help of power polynomials [2], 

and Lagrange polynomials [12]. It is noteworthy that the proposed MgFE of the first and 

second types can be used in analyzing the three-dimensional SSS of corrugated plates, panels, 

and floors [19, 20] (corrugation can be shaped as a trapezium, rectangle, triangle, a part of a 

circular arc, etc.). Three-grid FE (3gFE) of the second type are designed using the 2gFE of the 

second type with the help of procedures similar to those in Secs. 2, 3.2, and 3.3. 

3.4 Multigrid FE for calculating curvilinear composite beams 

We consider a curvilinear beam 1l  (frame beam). The a
LV  2gFE domain (Fig. 9), where the 

2gFE approximates the beam 1l , is obtained by the parallel displacement of the generating 

1gFE LV  (Fig. 10) along the Oy  axis at the distance d , which is the beam width. The 

transverse section of the beam is dh , where h  is its height (thickness), corresponding to 

arc ds  (Fig. 9). The thickness of the transverse beam can be variable. The coarse grid of 

the a
LV  2gFE has 24 nodes marked by points (Fig. 9). 

   

Fig. 9. Frame 2gFE 
a
LV .             Fig. 10. Generating 1gFE LV . 
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The basis function ),,( zyx  for the  -th node of the coarse grid of the a
LV  2gFE is 

determined in the form (10), where 24,...,1 , ),( zxNi  denotes the shape function of the 

i -th node of the generating 1gFE LV  (Fig. 10), 12,...,1i , corresponding to a polynomial 

of the form (7), written in the local Cartesian coordinate system Oxz  (Fig. 10), and )(yL j  

denotes the Lagrange polynomials of the first order. 12,...,1i . The stiffness matrix and 

nodal force vector of the a
LV  2gFE are determined in procedures similar to those in Secs. 

3.2 and 3.3. 

4 Conclusion 

In this paper, three-dimensional composite and homogeneous MgFE of two types of 

complex shapes are considered, which are designed with the use of forming FE. The 

procedures for the construction of type 1 and type 2 MgFE are described, which are used 

for the calculation of composite (homogeneous) shells of rotation, cylindrical shells (with a 

variable radius of curvature), plates and beams of complex shape. The main advantages of 

the proposed MgFE are that they take into account the inhomogeneous, micro-

inhomogeneous structure and complex shape of bodies, describe three-dimensional 

behavior in composite (homogeneous) bodies, form discrete models of small dimension and 

generate approximate solutions with a small error. 
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