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Abstract. We consider neutrino oscillations in the T2K experiment using a
new quantum field-theoretical approach to the description of processes passing
at finite space-time intervals. It is based on the Feynman diagram technique in
the coordinate representation, supplemented by modified rules of passing to the
momentum representation. Effectively this leads to the Feynman propagators
in the momentum representation being modified, while the rest of the Feynman
rules remain unchanged. The approach does not make use of wave packets,
the initial and final particle states are described by plane waves, which essen-
tially simplifies the calculations. The oscillation fading out due to momentum
distribution of the initial particles is taken into account. The obtained results
reproduce the predictions of the standard description and confirm that the far
detector position corresponds to the first minimum for muon production proba-
bility and the first maximum for electron production probability.

1 Introduction

Neutrino oscillations are a widely discussed and experimentally confirmed phenomenon,
which is very important for particle physics. To describe this phenomenon either the
quantum-mechanical approach in terms of plane waves or wave packets [1–3] or the quantum
field-theoretical approach in terms of wave packets [3–5] are usually used. The plane wave
QM description is not consistent since the production of states without definite masses vio-
lates energy-momentum conservation. This problem is circumvented in the framework of the
QM and QFT descriptions in terms of wave packets, but the calculations of amplitudes and
probabilities become very complicated. The reason is that the standard S-matrix theory is not
convenient for describing processes, which take place at finite space-time intervals.

The idea of the novel approach is to adapt the standard S-matrix formalism for describing
processes passing at finite space-time intervals by modifying the rules of transition from the
coordinate representation to the momentum representation in the framework of the Feynman
diagram technique, so that these rules reflect the experimental conditions. The approach,
based on the work of Feynman [6], was put forward in the paper [7] and developed in the
papers [8–11].
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Using this approach we describe processes, which can be investigated in the accelerator
long baseline experiment T2K, where a neutrino flux is created by the decays of π- and K-
mesons. We consider processes, in which the neutrinos are detected due to scattering by
nuclei of 16O, which in the simplified consideration by means of the impulse approximation
may be reduced to the scattering at free neutrons, and by electrons.

2 Description of neutrino oscillations

2.1 Quasielastic neutrino scattering by neutron

We work in the framework of the minimal extension of the Standard Model by the right
neutrino singlets. The charged-current interaction Lagrangian of the leptons takes the form

Lcc = −
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where li is the field of the charged lepton of the i-th generation, Uik denotes the PMNS-matrix,
and νk stands for the field of the neutrino state with definite mass mk.

Let us consider the process, in which a neutrino is emitted by the decay of a π-meson and
is detected in a reaction νi+16O→ 15O+p+l−. Since the neutrino energy is much greater than
the binding energy per nucleon, we use the impulse approximation, in which the scattering
by a nucleus is represented as the sum of the scatterings by free nucleons. Therefore, we
consider the quasielastic scattering of neutrinos by a neutron νi + n → p + l−, where l−

denotes an electron e− or muon µ−. The process corresponds to the following diagram:

µ+(q)

π+(pπ)

νi(pn)

l−(k)

W+

n(k1) p(k2)

The four-momenta of the particles are designated as it is shown in the diagram. The neu-
trino νi is a virtual particle and is described by the propagator in the coordinate representation.
The distance between the neutrino production and registration events is fixes and equals 295
km. In this case, since the distance is macroscopically large, the virtual particle is almost on

the mass shell due to GS-theorem, i.e. the relation
�

�

�p2 − m2
i

�

�
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�2
≪ 1 holds [4].

Following the prescription formulated in [7–11], we construct the so-called time-
dependent propagator of neutrino mass eigenstate νi in the momentum representation as the
Fourier transform of the Feynman propagator S c

i (z) of the fermion field in the coordinate

representation, multiplied by the additional delta function δ
�

z0 − T
�

, which fixes the time
interval T between the production and detection:

S c
i (p,T ) =

�

d4z eipz S c
i (z) δ
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z0 − T
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≈ i
p̂ + mi

2p0
e
−i

m2
i −p2

2p0 T
, (2)

where mi is the mass of neutrino state νi, and we have used the condition that the particle is
close to the mass shell to derive the last expression.

For certainty, further we assume that the final charged lepton is a muon. Now we can
use the modified propagator (2) to write out the amplitude of the process in the momentum
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representation for the case, when the time interval between the production and registration
events equals T :
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where θC is the Cabibbo angle, fπ is the pion decay constant of dimension of mass, m(µ) is the
muon mass, jµ (k1, k2) = �p (k2)| j(h)

µ |n (k1)� is the matrix element of the weak hadron current.
Here and below we neglect the neutrino masses everywhere except in the exponential of the
time-dependent propagator (2).

In our approximation, the squared modulus of the amplitude, averaged and summed over
particles’ polarizations (which is shown by the angle brackets), factorizes:
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where
�

|M1|2
�

and
�

|M2|2
�

correspond to the pion decay and neutrino scattering by a neutron

respectively, and the expression in the square brackets will be referred to as Pµµ
�

p0
n,T
�

.
Let us find the probability of the process. The squared amplitude (4) is multiplied by

the delta function of energy-momentum conservation (2π)4 δ (pπ + k1 − q − k − k2) and inte-
grated with respect to the phase volume of the final particles. But the integration would result
in variation of the virtual neutrino momentum direction, which contradicts the experimental
setting. Thus, one must calculate the differential probability of the process, where pn is fixed.
It can be achieved by additionally multiplying the squared amplitude by 2π δ (pn − p), where
p is one specific value of pn: p2 = 0, �p is directed from the source to the detector and satisfies
the conservation condition at the production vertex. It is equivalent to substituting p instead
of pn in (4) and multiplying the result by 2π δ (p + q − pπ). When the intermediate virtual
particle momentum is fixed, one can pass from the time interval T to the distance L according
to the formula T = Lp0

��

�
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�

�

�. The differential probability has the form:
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where d3W1

�

d3 p is the differential probability of pion decay, which produces neutrino with

the fixed momentum �p, W (µ)
2 is the probability of neutrino scattering by a neutron with a

muon in the final state, and the factor Pµµ
��

�
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�

�

� , L
�

is called, in the standard approach, the
muon neutrino survival probability.

The additional delta function fixes not only the direction of neutrino momentum, but also
its length, thus we must integrate the formula (5) with respect to |�p|. The final probability of
detecting a muon in the considered process:
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dW1

dΩ
=

G2
F cos2 θC f 2

π

8 (2π)2

m2
(µ)

�

m2
π − m2

(µ)

�2

p0
π

�

p0
π −
�

�

��pπ
�

�

� cos θ
�2
, (7)
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and the momentum
�
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is determined by the energy-momentum conservation at the neutrino

production vertex and has the following form:
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which implies that the coordinate system is chosen in such a way that the pion momentum �pπ
is directed along the z axis, thus θ is the pion momentum polar angle.

The differential probability of neutrino production in the kaon decay K+ → νi + µ+ is
given by the same expression (7) with the replacements cos θC → sin θC, fπ → fK , mπ → mK .
The whole probability of finding an electron in the detection process differs from the obtained
one (6) by the replacement W (µ)

2 → W (e)
2 , Pµµ → Pµe, where
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is called, in the standard approach, the νµ → νe transition probability.
To obtain the probability of neutrino scattering by a neutron it is necessary to know the

expression for the matrix element of the weak hadron current, which, due to the complex
structure of hadrons, has to be parameterized by phenomenological form-factors. It was
shown that the cross-section of neutrino scattering by a neutron has the following form [12]:
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F cos2 θC
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where Q2 = − (p − k)2 is the transferred momentum, s and u are the Mandelstam variables,
M is the average mass of proton and neutron, index l indicates the type of the final charged
lepton, the coefficients A(l), B(l), C(l), being very bulky, can be found in the same paper [12].
In order to determine the limits of integration let us consider the domain of change of the
Mandelstam variable t = −Q2. Using the results obtained in book [13] and carrying out the
calculations for our case, we obtain:
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where ml is the charged lepton mass.

2.2 Neutrino scattering by an electron

Let us consider the process of neutrino scattering by electrons, even though its contribution
is significantly less than the previous one. The registration process goes through both the
charged and neutral currents. The process is described by the following two diagrams:
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µ+(q)

π+(pπ)
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Z
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The four-momenta of the particles are designated as it is shown in the diagram.
The total amplitude of the process is as follows:
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where we have introduced the time-dependent factors:
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Performing the calculations, which are similar to those in the Subsection 2.1, we finally
obtain the probability of the whole process:
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where the neutrino production probability dW1/dΩ is defined by (7), and the momentum
∣

∣

∣�p
∣

∣

∣

∗

is defined by (8). The neutrino detection probability W2 has the standard form:
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where Wνee and Wνµe are the scattering probabilities of the corresponding neutrinos by an
electron.

3 Numerical integration

Now we must average the obtained probabilities over the momentum distribution of the de-
caying particles, which produce neutrinos. Mesons (π- and K-) in the decay volume have a
distribution not only in the magnitude of the momentum, but also in the direction, so the angle
between the source-detector line, which is at the angle 2.5◦ to the z axis, and the momentum
of the decaying meson can vary. We introduce a coordinate system such that θ0 = 2.5◦,
ϕ0 = 0, and define the following unit vectors:

�n0 = {sin θ0, 0, cos θ0}— from the source to the detector, (16)

�n =
{

sin θ′ cosϕ′, sin θ′ sinϕ′, cos θ′
}

— the meson momentum direction, (17)
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where θ′ is the angle between the z axis and the randomly directed meson momentum. It is
clear that the angle θ in formula (7), which is the angle between the initial meson momentum
and the neutrino momentum, is the angle between these two unit vectors, which is easily
found from their scalar product:

(�n0�n) =
�
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Let us consider the averaged probability for the case of the π-meson decay and the detec-
tion of lepton l−, l = µ, e:
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is the momentum distribution of the neutrinos produced in the pion decays. It is clear that
the similar expression can be written for the neutrinos, which are produced in the decays of
K-mesons. The total neutrino flux will be equal to the sum of the two distributions ρπ(ν) and
ρK

(ν) with some weights aπ and aK :

ρ(ν) = aπ ρ
π
(ν) + aK ρ

K
(ν) , (22)

and the weights are related to each other, because we know the relative frequency of the
decays of pions and kaons: 1 decayed kaon accounts for about 10 decayed pions, so aπ/aK ≈
10. Thus, the final probability with the neutrinos from both sources reads
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where we denote
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∗
by
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� for short.
The form of neutrino flux dependence on the momentum for the angle θ0 = 2.5◦ is taken

from the paper [14]. We fit this dependence with the following function:
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��p
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�
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(24)

The values of the constants are as follows: a = 87, m = 0.16, ε = 0.006, n = 6.5, b = 0.38,
c = 0.048, y0 = 0.03, A = 151, z = 0.14

The model parameters necessary to calculate the probability of neutrino oscillations are
taken to be [15]: ∆m2

21 = 7.39 ·10−5 eV2, ∆m2
32 = 2.53 ·10−3 eV2, θ12 = 0.5903, θ23 = 0.8657,

θ13 = 0.1503, δCP = 3.753.
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a b

Figure 1. Normalized probability of the neutrino oscillation process with the detection by a nucleon
and muon production on spatial scales a) 1500 km and b) 11000 km

a b

Figure 2. Normalized probability of the neutrino oscillation process with the detection by a nucleon
and electron production on spatial scales a) 1000 km and b) 50000 km

The results of numerical integration for the neutrino oscillation processes, where the neu-
trino is detected in the interaction with a neutron, producing a muon or an electron, are
presented in Figs. 1, 2, respectively. The results of numerical integration for the neutrino
oscillation process, where the neutrino is detected in the interaction with an electron are de-
picted in Figure 3. One can see that the detector position, 295 km in the T2K experiment,
indeed corresponds to the first oscillation minimum for the muon production and the first
oscillation maximum for the electron production.

4 Conclusion

The modified S-matrix approach in the framework of quantum field theory allows us to con-
sistently obtain the expression for the probability of a neutrino oscillation process, which
includes a process of virtual neutrino production in the source, its propagation over macro-
scopic distances and a registration process in the detector. In this approach, the initial and
final particles are described by plane waves rather than wave packets, and the concept of fla-
vor states is redundant. This formalism makes it possible to describe the neutrino oscillation
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a b

Figure 3. Normalized probability of the neutrino oscillation process with the detection by an electron
on the spatial scales a) 1000 km and b) 50000 km

experiments with the neutrinos propagating in the direction at an angle to the axis of the ini-
tial particle beam simply and naturally. The obtained results confirm that the position of the
far detector in the T2K experiment corresponds to the first oscillation maximum for electron
production processes and the first oscillation minimum for muon production processes. The
developed formalism also allows one to describe the neutrino oscillation fading out, which
arises due to the spread of momenta of decaying π- and K-mesons.
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