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Abstract. In the current work we present a modified Wigner inequality for test
of the hypothesis of realism. This modified Wigner inequality is suitable for test
of realism not only in systems that obey the laws of non-relativistic quantum
mechanics, but also in systems that obey the laws of quantum field theory. We
show how this inequality can be violated in systems of neutral pseudoscalar
mesons.

1 Introduction

Already in the first years of quantum theory development one of the key questions was posed
that resulted in creation of a new field: foundations of quantum mechanics. This question may
be formulated as follows: “How the paradigm of quantum physics distincs from the paradigm
of classical physics?”. We consider special and general relativity theories as a part of classical
physics. Final answer to this question is still not obtained, however the understanding of this
question has advanced quite far comparing to the famous discussions of the beginning of
1930-ies between Einstein and Bohr [1, 2].

The understanding of peculiarities of the quantum world goes in many ways, one of them
is creating of various “realisms”, i.e. non-controversial and complete sets of properties that
allow to distinct quantum and classical phenomena. Usually these properties are related to
the classical world and to the classical paradigm. Usage of various of sets of properties allows
to formulate statements that are correct in classical world, but may be violated in quantum
world. Note that the “non-classical world” is considered not only as the world of quantum
phenomena, but also as any possible phenomena beyond the quantum physics [3, 4], for
which there are no experimental evidence.

First concept in the “realism” series is the concept of local realism that was formulated
in the famous work of Einstein, Podolsky and Rosen [5]. In the framework of the concept
of local realism the hypothesis of hidden variables has been actively discussed, and Bell in-
equalities [6, 7] has been formulated, as well as the Clauser-Horn-Shimony-Holt inequalities
[8] and Wigner inequality [9]. Next “realism” — the macroscopic one — has appeared in the
work of Leggett and Garg [10]. The Leggett—Garg inequalieies were obtained basing on the
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principle of macroscopic realism. Deeper investigation of macroscopic realism led to for-
mulation of “No-signaling in time” condition (NSIT) [11]. NSIT requires that probabilities
w(qj, qi» - - |tj, ti, ...) of measuring of an observable Q at time #;, t; > t; and so on, do not
depend on the state of the observable Q at time #, # {t;, t;, ...}. Denoting Q(z;) as g;, the
NSIT may be written as

Z w(qj, qks Gis - - - |lj, te, tiy ...) = ll)(qj', qis - .- |lj, tiy ... (1)

Gk
However both local and macroscopic realisms are not well suited for experimental tests in
high energy physics. Bell inequalities, obtained in the framework of local realism are static
by derivation, but in high energy physics it is not possible to “switch off” interactions of
quantum fields in time. Tests of the time-dependent Leggett—Garg inequalities require tech-
nique of non-invasive measurements, that is not implementable at comtemporary accelerator
experiments.

Some time ago the hypothesis of realism (RH) [12, 13] has appeared in literature, which

can be used for tests at high energy physics experiments. Basing on the work [14] we will
consider this hypothesis compraising the following assumptions:

1) At any time #; a system is in a “real physical state”, which exists objectively and does
not depend on an observer. “Real physical state” is fully described by a set of physical
variables. These variables are not supposed to be jointly measurable by any macroscopic
device.

2)Observable physical states of a system are distinct because of the values of the variables
that can be jointly measurable in this system at some time ;.

Le. under “Real physical state” we understand the ontic state [12, 15], which, from the
observer’s point of view, may appear both ontic state, and epistemic state. In order to obtain
meaningful inequalities, it is necessary to expand the RH with the following requirements:

3)NSIT and/or NSC are hold for the considered system at any time ¢;.
4)The observer has free will to plan, perform, and analyze the results of the experiments.

The paper is organized as follows. In the “Introduction” we give a definition of the hypothesis
of realism and discuss the logic of the work. In Section 2 we give a derivation of the modi-
fied Wigner inequality for test of the RH. Section 3 contains an example of violation of the
modified Wigner inequality in quantum mechanics. The “Conclusion” contains the summary
of the main results.

2 The inequality for the test of the hypothesis of realism

Let us consider a closed physical system which consists of two subsystems, “1” and “2”.
Suppose that in each of the subsystems there is a dichotomic variable Q" (¢), where n =
{1, 2} is the subsystem index. At any time #; both variables Q®’(f) must have a defined value
qf,”) = =x1. Let us consider three times, 73 > f, > t;. According to experimentalist’s free will,
at any two of these three times a measurement of Q7 is performed. At time ¢, there is an
anticorrelation between dichotomic variables Q)(¢) and Q@ (¢) like 0V (1)) = —-0@(#)), or

) _ (2)
9= ~qi1 5 2
If at time #; a destructive/invasive measurement of Q'P(¢;) occured, then at times #, and 3
there is no correlation between Q'(r) and Q™ (¢). If at time 1, there is no measurement of
O"(t,), then the anticorrelation (2) will hold at ,. Note, that by definition at #5 the anticorre-
lation between the observables Q)(¢) and Q@ (r) cannot be observed under any conditions.
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Let us stress again the fact that the above situation is different to the situation with test of
Legget—Garg inequality, when the NIM condition is hold. When testing the hypothesis of
realism we suppose that any measurement performed on the system breaks the correlation.

We introduce a space of elementary outcomes w® € Q9 which consists of the aggre-
gates

@ @ @ b (1 (1D
{Q3 a’ q2ﬁ7 ql .),7 Q3 o'’ 42’3,, ql y’:—y}

where the indices {a, B, ¥, @', B8, ¥’} = {+, —}, and the anticorrelation condition (2) is taken

e [c
into account. Denote an elementary event as: K ((q) Y o w w a  C QO The full
BGa9rp 91y Do qzﬁr q,y/:,,/

aggregate of such events forms a o—algebra 79, On (Q(LG) F (LG)) let us introduce a
; 9 @ 2 @ @ (1 (1 (D

non-negatlze o-—agdltlve measure w(w s B3a0 Dapr Dy BGar> Dp> Dy=y |13, 1, tl). The

riplet (QEO, FEO, uy...)) is a probabilistic model, which will be used to test the hypothesis

of realism.

For rigorous application in the framework of Kolmogorov axiomatics, the mathematical
form of the no-signaling in time condition (1) should be corrected for the definition of the
elementary outcome as follows:

Z Z U)(wffc), 4js qk> qis - - - |tj, te, Gy ...) = w(qj, gis « - |tj, tiy ..., 3)

(LG) o LG Gk
w;;. €K

We now prove the inequality which is analogous to Wigner inequality [9]. We introduce

an event:
LG) (LG) (LG)
KLO = gL UK U 4)
2 2 (1 1 1 2 2 2 1 1 1
32 49.42.47).45).4%). 41" 42,47 .40, a4, 4"
LG) (LG)
U 7(< UK
(Zl (2) @ ) (1) (1) @ @ 2 1 (1 (1) *
1 D3 D D1+ 3492919392+ 91+

Equation (4) takes into account that the variables Q'"(r) and Q®(¢) are anticorrelated at time
t1, as well as at time #,, because there has been no measurement at ¢;. Then, taking into
account (3), we may write:

(4(32:, ‘121)”3, 1‘2) = Z Z Z Z 0_ 4 ¢® &)

(1) (1) (2)
(LG) 7(‘“”11 4, q

re) @ 2 @ (1) (1 (1)
w<w32 ) 6]3+, 6]2 5 C]l 5 613 5 C]2+, ql |t3’ t27 tl),

where ¢;; is the Kronecker delta. Then let us introduce another two events. These are:

(LG) _ (LG) (LG)
7(31 - 7((2) @ @ (1 (1 (1) U 7((7) 2 2 (1 (1 (1) U
3429249193492 914 D342 4240912939291+
(LG) (LG)
U (]((2) o o m o oY (}((ZJ o o m o oY (6)
B3> 920 91-> D3> 9240 D1+ B D 1> 93-5 92> 91+
(LG) (LG)
U 7<‘(2) 2 @ (1) (1 (1) U 7((2) 2 @ (1) () (1) U
2-> 1134 124> 11+ 3424221121342 12 11+
LG) (LG)
u K UK
(2) (2) @ (1 (1) (1) @ @ @ 1 1) (1)
3+ A A3 Dy D392 -293->9 > 914
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LG) (LG) (LG)
KO = x UK U
12 @ @ 2 () (1) (1) @ @ @ ) () (1)
3409200 D1e> D3> Gae0 91— 300 Do D10 93209240 91-
(LG) (LG)
U (]( 2 @ 2 1) (‘) (1) (]( 2) (2 (2) a1 (1) U (7)
34092 D10 D3 9o40 91— 431595 3= Gp40 41—
(LG) (LG)
u KL UK U
) (2 2 () (1) (1) @ @ @ 1 (1) (1)
342409140930 924091~ D201 4093- 921091~
(LG) e
> 7( (2) 2 2 () (1) (1) 7( (7) @ 2 (1 1 (°
B9y 914> D> D240 91— B9y 9142939240 91—

Equations (6) and (7) take into account that the anticorrelation between QV() and Q®(¢)
exists only at the time ¢, when the first measurement of one of the observables takes place.
This distinguishes (6) and (7) from (4).

For events (6) and (7) we define probabilities

ACS DV IDIDY ®

LG LG) (D (1) (2)
WPk 6’ @ 4

(LG) 2) 2) 2) n @O O
w(w31 ,q(3+, qé ,q(1 ,qg 54y s 44 |1, 1, tl)

and

PIEDIDIDY ©)

LG G ,2 @ (O
(LG)Gq((LG> a7 45 4

(q(lz.zv q2 W | I, tl)

re @ @ @ M1 1 (1)
((1)12 s 43 >4y s 414593 54y 4 - |23, 12, tl)-

The sums (8) and (9) are defined for the event ‘KgélG) ‘Kgfc) UK I%G). This event also contains
the event ‘K;éG). Taking into account the non-negativity of the probability measure from (5),

(8), and (9) we find that for event 7(3(21 the following is satisfied:

(qézf, 4 113, tz) < (quj, a1, t1) + w(q({i), a1, tl) (10)

Inequality (10) is the main result of the current work. It is obtained using the hypothesis of
realism and no-signaling in time condition. Violation of the inequality (10) in experiments
with correlated systems will prove the unsoundness of the hypothesis of realism.

3 Test of the hypothesis of realism in the neutral pseudoscalar
meson systems

At the first step we consider one of the neutral pseudoscalar mesons M = {K, D, B°, B,)

from the MM pair. We define an observable Q as the flavor variable according to the rule:

Q = +1 for meson flavor M and Q = —1 for meson flavor M. The state of each of the mesons

in the meson pair will be described in two-dimensional Hilbert space H®, where a = {1, 2}.
‘We start our consideration from the basis of the states with a defined flavor:

|M(")>:( ) M<a>>:((1)). (11)
Also let us define an arbitrary phase of C P—conjugation, that

cp DY = | M@).

M@y = | i@y, P

https://doi.org/10.1051/epjconf/201922203003
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In the basis (11) one can to define states with defined C P—parity

| M(la)> _ | M@ )+ | M@ >)’ | M;")) — | M@ y— | M >)

= =
V2 V2
and with a certain values of the masses and lifetimes
|M(La)> :le(a)>+q|M(a)>, |M§;1)> :piM(a)>_q|M(a)>'

C P-eigenstates are orthogonal, but (ME")| M;}')) = |pl* = |lgP* # 0. Complex parameters p
and ¢ suit the following normalization condition:
(M| M) = (M| M) = 1pP + gl = 1. (12)

Let D be the operator of converting to basis where the states |M£”L ) are orthogonal. This
operator has the following form:

R 1
D<“>=—(q p). 13
2pg\g -p (13)

In the basis where the states | Mg’) ) and | Mg’) ) are orthogonal, the operator of time evolution
has the following form:

~ e—iELt 0
U@ = ( 0 eiEHt) (14)
and
E i r E : r
L t=5tL H H=5ln

are the complex energies related to the states | M(La) Y and | Mg') Y accordingly. For the subse-
quent calculations let us use the following definitions:

1
Am =my —my, Al =Ty -T7,, FZE(FH-FFL).
The inverse operator for D, has the following form:

AN t_(p P
(D) _(q _q). (15)

It changes the orthogonal states | M(La) Y and |M;7) ) back into non-orthogonal. Finally in the
space H@ let us introduce S —matrix

§@@) = (D)™ 0@ @) D, (16)
This matrix satisfies the following group property:
SOt + 1) = $1) 8V (n), a7

as the evolution matrix U@ () satisfies it.
Using the above technique it is easy to calculate any time evolutions of any states of
pseudoscalar mesons. For example:

|MO@) = SO M) = g.(n| M) - Lg. (0| M)
|[MO0) = SO0 MDY = g.()| M) = Lg_([ M)
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1 . .
where g.(f) = 3 (e“EHt + e"EL’). Functions g.(¢) satisfy the following conditions:

-Tt
g+ (I = ¢ > (ch(%t) + cos (Am t)),

2
Also from the group property (17) it follows that:
g+ + 1) = g+(12) g+(11) + g-(12) g-(11),
g-(+ 1) = g+(2) g-(t1) + g-(12) g (11).

At the second step let us consider a pair of neutral pseudoscalar mesons that at time ¢; = 0
exists in a flavour Bell-entangled state:

-TIt
G- (t) = ~° (sh(%t) +isin(Am t)).

7y = ()0l 50y + [ o w0 as)

Evolution of the state |‘I‘Jr ) is described in the Hilbert space H = H" @ H®@ . In this space
the S —matrix has the form:
S =8V0es?0,

and projectors to states 'M(l) ) and |M(2) ):
D _ p) o 72 H2) _ 1) o pP
Py = Py, @17, Py = 1V e P,

where 1@ — is a unitary operator in the space H@ and P}’ = | M@ Y( M@ | - is a projector
to the state | M@y in the space H'?.

Let in the time #; = 0 our system to be in the state |‘{’+ ), then at the time #, > #; the first
meson to be measured as the state “M”, and at the moment of time ;3 > t, the second meson
to be also measured as the state “M”. Then at time #3 the pair of pseudoscalar mesons is in
the state:

|¥(5, 1o, [1]))

P28t —n)P) St — )| (1)) = (19)

1 _
A gg—(tz +13) (g+(At32) |M©)y - %g—(Afsz) | >) ® |M?),

where Aty; = t3 — 1, and [¢;] defines the time when there were no measurements. Using the

relation for the state vector (19), the probability w (qgi), qglj | t3, tz) may be written as:
1 _ Al At32
w(g g1 n) = gt (—2 ) (20)
Al (1 + ¢t
[ch (%) — cos(Am(n +13)) .

In order to introduce an example of violation of (10) let us write two more state vectors. First
is related to the fact that at the time #; = O the pair of pseudoscalar mesons was in the state
| Y+ ). Then at ¢, the first meson was measured as the state “M”, and then at #3 > ¢, the second
meson also was measured as the state “M”. At the time #, measurement is not performed.
t3 > tp > t;. Then:

| W53, [12], 1))

PO S (13— 1) St — 1) P [ PH (1)) =
= Py S -n)Py [Pr)) = @n

1 _
= " §g_(r3>(g+<r3>|M<”> - %g_(r3>|M<1)> ® [M?).
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The second state vector is related to the fact that at #; = O the system was in the state |‘I’+ ).
At the same time the second meson is measured as the state “M”. At f, > t; the first meson
is measured in the state “M”. It is necessary to find a state vector at #3 > f,, where no
measurements take place. Have:

| 2131, 12, 1)) S(ts = )P St - 1) PG | ¥ (11)) =

1 _
-5 gg—(lz) (g+(At32) |y — %g—(Alzz) | >) ® (22)

(g+<r3> | M@y - 1% g-(t) | M® >) :

®

Using (21) and (22) we obtain:

1 AT At ALt
@ _ -or 3 3
w(ds) dllmn) = g Ch( 2 ) [Ch( 2 ) o (Amm] @)
and
1 AT At Al't
@ _ 1 m 32 3
w(q1+’ q2+ |t29 tl) - 4 e *ch ( 2 ) ch ( 2 ) (24)
ATt
[ h( 2) — oS (Amtz)]
Denote AT
K = m’ a = Amt3, ﬁ = Amtz (25)

Then substituting (20), (23), (24) and (25) into (10) leads to the following inequality:

[Ch(K (@ +pB)) — cos(a +,8)] ch(k(@-p)) <
< [ch(ka) - cos(@)|ch(ka) + [ch(kB) — cos(B)|ch(x (@ - B)) ch(k ). (26)

In order to simplify the above inequality let us consider B; B,—meson pairs. For B;—meson
AT ~ —6.0 x 107! MeV and Am ~ 1.2 x 1078 MeV [16]. Hence k ~ —2.5 x 1073. Le.
violation of (26) may be considered in « = 0 regime. In this case inequality (26) turns into
simple relation:

cos(a) + cos(B) — cos(a+8) <1 27

3 3
for @ > B > 0. Choose a = ?ﬂ and 8 = % Then cosa ~= 0.383, cosf ~ 0.588, and

cos(a+p) = —0.522, which leads to violation of inequality (27), and consequently to violation
of inequality (10). So we have shown that inequality(10) may be violated in quantum theory.

Conclusion

In the present work we have obtained a modified Wigner inequality (10) for test of the hypoth-
esis of realism. We stressed the fact that in order to obtain the inequality (10) it is necessary
to use the NSIT condition. We have shown that the inequality (10) is violated in quantum
mechanics.
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