
Υ(3S) and χb(3P) production and polarization in the
NRQCD with kT-factorization

Nizami Abdulov1,∗ and Artem Lipatov2,3

1Faculty of Physics, Lomonosov Moscow State University, 119991 Moscow, Russia
2Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, 119991
Moscow, Russia

3Joint Institute for Nuclear Research, 141980 Dubna, Moscow Region, Russia

Abstract. The Υ(3S) production and polarization at high energies
is studied in the framework of kT -factorization approach. Our con-
sideration is based on the non-relativistic QCD formalism for bound
states formation and off-shell production amplitudes for hard partonic
subprocesses. The transverse momentum dependent (TMD, or unin-
tegrated) gluon densities in a proton were derived from the Ciafaloni-
Catani-Fiorani-Marchesini (CCFM) evolution equation as well as from
the Kimber-Martin-Ryskin (KMR) prescription. Treating the non-
perturbative color octet transitions in terms of the mulitpole radiation
theory and taking into account feed-down contributions from radiative
χb(3P ) decays, we extract the corresponding non-perturbative matrix
elements for Υ(3S) and χb(3P ) mesons from a combined fit to Υ(3S)
transverse momenta distributions measured by the CMS and ATLAS
Collaborations at the LHC energies

√
s = 7 and 13 TeV and cen-

tral rapidities. Then we apply the extracted values to investigate the
polarization parameters λθ, λφ and λθφ, which determine the Υ(3S)
spin density matrix. Our predictions have a good agreement with the
currently available data within the theoretical and experimental uncer-
tainties.

1 Introduction
In recent years, the production processes of quarkonia J/ψ and Υ(nS) have been

actively studied after the discovery of a strong discrepancy between theoretical pre-
dictions within the framework of the color singlet model (CS) and the data obtained
at the Tevatron. A theoretical framework for the description of heavy quarkonia pro-
duction and decays is provided by the non-relativistic QCD (NRQCD) factorization
[1, 2]. NRQCD is an effective field theory, which is used to describe the production
of heavy quarkonia, based on the expansion in υ and αs:

|ψQ〉 = O(1)|QQ̄[3S
(1)
1 ]〉 + O(υ)|QQ̄[3P

(8)
J ]g〉 + O(υ2)|QQ̄[3S

(1,8)
1 ]gg〉+

+ O(υ2)|QQ̄[1S
(8)
0 ]g〉 + O(υ2)|QQ̄[3D

(1,8)
J ]gg〉 + . . . (1)
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This formalism implies a separation of perturbatively calculated short-distance
cross-sections for the production of QQ̄ pair in an intermediate Fock state 2S+1L

(a)
J

and long-distance non-perturbative matrix elements (NMEs), which describe the tran-
sition of that intermediate QQ̄ state into a physical quarkonium via soft gluon ra-
diation. They are assumed to be universal (process- and energy-independent), not
dependent on the quarkonium momentum and obeying certain hierarchy in powers of
the relative heavy quark velocity υQ ∼ log−1 mQ/ΛQCD [3]. The color octet (CO)
NMEs are not calculable within the theory and have to be only extracted from the
data.

The cross sections of prompt S -and P -wave quarkonia production in pp collisions
are known at the NLO NRQCD and the dominant tree-level NNLO∗ corrections to
the color-singlet production mechanism have been calculated [4]. With properly ad-
justed values of NMEs, one can achieve a good agreement between the NLO NRQCD
predictions and the experimental data on the quarkonia transverse momenta distribu-
tions [5–9]. However, the extracted NMEs strongly depend on the minimal quarkonia
transverse momentum pT used in the fits and are almost incompatible with each
other when obtained from fitting different data sets. Moreover, none of the fits can
simultaneously describe data on the polarization and the quarkonia production.

A possible solution to the “polarization puzzle” has been proposed recently in
the framework of a model that interprets the soft final state gluon radiation as a
series of color-electric dipole transitions [10]. It was already used for the prompt
charmonia production [11]. In this approach, a soft gluon with a small energy E ∼
ΛQCD is emitted after the hard interaction is over, bringing away the unwanted color
and changing other quantum numbers of the produced CO system. Thus, having
small energy of the emitted gluons gives us the confidence that we do not enter the
confinement or perturbative domains. In our calculations such soft gluon emission
is described by a classical multipole expansion, in which the electric dipole (E1)
transition dominates. The proposed approach leads to unpolarized or only weakly
polarized quarkonia either because of the cancellation between the 3P

(8)
1 and 3P

(8)
2

contributions or as a result of two successive color-electric E1 dipole transitions in
the chain 3S

(8)
1 → 3P

(8)
J → 3S

(1)
1 giving us the possibility to simultaneously describe

the polarization parameters and production for mesons.
The main goal of this research is a detailed study of the bottomonia production

processes and their polarization properties at the LHC. The data has been measured
recently by the CMS [12, 13], ATLAS [14] and LHCb [15] Collaborations. And polar-
ization of Υ(nS) mesons has been investigated by the CMS Collaboration [16]. Due
to heavier masses of bottomonia and smaller relative velocity υb of b quarks in the
bottomonium rest frame (υb � 0.08 against υc � 0.23), these processes could be even
a more suitable case to apply because of a more faster convergence of the double
NRQCD expansion in strong coupling αs and υQ.

We are taking into account the latest measurements on the χb(mP ) production.
The latter have been observed recently by the LHCb Collaboration [15] for the first
time and found to be rather significant (up to 40%). To describe the perturbative
production of the bb̄ pair, the kT -factorization approach of QCD is used by tak-
ing into account both CS and CO contributions. This approach is based on the
Balitsky-Fadin-Kuraev-Lipatov (BFKL) [17] or Ciafaloni-Catani-Fiorani-Marchesini
(CCFM) [18] evolution equations, which resum large logarithmic terms proportional
to ln s ∼ ln(1/x), important at high energies. The kT -factorization approach has
certain technical advantages in the ease of including higher-order radiative correc-
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tions (namely, leading part of NLO + NNLO + . . . terms) in the form of transverse
momentum dependent (TMD, or unintegrated) gluon density function in a proton
f(x, k2

T , µ2).

2 The theoretical approach
Our consideration is based on the off-shell gluon-gluon fusion subprocesses that

represent the true LO in QCD:

g∗(k1) + g∗(k2) → Υ[3S
(1)
1 ](p) + g(k), (2)

g∗(k1) + g∗(k2) → Υ[1S
(8)
0 , 3S

(8)
1 , 3P

(8)
J ](p), (3)

g∗(k1) + g∗(k2) → χbJ(p)[3P
(1)
J , 3S

(8)
1 ] → Υ(p1) + γ(p2), (4)

where J = 0, 1 or 2 and the four-momenta of all particles are indicated in the paren-
theses. To obtain the production amplitudes for bb̄ states with required quantum
numbers from the ones for an unspecified bb̄ state we use the appropriate projection
operators, see [19].

To calculate off-shell production amplitudes we integrate the product of the hard
scattering amplitude A(q) expanded in a series around q = 0 and meson bound state
wave function Ψ(a)(q) with respect to q:

A(q)Ψ(a)(q) = A|q=0Ψ(a)(q) + qα(∂A/∂qα)|q=0Ψ(a)(q) + . . . (5)

A term-by-term integration of this series employs the identities:
∫

d3q

(2π)3 Ψ(a)(q) = 1√
4π

R(a)(0), (6)

∫
d3q

(2π)3 qαΨ(a)(q) = −iεα(Lz)
√

3√
4π

R′(a)(0), (7)

where R(a)(x) is the radial wave function in the coordinate representation.
The corresponding NMEs are directly related to the wave functions R(a)(x) and

their derivatives:

〈OQ[2S+1L
(a)
J ]〉 = 2Nc(2J + 1)|R(a)(0)|2/4π, (8)

〈OQ[2S+1L
(a)
J ]〉 = 6Nc(2J + 1)|R′(a)(0)|2/4π (9)

for S- and P -wave quarkonium Q respectively, where Nc = 3.
The summation over polarizations of the incoming off-shell gluons is performed

according the BFKL prescription
∑

εµε∗ν = kµ
T kν

T /k2
T . The spin density matrix of

the S-wave quarkonia is expressed in terms of the momenta l1 and l2 of the decay
leptons: ∑

εµε∗ν = 3(lµ
1 lν

2 + lν
1 lµ

2 − m2

2 gµν)/m2 (10)

This expression is equivalent to the standard expression
∑

εµε∗ν = −gµν +
pµpν/m2. In all other respects the evaluation follows the standard QCD Feynman
rules. The obtained results have been explicitly tested for gauge invariance: we have
observed their gauge invariance even with off-shell initial gluons.
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The cross sections of Υ(3S) and χb(3P ) production in the kT -factorization ap-
proach are calculated as a convolution of the off-shell partonic cross sections and
TMD gluon densities in a proton:

σ =
∫ 1

8π(x1x2s)F fg(x1, k2
1T , µ2)fg(x2, k2

2T , µ2)×

× |A(g∗ + g∗ → QQ̄ + g)|2dp2
T dk2

1T dk2
2T dydyg

dφ1

2π

dφ2

2π
, (11)

σ =
∫ 2π

x1x2sF
fg(x1, k2

1T , µ2)fg(x2, k2
2T , µ2)×

× |A(g∗ + g∗ → QQ̄)|2dk2
1T dk2

2T dy
dφ1

2π

dφ2

2π
. (12)

where φ1 and φ2 are the azimuthal angles of the initial off-shell gluons having the
fraction of the momentum x1 and x2 and non-zero transverse momenta k2

1T and k2
2T ,

p2
T and y are the transverse momentum and rapidity of produced mesons, yg is the

rapidity of outgoing gluon and
√

s is the pp center-of-mass energy, the off-shell gluon
flux factor F is defined as F = 2λ1/2(ŝ, k2

1, k2
2), where ŝ = (k1 + k2)2 and λ(x, y, z) is

the known kinematic function.

3 Results

In this paper we use several TMD gluon distribution functions to describe the
cross sections of the inclusive production Υ(3S): A0 [20], JH’2013 set 1 [21] and
KMR [22]. As a commonly adopted choice, we set CS NMEs 〈O(Υ[3S

(1)
1 ])〉 = 3.54

GeV3 and 〈O(χ[3P
(1)
0 ])〉 = 2.83 GeV5. These values were obtained in the potential

model calculations [23]. For more information about parameters and values, which
are used in this study, see [19].

We have performed a global fit to the Υ(3S) production data at the LHC and
determined the corresponding NMEs for both Υ(3S) and χb(3P ) mesons. We have
included in the fitting procedure the Υ(3S) transverse momentum distributions mea-
sured by the CMS [12, 13] and ATLAS [14] Collaborations at

√
s = 7 and 13 TeV

and central rapidities, where our kT -factorization calculations are most relevant due
to essentially low-x region probed. We have excluded from our fit low pT region and
consider only the data at pT > pcut

T = 10 GeV, where the NRQCD formalism is be-
lieved to be most reliable. To determine NMEs for χb(3P ) mesons, we also included
into the fit the recent LHCb data [15] on the radiative χb(3P ) → Υ(3S) + γ decays
taken at

√
s = 7 and 8 TeV. We found that the pT shape of the direct Υ[3S

(8)
1 ] and

feed-down χb[3S
(8)
1 ] contributions is almost the same in all kinematical regions probed

by the LHC and Tevatron experiments, i.e. the ratio

r =

2∑
J=0

(2J + 1) B(χbJ(3P ) → Υ(3S) + γ)dσ[χbJ(3P ), 3S
(8)
1 ]/dpT

dσ[Υ(3S), 3S
(8)
1 ]/dpT

(13)

can be well approximated by a constant for a wide Υ(3S) transverse momentum pT

and rapidity y ranges at different energies. We estimate the mean-square average
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√
s = 7 and 8 TeV. We found that the pT shape of the direct Υ[3S

(8)
1 ] and

feed-down χb[3S
(8)
1 ] contributions is almost the same in all kinematical regions probed

by the LHC and Tevatron experiments, i.e. the ratio

r =

2∑
J=0

(2J + 1) B(χbJ(3P ) → Υ(3S) + γ)dσ[χbJ(3P ), 3S
(8)
1 ]/dpT

dσ[Υ(3S), 3S
(8)
1 ]/dpT

(13)

can be well approximated by a constant for a wide Υ(3S) transverse momentum pT

and rapidity y ranges at different energies. We estimate the mean-square average

r = 0.654 ± 0.005, which is practically independent on the TMD gluon density in a
proton.

Since up to now there are no experimental data on the χb(3P ) transverse mo-
mentum distributions, we cannot separately determine the values of 〈OΥ(3S)[3S

(8)
1 ]〉

and 〈Oχb0(3P )[3S
(8)
1 ]〉 from the available Υ(3S) data. Instead, we introduce the linear

combination
Mr = 〈OΥ(3S)[3S

(8)
1 ]〉 + r〈Oχb0(3P )[3S

(8)
1 ]〉, (14)

which can be extracted from the measured Υ(3S) transverse momentum distributions.
Then we use recent LHCb data [15] on the fraction of Υ(3S) mesons originat-

ing from the χb(3P ) radiative decays measured at
√

s = 7 and 8 TeV. The LHCb
Collaboration reported the ratio:

R
χb(3P )
Υ(3S) =

2∑
J=1

σ(pp → χbJ(3P ) + X)
σ(pp → Υ(3S) + X) × B(χbJ → Υ(3S) + γ). (15)

From the known Mr and R
χb(3P )
Υ(3S) values one can separately determine the

〈OΥ(3S)[3S
(8)
1 ]〉 and 〈Oχb0(3P )[3S

(8)
1 ]〉, thus reconstructing full map of color octet

NMEs for both Υ(3S) and χb(3P ) mesons. The results of our fits are collected in Ta-
ble 1. For comparison, we also presented there the NMEs obtained in the conventional
NLO NRQCD by other authors [24].

Some of the results obtained in the fits are compared with our predictions in
Figs. 1 — 2 (for others, see [19]). The shaded areas represent the theoretical uncer-
tainties of our calculations, which include the scale uncertainties, uncertainties coming
from the NME fitting procedure and uncertainties connected with the choice of the
intermediate color-octet mass, added in quadrature.

As it is well known, the polarization of any vector meson can be described with
three parameters λθ, λφ and λθφ, which determine the spin density matrix of a me-
son decaying into a lepton pair and can be measured experimentally. The double
differential angular distribution of the decay leptons can be written as [25]:

dσ

d cos θ∗dφ∗ ∼ 1
3 + λθ

(1 + λθ cos2 θ∗ + λφ sin2 θ∗ cos 2φ∗ + λθφ sin 2θ∗ cos φ∗), (16)

where θ∗ and φ∗ are the polar and azimuthal angles of the decay lepton measured
in the meson rest frame. One of the result for the experimental data from CMS [16]
in the Collins-Soper frame is presented in Fig. 3, including the frame-independent
parameter λ̃ = (λθ + 3λφ)/(1 − λφ). These calculations were done using the A0 gluon
density which provides a best description of the measured Υ(3S) transverse momenta
distributions.

4 Conclusion
We have considered the Υ(3S) production at the LHC in the framework of kT -

factorization approach. Our consideration was based on the off-shell production am-
plitudes for hard partonic subprocesses (including both color-singlet and color-octet
contributions), NRQCD formalism for the formation of bound states and TMD gluon
densities in a proton (derived from the CCFM evolution equation and KMR scheme
as well). Treating the nonperturbative color octet transitions in terms of multipole
radiation theory and taking into account feed-down contributions from the radiative
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χb(3P ) decays, we extracted Υ(3S) and χb(3P ) NMEs in a fit to Υ(3S) transverse mo-
mentum distributions measured by the CMS and ATLAS Collaborations at

√
s = 7

and 13 TeV. We have inspected the extracted NMEs with the available LHC data
taken in the different kinematical regions and demostrated that these NMEs do not
contradict the data. Then we estimated polarization parameters λθ, λφ, λθφ and
frame-independent parameter λ̃ which determine the Υ(3S) spin density matrix. We
show that treating the soft gluon emission as a series of explicit color-electric dipole
transitions within the NRQCD leads to unpolarized Υ(3S) production at moderate
and large transverse momenta, that is in agreement with the LHC data.
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transitions within the NRQCD leads to unpolarized Υ(3S) production at moderate
and large transverse momenta, that is in agreement with the LHC data.
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A0 JH’2013 set 1 KMR NLO NRQCD

〈OΥ(3S)[3S
(1)
1 ]〉/GeV3 3.54 3.54 3.54 3.54

〈OΥ(3S)[1S
(8)
0 ]〉/GeV3 0.0 0.0 0.0 −0.0107 ± 0.0107

〈OΥ(3S)[3S
(8)
1 ]〉/GeV3 0.018 ± 0.001 0.007 ± 0.002 0.006 ± 0.001 0.0271 ± 0.0013

〈OΥ(3S)[3P
(8)
0 ]〉/GeV5 0.0 0.09 ± 0.03 0.073 ± 0.006 0.0039 ± 0.0023

〈Oχb0(3P )[3P
(1)
0 ]〉/GeV5 2.83 2.83 2.83 2.83

〈Oχb0(3P )[3S
(8)
1 ]〉/GeV3 0.016 ± 0.003 0.009 ± 0.001 0.005 ± 0.001 —

Table 1. The NMEs for Υ(3S) and χb(3P ) mesons as determined from our fit at
pcut

T = 10 GeV. The NMEs obtained in the NLO NRQCD [24] are shown for comparison.

Figure 1. Transverse momentum distribution of inclusive Υ(3S) production calculated at√
s = 7 TeV in the different rapidity regions. The red, green and blue histograms correspond

to the predictions obtained with A0, KMR and JH’2013 set 1 gluon densities. Shaded
bands represent the total uncertainties of our calculations, as it is described in text. The
experimental data are from ATLAS [14].
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Figure 2. Transverse momentum distribution of inclusive Υ(3S) production calculated at√
s = 7 TeV (upper histograms) and

√
s = 13 TeV (lower histograms, divided by 100) in

the different rapidity regions. Notation of all histograms is the same as in Fig. 1. The
experimental data are from CMS [12, 13].

Figure 3. The polarization parameters λθ, λφ, λθφ and λ̃ of Υ(3S) mesons calculated in
the CS frame as function of its transverse momentum at

√
s = 7 TeV. The A0 gluon density

is used. The blue and red histograms correspond to the predictions obtained at |y| < 0.6
and 0.6 < |y| < 1.2, respectively. The experimental data are from CMS [16].
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