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Abstract.
We revisit prediction for the four – leptonic decay of charged B - mesons in the
Standard Model and provide an updated results for branching ratios and various
differential distributions. We have taken into account relative phase between
intermediate ρ0(770) – and ω(782) – resonances contributing to the amplitude
in the framework Vector Meson Dominance model approach.

1 Introduction
The study of B-decays provides an excellent opportunity to test and improve our understand-
ing of the Standard Model of Particle Physics and of its limitations. In particular, the LHCb
and CMS collaborations are providing us with an impressive amount of experimental infor-
mation about leptonic B-decays. In the framework of the Standard Model, leptonic decays of
the B - mesons are rare due to the CKM suppression. It makes four – leptonic decay of B –
meson investigations quite perspective from the point of view of the New Physics searches.
These searches are currently being conducted at the LHC. One of them is performed by the
LHCb collaboration, where an upper limit on the branching ratio of the B− → µ+ µ− ν̄µ µ−
decay is obtained [1]. We must point out that there is some difference between the experi-
mental result and only theoretical prediction from Ref.[2]. Here we present a more detailed
evaluation for the branching ratio of the B− → µ+ µ− ν̄µ µ− decay, that mitigates this differ-
ence. In addition, we study series of differential distribution for the B− → �+ �− ν̄�′ �′− decay
that demonstrate the features of the rare four – leptonic B – decays in the framework of the
Standard Model.

2 Theoretical review of B− → �+ �− ν̄�′ �′−

2.1 The effective Hamiltonian

The Hamiltonian of the rare four-leptonic decays B− → �+ �− ν̄�′ �′− contains a weak and an
electromagnetic components and can be expressed as

He f f (x) = Hweak(x) + Hem(x). (1)
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The contribution from the b→ uW− → u�−ν̄� transitions is

Hweak(x) = − GF√
2

Vub

(
ū(x) γµ(1 − γ5) b(x)

) (
�̄(x) γµ(1 − γ5)ν�(x)

)
+ h.c., (2)

where u(x) and b(x) are quark fields, �(x) and ν�(x) are lepton fields, GF is the Fermi constant,
Vub is the corresponding matrix element of the Cabibbo-Kobayashi-Maskawa (CKM) matrix,
the matrix γ5 is defined as γ5 = iγ0γ1γ2γ3.

The Hamiltonian of electromagnetic interaction has the form:

Hem(x) = − e
∑

f

Q f

(
f̄ (x) γµ f (x)

)
Aµ(x) = − jµem Aµ(x), (3)

where the unitary charge e = |e| is normalized by e2 = 4παem; αem ≈ 1/137 – the fine
structure constant, Qf – charge of the fermion of the flavor f in units of the unitary charge,
f (x) – fermionic field of flavor f and Aµ(x) – four-potential of electromagnetic field.

2.2 The virtual photon emission from u – quark of the B meson

In accordance with the Hamiltonian structure, we have three types of diagrams, contributing
to the amplitude of the B− → �+ �− ν̄�′ �′− decays. First of them corresponds to the virtual
photon emission from u – quark of the B – meson. In this case we apply the Vector meson
dominance model (VMD), representing the virtual photon contribution as a intermediate ρ0

– and ω – resonances.[Fig. 1]

Figure 1. Virtual-photon emitted from the light quark of the B – meson

The hadronic matrix element for the virtual-photon emission from the light quark can be
written in terms of three form factors V (i)(k2), A(i)

1 (k2) and A(i)
2 (k2) :

M(u)
f i =

GF√
2

4παemVub
1
q2

∑
i=ρ0,ω

f i
V M2iIi

q2 − M2
2i + iΓ2iM2i

F(i)
µν(k

2)
(
�(k2)γν�(−k1)

) (
�(k4)γµ(1 − γ5)ν(−k3)

)

(4)

where

F(i)
µν(k

2) =
2 V (i)(k2)
M1 + M2i

εµνkq − i (M1 + M2i)A
(i)
1 (k2)gµν + 2i

A(i)
2 (k2)

M1 + M2i
qµkν.

We take into account only the light ρ0– and ω– mesons contributions, containing uū –
pair. That was done via isotopic coefficients Ii consideration.
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2.3 The virtual photon emission from b – quark of the B meson

Virtual photon emission from the heavy quark of B – meson is illustrated in Fig.[ 2]. Here
we have an intermediate vector meson B∗−, decaying to a heavy pseudoscalar meson B−

and a virtual photon. This contribution alone is not so significant, but it is essential due to
interference between diagrams. The pole at the mass of the B∗ −– meson was included in the
pole parametrisation of the form factors of the transitions B→ ρ and B→ ω in the Ref. [3]

Figure 2. Virtual-photon emitted from the heavy quark of the B – meson

The contribution to matrix element from the diagram in Fig.(2) is:

M(b)
f i =

2
3

GF√
2

4παemVub
1
q2

MB∗ fB∗

k2 − M2
B∗

Vb(q2)
M1 + MB∗

εµνpq

(
�(k2)γν�(−k1)

) (
�(k4)γµ(1 − γ5)ν(−k3)

)
. (5)

2.4 The virtual photon emission from the lepton in final state

Last diagram, contributing to the amplitude describes the photon emitted from the lepton in
the final state. Here we have a photon pole on the q2 – variable and lepton masses in final
state that could not be reduced, as it is in the other diagrams. The appropriate amplitude can
be written in the form

M(brm)
f i =

GF√
2

4παemVub
fBu

q2 gµν
(
�(k2)γν�(−k1)

) (
�(k4)γµ(1 − γ5)ν(−k3)

)
. (6)

Figure 3. Virtual-photon emitted from the lepton in final state
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Now the full matrix element for the B− → �+ �− ν̄�′ �′− decay is

M(1234)
f i = M(u)

f i + M
(b)
f i + M

(brem)
f i . (7)

When there are two identical leptons in the decay, we have the same set of processes, con-
tributing to the amplitude. But in this case number of diagrams is doubled by fermion anti-
symmetric wave function of identical particles in the final state.

3 Differential distributions and branching ratios for the
B− → �+ �− ν̄�′ �′− decays

3.1 Branching ratios

We define the partial width expression of the B− → �+ �− ν̄�′ �′− process based on the Eq. 7
as

dBr
(
B− → �+�−ν̄�′�′−

)
= τB−

∑
s1, s2, s3, s4

∣∣∣∣M(1234)
f i

∣∣∣∣
2

2M1
dΦ(1234)

4 , (8)

where τB− is the lifetime of the B−–meson, Φ(1234)
4 is the four-particle phase space, and si is

the spin of the fermion in the final state.
And our main result for the branching ratio decay with non - identical particles in final

state, for instance for the B− → µ+ µ− ν̄e e−, is

Br(B− → µ+µ−e−ν̄e) ≈ 0.6 ∗ 10−7.

When we have identical leptons the in the final state (� ≡ �′), we obtain an additional interfer-
ence term, resulting from the double set of diagrams, contributing to the decay amplitude. We
thus obtain the differential branching ratio of the decay B− → µ+µ−µ−ν̄µ expressed through
the branching ratio given by Eq.(8) and the matrix element from Eq.(7) :

Br
(
B− → �+ν̄� �−�−

)
= Br

(
B− → �+�−ν̄�′ �′−

) − Brinter f
(
B− → �+ν̄� �−�−

)

where

Brinter f
(
B− → �+ν̄� �

−�−
)
=

=
τB−

4M1

∫ ∑
s1, s2, s3, s4

(
M(1234) †

f i M(1432)
f i +M(1432) †

f i M(1234)
f i

)
dΦ(1234)

4 (9)

Numerically we have for the interference term :

Br(inter f )(B− → µ+µ−µ−ν̄µ) ≈ −0.1 ∗ 10−7.

And finally for the B− → µ+µ−µ−ν̄µ branching ratio:

Br(B− → µ+µ−µ−ν̄µ) ≈ 0.7 ∗ 10−7.

Here it should be noted that the Vector Meson Dominance model used in the matrix
element calculation, may produce some uncertainty to the final result. In the VMD model the
non – perturbative relative phase between the resonance contributions is equal to zero. In our
case there is a phase – shift between intermediate ρ0 and ωmesons, the branching ratio of the
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non – perturbative relative phase between the resonance contributions is equal to zero. In our
case there is a phase – shift between intermediate ρ0 and ωmesons, the branching ratio of the

decay is changed. We perform the calculations for the various phase – shift values to identify
the relative phase influence. We define the phase dependence in the resonance amplitude as

M(ω)
f i + eiφM(ρ0)

f i ,

where φ is the non – perturbative relative phase.
As an illustration, we have considered the B− → µ+ µ− ν̄e e− decay, but it is also true for

the all B− → �+ �− ν̄�′ �′− type decay.

Table 1. Branching ratio for the B− → µ+ µ− ν̄e e− decay at different relative phase

Amplitude Phase Branching ratio
M(ω)

f i + M(ρ0)
f i 0 0.6 × 10−7

M(ω)
f i − M(ρ0)

f i π 0.2 × 10−7

M(ω)
f i + iM(ρ0)

f i
π
2 0.5 × 10−7

M(ω)
f i − iM(ρ0)

f i
3π
2 0.8 × 10−7

From Tab.(1) we can obtain, that the branching ratio B− → �+ �− ν̄�′ �′− decay is sensitive
to the VMD relative phase between resonances, but even with these corrections the difference
between the prediction and experimental upper limit obtained in Ref. [1] is not completely
eliminated.

3.2 Differential distributions

We plot a set of differential distributions for the decays B− → µ+µ−ν̄e e− and B− → µ+ν̄µµ−µ−.

One-dimensional projections of the double differential distribution
d2Γ

dx12 dx34
by x12 and x34

are given in Fig. 4.

a) b)

Figure 4. Normalized differential distributions
1
Γ

dΓ
dx12

a) and
1
Γ

dΓ
dx34

b) for decays

B− → µ+µ−ν̄e e− and B− → µ+ν̄µ µ−µ−.

Here we can obtain a photon pole for x12 → x12 min = (2mµ/M1)2 = 0.0016 and a peak
from the ω(782) resonance for x12 → (Mω/M1)2 ≈ 0.023. Due to the fact that the ρ0(770)
meson has a width of about 150 MeV, the contribution from this meson in Fig. 4 (a) appears
as a wide background to the narrow peak of the ω(782) resonance. The distributions by x12
are given in the range [0, 0.04], which corresponds to the area of applicability of the VMD
model for the considered decays in accounting ρ0 and ω resonances alone.
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a) b)

Figure 5. Normalized differential distributions
1
Γ

dΓ
dy12

a) and
1
Γ

dΓ
dy34

b) for the decays B− → µ+µ−ν̄e e−

and B− → µ+ν̄µ µ−µ−.

From the distributions by x34 in Fig. 4 (b) one infers an interesting feature: distributions
for the identical and non identical particles in final state have different shape, highlighting the
importance of the accounting Fermi antisymmetry in the decay B− → µ+ν̄µ µ−µ−. There are
no poles in this channel, in accordance with the matrix element structure.

The difference of the same nature may be seen in the angular distributions by y12 = cos θ12
and y34 = cos θ34, which are presented in Fig. 5. Here the θ12 is the angle between the
momentum of the positively charged lepton and the direction of the B–meson in the rest
frame of the �+�− – pair and θ34 is the angle between the direction of the antineutrino and the
direction of the B–meson in the rest frame of �′−ν̄�′–pair.

Figure 6. Normalized differential distributions
1
Γ

dΓ
dx124

by invariant mass of all of the charged leptons

in the final state for the decays B− → µ+µ−ν̄e e− and B− → µ+ν̄µ µ−µ−.

Detectability of the multi-lepton decays of the B–mesons with a neutrino in the final state
may be linked to the distributions by normalized invariant mass of the charged leptons. The
square of the corresponding mass is defined as:

x124 =
(k1 + k2 + k4)2

M2
1

, (10)
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where the ki are four-momenta of charged leptons in the final state. The distributions by x124
are presented in Fig. 6. One can see that the shape of the distribution by x12 is not very
sensitive to the existence of identical particles in the final state.

4 Conclusions

• We obtained the theoretical predictions for the branching ratios of the decays
B− → µ+µ−ν̄e e− and B− → µ+ν̄µ µ

−µ− in the framework of Standard Model and con-
sidered the effect on the results of the non – perturbative relative phase between the reso-
nances;

• We examined the effects of the Fermi antisymmetry on the amplitude of the four – leptonic
B – meson decays;

• We presented a set of experimentally useful differential distributions for the decays
B− → µ+µ−ν̄e e− and B− → µ+ν̄µ µ

−µ− in the framework of the Standard Model and
discussed their characteristics.
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