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Abstract. Form factors for α+12C inelastic scattering are obtained within two theoretical (α+α+α) approaches:
The hyperspherical framework for three identical bosons, and the algebraic cluster model assuming the D3h

symmetry of an equilateral triangle subject to rotations and vibrations. Results show a good agreement, with
form factors involving the Hoyle state having a slightly larger extension within the hyperspherical approach.
Coupled-channel calculations using these form factors are ongoing.

1 Introduction

The low-lying structure of 12C is still one of the most
fascinating open problems in nuclear physics. Alpha-
clusterization and the nature of the so-called Hoyle state,
which plays a crucial role in nucleosynthesis, have at-
tracted special interest. Microscopic theories (e.g., [1])
support the existence of three-alpha cluster configurations
for the 12C nucleus, a fact which justifies the use of cluster
models (e.g., [2]) and algebraic methods (e.g., [3]). These
approaches, although simpler, are particularly suitable for
the description of reaction observables. Experimentally,
different probes have been extensively used to access the
properties of its ground and excited states. We discuss
here the case of α + 12C inelastic scattering studied within
two theoretical three-body approaches: The hyperspheri-
cal formalism, and the algebraic cluster model. Our goal
is to compare form factors for inelastic scattering in these
two approaches and set the basis for full coupled-channel
calculations.

2 Three-body calculations

As in Refs. [2, 4], the α + α + α problem can be solved
within the hyperspherical formalism [5], which has been
successfully applied to describe the properties of Bor-
romean nuclei such as the two-neutron halo systems 6He
or 11Li, or the weakly bound stable nucleus 9Be [6].
Within this framework, the states of the three-body system
can be written as

Ψ jµ(ρ,Ω) = ρ−5/2
∑
β

χ
j
β(ρ)Υ

jµ
β (Ω), (1)

where ρ is the hyper-radius, Ω contains all the angular de-
pendence, functions Υ jµ

β are the so-called hyperspherical
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harmonics, and χ j
β are the hyperradial functions to be de-

termined. Here, β is the set of quantum numbers defin-
ing each channel. In the case of three zero-spin particles,
β ≡ {K, lx, ly}, where lx and ly are the orbital angular mo-
menta associated to the usual Jacobi coordinates, so that
j = lx + ly gives the total angular momentum, and K is the
so-called hypermomentum. Note that lx has to be even for
identical bosons. Details can be found in Ref. [2]. The hy-
perangular functions and χ j

β(ρ) can be expanded in a given
basis,

χ
j
β(ρ) =

∑
i

C j
iβUiβ(ρ). (2)

Index i runs over the number of hyperradial excitations in-
cluded, and coefficients C j

iβ are obtained upon diagonal-
ization of the three-body Hamiltonian with coupling po-
tentials

V jµ
β′β(ρ) =

〈
Υ

jµ
β (Ω)

∣∣∣∣∣∣
3∑

j>i=1

Vi j(ρ, α)

∣∣∣∣∣∣Υ
jµ
β′ (Ω)

〉
+ δβ,β′V

j
3b(ρ).

(3)
This contains all binary interactions, integrated over the
angular dependence, and a phenomenological three-body
force to account for effects not explicitly included in the
binary interactions [7]. In this work, calculations are per-
formed with the Ali-Bodmer α-α nuclear potential [8] to-
gether with a hard-sphere Coulomb term. Radial functions
are expanded in a THO basis [6], and the three-body force
is adjusted to reproduce the energies of the first 2+1 bound
excited state and the 0+2 Hoyle state in 12C, which have a
well-developed three-body character [1].

The set of coupled differential equations to describe
α+12 C inelastic scattering requires the computation of ra-
dial form factors involving the projectile-target interaction.
Within the hyperspherical three-body framework, this is a
four-body problem involving the α-α potential. Between
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states labeled i and j, the form factor is simply

Fi j(�R) = 〈Ψi|
3∑

q=1

Vαα(|�rq − �R|)|Ψ j〉, (4)

where �R is the projectile-target distance and �rq is the po-
sition of each α within the target. For this purpose, the
potential we use is derived from the double folding of two
Gaussian densities, adjusted to reproduce the radius of the
α particle, with the M3Y nucleon-nucleon interaction [9].
This way, the computed form factors will be consistent
with those described in the next section within the formal-
ism of densities and transition densities.

3 Algebraic cluster model

Assuming the D3h symmetry corresponding to an equilat-
eral triangle, the density for the ground-state band for 12C
can be writte as [3]

ρg.s.(�r, {�rk}) =
3∑

k=1

ρα(�r −�rk), ρα(�r) =
(

d
π

)3/2
e−dr2
, (5)

with d = 0.56(2) fm−2 to reproduce the radius of the
α particle and {�rk} at the vertices of the triangle, i.e.,
�r1 = (β, π/2, 0), �r2 = (β, π/2, 2π/3) and �r3 = (β, π/2, 4π/3)
in spherical coordinates. The radial parameter β = 1.82
fm ensures the 0+1 ground-state radius and B(E2) value to
the first 2+1 state are reproduced. Expanded in spherical
harmonics, it takes the form

ρg.s.(�r) =
∑
λµ

ρ
λµ
g.s.(r)Yλµ(θ, ϕ), (6)

where only the multipoles allowed by the D3h symmetry
appear in the sum. The 00 term represents the 0+1 ground-
state density, while others represent the change in density
for transitions to higher lying states of the same band, e.g.,
20 is the term associated to the 2+1 state.

By considering now symmetric vibrations ∆βA along
the radial direction, we can construct the band associated
to the Hoyle state as a breathing mode. The transition den-
sities connecting the ground-state band with this A-type
band can be obtained in leading order as

δρg.s.→A(�r) = χ1
d

dβ
ρg.s.(�r, β), (7)

with χ1 � 0.247 to recover the experimental monopole
matrix element M(E0). Again, expanding in multipoles
one gets

δρg.s.→A(�r) =
∑
λµ

δρ
λµ
g.s.→A(r)Yλµ(θ, ϕ). (8)

For details about these densities and transition densities,
see Refs. [10, 11]. In this case, form factors for α+12 C in-
elastic scattering can be obtained following a double fold-
ing procedure with the M3Y interaction introduced above,

Fi j(�R) =
∫ ∫

ρα(�r1 − �R)vNN(|�r12|)δρi→ j(�r2)d�r1d�r2. (9)

4 Comparison of form factors

The form factors for the 0+1 → 0+2 , 0+1 → 2+1 and 2+1 →
0+2 transitions, computed within the two approaches, are
shown for comparison in Fig. 1. A rather good agree-
ment is observed, even though they come from very dif-
ferent theoretical approaches. This may indicate that the
two models capture essentially the same geometrical prop-
erties of 12C. Form factors connecting the bound states
(0+1 , 2

+
1 ) with the Hoyle state (0+2 ) seem to exhibit a larger

extension within the hyperspherical approach. This may
have implication for the corresponding cross section. Full
coupled-channel calculations involving these form factors,
as well as those connecting other low-lying states in 12C,
are ongoing and will be presented elsewhere.
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Figure 1. Nuclear form factors for α + 12C inelastic scattering.
Comparison between the three-body hyperspherical formalism
(dashed) and the algebraic cluster model (solid). See text.
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